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Preface

Regularity or singularity is a most important property of solutions to par-

tial differential equations. In the study of the theory of partial differen-

tial equations and its applications people often confront various problems,

which require to look for solutions. Besides the existence and uniqueness of

solutions to these problems it is also essentially significant to master or un-

derstand various properties of solutions including regularity and singularity,

periodicity, asymptotic behavior etc. Among these properties the regular-

ity or singularity of the solutions often plays a crucial role or occupies in

the core position due to the following reasons:

1. In the study of the modern theory of partial differential equations the

concept of distribution is extensively applied. Correspondingly, the proof

of the existence of solutions to various problems is often decomposed to two

steps. The first step is to prove the existence of a distribution solution in

a very weak sense, then the second step is to improve the regularity of the

given solution, so that the weak solution will also be a solution in strong

sense or even in classical sense. Obviously, the second step is nothing but

the study of regularity of solutions.

2. Regularity and singularity are merely two sides of one matters. In

many applications more attentions are often paid to the formation and

the distribution of singularities of solutions. For instance, in the mate-

rial sciences the singularity often corresponds to the crack of materials, in

chemical reaction the formation of singularity often corresponds to explo-

sion, and in gas dynamics the formation of singularity often corresponds

to the formation of shock. In the problems on wave propagation the sin-

gularity of solutions can describe the wave front, so that the propagation

of singularities can describe the physical phenomena of wave propagation

precisely.

v
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3. The regularity of a solution gives us the information whether the

solution is continuous or smooth (having continuous derivatives). If the

solution is continuous, then one can use the value of the solution at a given

point to stand for its value in a neighborhood of this point. This gives us

great convenience to understand the solution quantitatively, as well as to

compute the solution numerically.

Further study also finds that the regularity of solutions is closely related

to the existence and uniqueness of solutions. When various methods of

functional analysis are applied in the study of partial differential equations

one usually has to fix a functional space, to which the expected solution

belongs. Such a space automatically implies a kind of regularity of the

solution. Besides, the regularity of solutions is often expressed by some

estimates, which are also helpful in the proof of existence and uniqueness

of solutions.

Many textbooks and monographs on partial differential equations con-

tain some discussions on regularity and singularity of solutions, but so far

there is not any book especially expounding such a topic. Our book is

named as Analysis of singularities for partial differential equations, because

the crucial points, as well as the main difficulties, in the study of partial

differential equations, are often companied by the formation, development

and propagation of singularities. In this book we are trying to emphasize

the importance of the study of this topic with offering a systematical re-

sults and methods on some typical problems. However, due to the rapid

development of the study in this area, we can only give a general survey on

the study of other problems. We hope both the detailed analysis on typical

problems and the survey on other problems are helpful for reader’s further

research.

The writing of the book is partially supported by National Natural

Science Foundation of China, the Key Grant of National Basic Research

Program of China and the Doctoral Foundation of National Educational

Ministry.

Shuxing CHEN

Fudan University, Shanghai, China
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Chapter 1

Introduction to problems on

singularity analysis

1.1 The classical singularity propagation theorem

In this section we first discuss the classical theorem of singularity prop-

agation. Let us start with some examples. Consider the linear partial

differential equation of first order in the space (x, y):

a(x, y)
∂u

∂x
+ b(x, y)

∂u

∂y
= c(x, y), (1.1)

where a, b, c are C∞ function, and a2+b2 6= 0. Equation (1.1) can be solved

by using the method of characteristics. The characteristics of Eq. (1.1) is

the solution of the following system:
dx

ds
= a(x, y),

dy

ds
= b(x, y). (1.2)

Suppose that there is a curve:

` : x = ξ(t), y = η(t), u = ζ(t), (1.3)

where ξ(t), η(t), ζ(t) are continuously differentiable, and ξ2
t + η2

t 6= 0. The

problem to look for a function u(x, y) satisfying Eq. (1.1) and u(ξ(t), η(t)) =

ζ(t) is called Cauchy problem. To solve it one has to first solve the system

of ordinary differential equations (1.2) with the initial data

x(0) = ξ(t), y(0) = η(t). (1.4)

The solutions of the above initial boundary value problems are a family of

curves with one parameter t:

x = ξ(s, t), y = η(s, t). (1.5)

The family of integral curves covers a neighborhood Ω of x = ξ(t), y = η(t).

If ∂(x, y)/∂(s, t) 6= 0 at any point in Ω, then there is a homeomorphism from

(s, t) to (x, y). Integrating

du

ds
= c(x(s, t), y(s, t)), u|s=0 = ζ(t)

1
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gives the function u(s, t). Then by using the inverse transformation of

(1.5) we obtain the solution u(x, y) of the problem (1.1), (1.2). Obviously,

since the functions a, b only depend on x, y, then the procedure of solving

the above two initial boundary value problems is equivalent to solve the

following problem



dx

ds
= a,

dy

ds
= b,

du

ds
= c,

x|s=0 = ξ(t), y|t=0 = η(t), u|s=0 = ζ(t).
(1.6)

The above argument is classical and can be found in [59].

Now let us analyze the singularity of the solution to the above problem.

Singularity is the antonym of regularity. In the category of “C∞”, any

point, where the solution is not C∞, can be considered as singular point.

Therefore, even for a continuously differentiable function u(x, y) one can

also discuss the set of its “singular” points. Suppose that the solution

u(x, y) of Eq. (1.1) is C∞ at point (x1, y1), then one can draw a C∞ curve ` :

x = ξ1(t), y = η1(t) through (x1, y1), such that the tangential direction of `

is transversal to the vector field everywhere. Denote ζ1(t) = u(ξ1(t), η1(t)),

then the integral surface of Eq. (1.1) through (ξ1(t), η1(t), ζ1(t)) is nothing

but u = u(x, y). Obviously, the functions x(s, t), y(s, t) obtained by using

above-mentioned procedure are C∞. Moreover, the Jacobian

∂(x, y)

∂(s, t)
= aη′1(t) − bξ′1(t) 6= 0

implies that u(x, y) is C∞ at any point along all characteristics through

(x1, y1, u(x1, y1)). Conversely, if u(x, y) is not C∞ at (x2, y2), then u(x, y)

is also not C∞ along the whole characteristics through (x2, y2) due to the

uniqueness of the initial value problem of ordinary differential equations. In

one word, the C∞ singularity of a differentiable solution propagates along

characteristics of the equation.

There are many different extension of the above conclusion. For in-

stance, the corresponding conclusion for the piecewise smooth solutions is:

if a piecewise smooth solution of Eq. (1.1) has weak discontinuity (discon-

tinuity of derivatives) on a curve, then the curve must be characteristics of

the equation.

Next let us consider the Cauchy problem of wave equation

∂2u

∂t2
− a2 ∂

2u

∂x2
= 0 (1.7)

satisfying the initial conditions

u(0, x) = 0, ut(0, x) = φ(x), (1.8)
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where

φ(x) =

{
(x2 − 1)2, |x| ≤ 1;

0, |x| > 1.
(1.9)

Then the solution of Cauchy problem (1.8), (1.9) is

u(t, x) =





1
2 [(x− at)2 − 1]2, if |x− at| ≤ 1, |x+ at| > 1;
1
2 [(x+ at)2 − 1]2, if |x− at| > 1, |x+ at| ≤ 1;
1
2 [(x− at)2 − 1]2 + 1

2 [(x+ at)2 − 1]2,

if |x− at| ≤ 1, |x+ at| ≤ 1;

0, otherwise.

(1.10)

Obviously, the singularity of the solution u(t, x) occurs on the characteris-

tics through (0,±1). That is, singularity propagates along characteristics.

Is the conclusion still valid for more general partial differential equa-

tions? To explain it let us consider a linear partial differential equation of

order m, which takes the form

∑

α1+···+αn=α, |α)≤m
aα1,··· ,αn(x)

∂αu

∂xα1
1 · · · ∂xαn

n
= f(x1, · · · , xn). (1.11)

The weakly discontinuous solution is defined as

Definition 1.1. Assume that there is a C∞ surface S in the domain Ω,

where the function u(x1, · · · , xn) is defined. If u ∈ C∞(Ω \S) is a solution

of Eq. (1.11), u ∈ Cm−1(Ω) and the m-th derivatives of u has discontinuity

of first class on S, then u is called weakly discontinuous solution of

Eq. (1.11).

For the equation (1.11) the surface φ(x1, · · · , xn) = 0 is called its char-

acteristic surface, if the equality

∑

α1+···+αn=α, |α|=m
aα1,··· ,αn(x)

(
∂φ

∂x1

)α1

· · ·
(
∂φ

∂xn

)αn

= 0. (1.12)

is satisfied at each point on φ = 0.

Theorem 1.1. If u(x1, · · · , xn) is a weakly discontinuous solution of

Eq. (1.11), then the surface bearing the weak discontinuity of u must be

a characteristic surface.
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Proof. Let P be any point on the surface S. Denote the equation of

S near P by ψ(x1, · · · , xn) = 0, which satisfies
∑
ψ2
xi

6= 0. Without loss

of generality we assume that ψx1 6= 0, then in the neighborhood of P the

transformation

y1 = ψ(x1, · · · , xn), y2 = x2, · · · , yn = xn (1.13)

can be introduced. Obviously ∂(y1, · · · , yn)/∂(x1, · · · , xn) 6= 0. Hence the

transformation (1.13) is a homeomorphism. Under such a transformation

the function u(x) becomes U(y) = u(x(y)), and the surface S becomes

y1 = 0. Correspondingly, Eq. (1.11) is transformed into

∑

α1+···+αn=α, |α|=m
aα1,··· ,αn(x(y))

(
∂ψ

∂x1

)α1

· · ·
(
∂ψ

∂xn

)αn ∂mU

∂ym1

+
∑

β1+···+βn=β,|β|≤m,β1<m

bβ1,··· ,βn(y)
∂βU

∂yβ1

1 · · ·∂yβn
n

= f(x(y)). (1.14)

According to the definition of weakly discontinuous solution all terms except

the first one on the right hand side of Eq. (1.14) are continuous in the

neighborhood of P . Taking the limit at the point P from both sides of S

and then making subtraction of them one obtains
∑

|α1+···+αn|=m
aα1,··· ,αn(x(y))

(
∂ψ

∂x1

)α1

· · ·
(
∂ψ

∂xn

)αn
[
∂mU

∂ym1

]
= 0, (1.15)

where [ · ] means the jump of the quantity inside the bracket on S. Since

derivatives of m-th order for u(x) has discontinuity on S, then
[
∂mU
∂ym

1

]
6= 0.

Therefore, in order to let Eq. (1.15) hold, the coefficient of the term must

be zero. This means that the surface ψ = 0 satisfies the requirement of

being a characteristics. Hence S is characteristic surface. �

Remark 1.1. The above theorem asserts that the discontinuity of m-th

derivatives of solutions to Eq. (1.11) is always distributed on the charac-

teristic surface. The fact is also valid for weaker singularities. That is, if

u(x1, · · · , xn) is a Ck solution of Eq. (1.11) with k ≥ m, and the (k+ 1)-th

derivatives has discontinuity of first class on S, then S must be character-

istics of Eq. (1.11).

The conclusion given in Theorem 1.1 also holds for nonlinear equation.

The general form of nonlinear partial differential equations of higher order

is

F

(
x1, · · · , xn, u, · · · ,

∂α1+···+αnu

∂xα1
1 · · ·∂xαn

n
, · · ·

)
= 0, (1.16)
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where F is a C∞ function of its arguments x1, · · · , xn, u, · · · , pα1,··· ,αn . For

a given solution u(x), a surface ψ(x1, · · · , xn) = 0 is called the characteristic

surface, if the following equality
∑

|α1+···+αn|=m

∂F

∂pα1,··· ,αn

(
x, u, · · · , ∂

α1+···+αnu

∂xα1
1 · · ·∂xαn

n
, · · ·

)

×
(
∂ψ

∂x1

)α1

· · ·
(
∂ψ

∂xn

)αn

= 0, (1.17)

holds on ψ(x1, · · · , xn) = 0. In accordance, we have the following theorem:

Theorem 1.2. If u(x1, · · · , xn) is the Ck solution of Eq. (1.16) with k ≥
m+1, and its derivatives of (k+1)-th order have discontinuity of first class

on S, then S must be the characteristic surface of Eq. (1.16).

The proof of Theorem 1.2 is similar to that of Theorem 1.1. We leave it to

readers.

Remark 1.2. In quasilinear or fully nonlinear case Since the characteristic

surface S depends on the solution u, then the precise information on the

singularity of solutions can only be obtained when the solution is obtained.

This is different from the case of linear or semilinear equations. In the

latter case the characteristics are independent of solutions.

Remark 1.3. For fully nonlinear partial differential equations (Eq. (1.16)),

to determine the characteristics of Eq. (1.17) the derivatives of the coeffi-

cients of the latter will be used. Therefore, the solution u has to be Cm+1

smooth.

Theorems 1.1 and 1.2 indicate that the singularity of weakly singular

solutions must distribute on the characteristic surface. However, generally

singularity may not appear on everywhere of a given characteristic surface.

Then a question is how to give a more precise information on the distribu-

tion of singularities of solutions. Next we will discuss the problem for linear

partial differential equations. The discussion is also essentially available to

nonlinear equations.

Definition 1.2. Regarding Eq. (1.12) as a partial differential equation of

first order, its characteristics is called bicharacteristics of the equation

(1.11).

Denote Eq. (1.12) as H

(
x1, · · · , xn,

∂φ

∂x1
, · · · , ∂φ

∂xn

)
= 0, it is a non-

linear partial differential equation of the function φ. Meanwhile, in the
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left hand side the function φ itself does not explicitly appear. For a given

solution φ, the solution of the system of ordinary differential equations

dxi
ds

=
∂H

∂pi
(1.18)

satisfying the initial condition xi(0) = xi0 is called the characteristics of

Eq. (1.12). Denote p =
∂φ

∂xi
(x1, ·, xn) on the surface φ = 0 , we have

dpi
ds

=
∑

j

∂2φ

∂xi∂xj

dxj
ds

=
∑

j

∂2φ

∂xi∂xj
Hpj .

Besides, differentiating Eq. (1.12) gives

Hxi +
∑

j

Hpj

∂2φ

∂xi∂xj
= 0.

Hence pi(s) satisfies

dpi
ds

= −∂H
∂xi

(x, φx). (1.19)

Therefore, (x1(s), · · · , xn(s), p1(s), · · · , pn(s)) satisfies the system




dxi
ds

=
∂H

∂pi
dpi
ds

= −∂H
∂xi

(i = 1, · · · , n), (1.20)

where the arguments of H is x1, · · · , xn and p1, · · · , pn. The solution of

Eq. (1.20) is also called bicharacteristic strip of Eq. (1.11), while the by-

characteristics of Eq. (1.11) is nothing but the project of the bicharacteristic

strip.

Theorem 1.3. The singularity of weakly discontinuous solutions to

Eq. (1.11) on the characteristic surface φ = 0 propagates along bichar-

acteristics.

Proof. Similar to the proof of Theorem 1.1, we apply the transformation

(1.13) to obtain

H

(
∂φ

∂x1

∂

∂y1
,
∂φ

∂x2

∂

∂y1
+

∂

∂y2
, · · · , ∂φ

∂xn

∂

∂y1
+

∂

∂yn

)
u(x(y)) +Ku(x(y))

= f(x(y)), (1.21)

where K is a differential operator with order lower than m. Expanding the

polynomial H and noticing Eq. (1.12) satisfied by φ we have
n∑

i=2

Hpi

(
∂φ

∂x1
, · · · , ∂φ

∂xn

)
· ∂

∂yi

(
∂m−1u

∂ym−1
1

)
+ b

∂m−1u

∂ym−1
1

+ · · · = f, (1.22)
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where all omitted terms may contain differential operators with respect to

y1 of order less than m− 2. Notice that u has weak discontinuity on S and
∂mu

∂ym1
has jump on S, then by differentiating Eq. (1.22) with respect to y1

on both sides of S we have
n∑

i=2

Hpi ·
∂

∂yi

(
∂mu

∂ym1

)
+ b1

∂mu

∂ym1
+ · · · = f, (1.23)

where all omitted terms may contain differential operators with respect to

y1 of order less than m− 1. Therefore, denote by

w =

(
∂mu

∂ym1

)

+

−
(
∂mu

∂ym1

)

−

the jump of

(
∂mu

∂ym1

)
on S, then w satisfies

n∑

i=1

Hpi

∂

∂yi
w + b1w = 0, (1.24)

or

dw

ds
+ b1w = 0.

Therefore,

w = w0 · exp

(
−
∫ s

s0

b1ds

)
, (1.25)

where w0 is the value of w at s = s0. Equation (1.25) means that the weak

continuity propagates along bicharacteristics, i.e. if the jump of ∂mu is not

zero at a point on a bicharacteristics, then it will never vanish at any point

on this bicharacteristics. �

Example 1.1. Next we take the wave equation as an example to give more

explanation. The wave equation in three dimensional space is

∂2u

∂t2
− ∂2u

∂x2
1

− ∂2u

∂x2
2

− ∂2u

∂x2
3

= 0. (1.26)

It can be used to describe the motion of sound waves, electromagnetic waves

or optical waves. If φ(t, x1, x2, x3) = 0 is its characteristic surface, then the

function φ should satisfy

φ2
t − φ2

x1
− φ2

x2
− φ2

x3
= 0. (1.27)
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When φt 6= 0, one can solve φ(t, x1, x2, x3) = 0 to obtain t = ψ(x1, x2, x3),

where ψ satisfies

ψ2
x1

+ ψ2
x2

+ ψ2
x3

= 1. (1.28)

If φ(t, x1, x2, x3) = 0 is a surface bearing the singularities of u, then for

any fixed t, the equation gives the location of the surface in (x1, x2, x3)

space at time t. The characteristics of Eq. (1.28) can be obtained from the

projection of the integral curves

dxi
ds

= 2pi,
dpi
ds

= 0 (1.29)

on the space (x1, x2, x3). Arbitrarily taking a point (x10, x20, x30, p10, p20,

p30), satisfying
∑
p2
i0 = 1, then the solution of Eq. (1.29) with the initial

data

xi(0) = xi0, pi(0) = pi0 (i = 1, 2, 3) (1.30)

is

xi = pi0s+ xi0, pi = pi0. (1.31)

It is a straight line with direction (p10, p20, p30). Since (
∑

(xi −xi0)
2)1/2 =

s, and (p10, p20, p30) is the normal direction of the surface (1.28), then

Theorem 1.3 indicates that the weak singularity of the solution to Eq. (1.26)

propagates along the normal direction of the wave front ψ(x1, x2, x3) = t,

and the speed of propagation is a constant. Therefore, if the wave equation

is applied to describe optical waves, then the equation ψ(x1, x2, x3) = t

gives the motion of the front of optical waves, and Eq. (1.31) indicates that

the ray of light propagates along straight line in homogeneous media.

Consider the motion of optical waves in inhomogeneous media. The

equation Eq. (1.26) becomes

∂2u

∂t2
− 1

n2

(
∂2u

∂x2
1

+
∂2u

∂x2
2

+
∂2u

∂x2
3

)
= 0, (1.32)

where n = n(x1, x2, x3) is the index of refraction. Similar to the above

calculations we see that the function ψ satisfies

ψ2
x1

+ ψ2
x2

+ ψ2
x3

= n(x1, x2, x3)
2. (1.33)

In accordance, its characteristics satisfies

dxi
ds

= 2pi,
dpi
ds

= (n2)xi . (1.34)

Generally, pi is not constant because n(x1, x2, x3) is not constant. There-

fore, the characteristics are not straight lines any more. This means that

the light does not propagate along straight lines in inhomogeneous media.
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1.2 Towards to modern theory

Although the classical theory mentioned in Section 1.1 gives much informa-

tion on singularity propagation, it is still not precise enough. Particularly,

the theory could not give a satisfied answer to some questions. For instance,

consider the Cauchy problem in two dimensional space:




∂2u

∂t2
=
∂2u

∂x2
+
∂2u

∂y2
,

u(0, x, y) = φ(x, y), ut(0, x, y) = 0.
(1.35)

When φ(x, y) is taken as δ(x, y), its solution is

uδ(t, x, y) =





1

2π

∂

∂t

1√
t2 − x2 − y2

, x2 + y2 < t2;

0, x2 + y2 ≥ t2.

(1.36)

On the other hand, if φ(x, y) is taken as a Heaviside function θ(x), then

the solution is

uθ(t, x, y) =





1, x ≥ t;
1
2 , −t ≤ x ≤ t;

0, x < t.

(1.37)

From the expression of the solution we see that the singularity of uδ(t, x, y)

at the origin propagates in all directions, while the singularity of uθ(t, x, y)

only appear on two planes x = ±t.
According to the conclusion of Theorem 1.3 singularity propagates along

bicharacteristics. Since the bicharacteristics of Eq. (1.35) issuing from

(0, x0, y0) is

t = s, x = ps+ x0, y = qs+ y0, (1.38)

where p, q are constants satisfying p2 + q2 = 1. All thses bicharacteristics

form a characteristic cone (x − x0)
2 + (y − y0)

2 = t2 with (0, x0, y0) as

its vertex. The set of singularities of uδ(t, x, y) coincides with this char-

acteristic cone. However, in the case φ(x, y) = θ(x), the initial data are

discontinuous at every point on y-axis. Since the set of all bicharacteristics

issuing from any point on y-axis form a solid wedge with y-axis as its edge.

Then according to Theorem 1.3 every point in the solid wedge is possible

to carry singularity of uθ(t, x, y). However, the actual singularities only

appear on the surface of the wedge. Why is it? We certainly want to know

the reason and hope to find a way to describe more precise informations on

the distribution of singularities.
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The answer to the above problem will be given in the next chapter of

our book. In history to understand such a phenomenon and give a conceiv-

able explanation many mathematicians did extensive study on the theory

of wave propagation, reflection, refraction etc. In the last century much

progress was made particularly by J.Hadamard, I.G.Petrovsky, L.Garding,

P.D.Lax etc. Their contributions greatly improved the understanding on

the properties of solutions to partial differential equations describing vari-

ous type of wave motion. Next we briefly introduce the idea in P.D.Lax’s

work [83], because the idea played important role for the development of

the study of singularity analysis passing from the classical theory to the

modern theory.

Given an initial boundary value problem of the partial differential equa-

tion

Pu ≡
∑

|α|≤m
aα(t, x)∂α1

x1
∂α2
x2

· · · ∂αn
xn
u = 0, (1.39)

u(0, x) = φ(x). (1.40)

Since the propagation of singularities is essentially equivalent to the process

of wave propagation, one can consider the propagation of all waves with

high frequency rather than the propagation of one wave front. To this end

we may assume that the initial datum φ(x) takes the form eiξ`(x)ψ(x), or

a series with the form

φ(x) ∼ eiξ`(x)
(
ψ0 +

ψ1

ξ
+ · · ·

)
, (1.41)

where ξ is a large parameter. Then we consider the solution with the form

u(t, x) = eiξ`(t,x)v(t, x, ξ), where v(t, x, ξ) also has an asymptotic expansion

of power series of ξ with minus power exponent. That is

u(t, x) ∼ eiξ`(t,x)
(
v0 +

v1
ξ

+ · · ·
)
, (1.42)

Assume that the differential operator P can be written as

P = Pm + Pm−1 + · · · ,
where Pj is a differential operator of order j and has pj(x, ξ) as its symbol.

Substituting u with the form (1.42) into Eq. (1.39) and rearranging all

terms according to the power exponent of ξ we have

pm(t, x, `t, `x)v0ξ
m +




n∑

j=0

p(j)
m (t, x, `t, `x)∂xjv0

+pm−1(t, x, `t, `x)v0 + pm(t, x, `t, `x)v1


 ξm−1 + · · · , (1.43)
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where p
(j)
m means the derivative of the polynomial pm(t, x, ζ0, · · · , ζn) with

respect to ζj . Let the sum of all terms be zero, we see that `(t, x) must

satisfies

pm(t, x, `t, `x) = 0, (1.44)

which is called eikonal equation. Correspondingly, vk(t, s, ξ) should satisfy

n∑

j=0

p(j)
m (t, x, `t, `x)∂xjv0 + pm−1(t, x, `t, `x)v0 = 0,

· · · · · ·


n∑

j=0

p(j)
m (t, x, `t, `x)∂xj + pm−1(t, x, `t, `x)


 vk

+Fk(v0, · · · , vk−1) = 0. (1.45)

These equations are called transport equations, where Fk is C∞ function

of its arguments. We emphasize that the functions v0, · · · , vk−1 in the ex-

pression of the equality to determine vk are all given by previous equations,

and the initial data of `(t, x) and vk(t, x) can be determined by Eq. (1.41),

i.e.

`(0, x) = `(x), vk(0, x) = ψk(x) (k = 1, · · · , n, · · · ). (1.46)

By solving the Cauchy problems (1.44), (1.45), (1.46) the value of vk(t, x)

can be obtained successively. If one does not care the precise meaning of

the sum of the series (1.42), we have obtained the oscillatory solution of

(1.45), (1.46) with high frequency.

We notice that once the solution `(t, x) of Eq. (1.44) obtained, then for

any constant c the equation `(t, x) = c gives the characteristic surface of

Eq. (1.39), whose section on the initial plane is `(x) = c. On the other

hand in the equation of vk , the functions v1, · · · , vk−1 can be regarded as

known. The differential operator of first order acting on each vk is the same

for different k. The direction of the operator is
(
∂pm
∂ζ0

, · · · , ∂pm
∂ζn

)
. (1.47)

Obviously, the direction coincides with the direction of the bicharacteristics

of the operator P . Hence each equation in Eq. (1.45) is an equation with

differentiation along the bicharacteristics of P , so that they can be solved

by using the characteristics method successively. Moreover, if the support

of the initial datum φ(x) locates in a neighborhood of the point Q, then the
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support of all vk(t, x) will also locate in a neighborhood of the bicharac-

teristics γ issuing from Q. The fact simply means that the oscillation with

high frequency propagates along bicharacteristics γ, like the propagation of

singularities mentioned in Section 1.1.

We emphasize that the perturbation of the solution to Eq. (1.39) at the

point Q will not propagate along all possible bicharacteristics issuing from

Q. Indeed, the bicharacteristics γ propagating the perturbation depends on

the value of (`t, `x1 , · · · , `xn) on t = 0, where (`x1 , · · · , `xn) on t = 0 equals

(ψx1 , · · · , ψxn), and the value of `t is determined by Eq. (1.44). Notice

that Eq. (1.44) is a homogeneous algebraic equation of degree n for the

variables (`t, `x1 , · · · , `xn), which has n roots. Particularly, when Eq. (1.39)

is hyperbolic with respect to t, these roots are all real. Therefore, we can

have n real bicharacteristics issuing from the point Q. The oscillation with

high frequency only propagates along these n bicharacteristics.

The above discussion indicates two facts. First, for the solutions of

partial differential equations the oscillation with high frequency propagates

along bicharacteristics like singularity does. Second, the path of propaga-

tion of oscillation with high frequency depends not only on the location

where the oscillation occurs, but also on the direction of the oscillation.

The facts give us an enlightenment that the singularity of solutions should

be described by using location and direction as two basic elements, and

the path of propagation depend on both. Indeed, this is an important idea

for singularity analysis in modern theory of partial differential equations.

Based on this idea the question raised in Section 1.1 can also be perfectly

answered. In the next chapter we will indicate how to describe singularities

of a given function by using these two elements, as well as how do they

describe the propagation of singularities of solutions of partial differential

equations.
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Chapter 2

Singularity analysis for linear

equations

2.1 Wave front set

As we indicated in the end of last section, location and direction are two

main elements to describe the singularity of solutions to partial differential

equations. These two elements can also offer more precise informations on

the characters of propagation of singularities. To explain it we first study

singularity of generalized functions in the sense of Schwartz’s distribution.

In the study of the theory of partial differential equations people also use the

concept of generalized functions in other sense, like hyperfunctions in Sato’s

sense or generalized functions in Columbo’s sense. Since those generalized

functions are not as popular as Schwartz distributions, they will not be

discussed in our book.

We notice that the singularity or regularity of a function is a local

property. It means that in order to discuss the regularity of a given function

one can consider its regularity in the neighborhood of each point in this

domain. If a function u is infinitely differentiable, then one says that it

is C∞ smooth. Otherwise, one says that it has singularity in C∞ sense,

or simply it has singularity. The point is called the singular point of

the function u. The closure of the set of all singular points of u is called

singular support and denoted by singsupp u. However, for the functions

with singularity at a same point, their property at this point can be quite

different. Like in the examples of Section 1.2, both the function δ(x, y) and

θ(x) have singularity at the origin, but the singularity of solution uδ(t, x, y)

propagates along all bicharacteristics issuing from the origin, while the

singularity of solution uθ(t, x, y) only propagates along the bicharacteristics

locating on x = ±t.
How to clearly describe the difference of the singularity for δ(x, y) and

13
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θ(x) at the origin? A powerful tool is Fourier transformation, which con-

nects the regularity of a function with the decay rate at infinity of its

Fourier transformation. In the theory of Fourier transformation the Paley-

Winner theorem confirms: denote by û(ξ) the Fourier transformation of a

C∞
0 function u(x), for any integer N one can find a constant CN such that

|û(ξ)| ≤ CN (1 + |ξ|)−N , for any N, (2.1)

or

|û(ξ)| = O(|ξ|)−N , when N → ∞. (2.2)

Moreover, the inverse of this proposition is also true. Therefore, if u(x) is

C∞ at some point, then one can find a sufficiently small neighborhood of

the point and a C∞
0 function φ(x) supported in this neighborhood, such

that the Fourier transformation φ̂u(ξ) satisfies Eq. (2.2). Conversely, if u

is not C∞ smooth at some point x, then for any C∞
0 function, which is

not zero at this point, the Fourier transformation φ̂u(ξ) could not have the

estimate Eq. (2.2).

An important fact is that Eq. (2.2) offers a possibility to give a more

precise description of the singularity of a function. When Eq. (2.2) does

not hold, it is still possible that û(ξ) is rapidly decreasing in some direction

in ξ-space. For instance, consider the Fourier transformation of Heavi-

side function θ(x). By taking φ(x, y) with the form ψ1(x)ψ2(y), where

both ψ1(x) and ψ2(y) are C∞
0 functions, then the Fourier transformation

of θ(x)ψ1(x)ψ2(y) is

F [θψ1ψ2] =

∫ ∞

−∞

∫ ∞

−∞
e−1(xξ+yη)(θ(x)ψ1(x)ψ2(y))dxdy

= ψ̂2(η)

∫ ∞

0

e−ixξψ1(x)dx. (2.3)

Consider the property of the above Fourier transformation as (ξ, η) →
∞. In the right-hand side of Eq. (2.3) ψ̂2(η) is rapidly decreasing as

|η| → ∞, while the another factor

∫ ∞

0

e−ixξψ1(x)dx is dominated by
∫ ∞

0

|ψ1(x)|dx, so that is is a bounded quantity. Therefore, write (ξ, η) =

(ξ2 +η2)1/2(τ1, τ2), we have (ξ2 +η2)1/2 ≤ C|η| along the direction (τ1, τ2),

provided τ2 6= 0. Then in this case

F [θψ1ψ2] = O(|η|−N ) = O((ξ2 + η2)−N/2). (2.4)

It turns out that the Fourier transformation is possibly not rapidly decreas-

ing only at the direction τ2 = 0. Hence, if we call the directions, where the
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Fourier transformation is rapidly decreasing, as “good” directions, and call

other directions as “bad” directions, then all directions (τ1, τ2) with τ2 6= 0

are good, and only the direction (1, 0) is possibly bad (readers may prove

themselves that the direction (1, 0) is actually bad.)

The situation is totally different for δ(x, y). If φ(0) 6= 0, then

F [φδ](ξ, η) = 〈φδ, e−i(xξ+yη)〉 = φ(0) 6= 0. (2.5)

Therefore, φ̂δ(ξ, η) will never decrease at any direction as (ξ, η) → ∞, i.e.

any direction in (ξ, η) space is bad direction.

Based on the above analysis we introduce the concept of wave front

set (denoted by WF (u) or WFu) to describe the property of a function

at its singular point. Before giving the definition of wave front set let us

first give the concept of conical neighborhood. If V ∈ Rnξ is a set satisfying

the condition that ξ ∈ V and t > 0 implies tV ∈ V , then the set is called

cone. If V is an open set in Rnξ and ξ0 ∈ V , then V is called conical

neighborhood of ξ0.

Definition 2.1. For a given function u ∈ D ′(Ω), its wave front set

WF (u) is defined as the following subset in Ω × Rnξ \ O, such that for

any (x0, ξ0) 6∈ WF (u), there is a neighborhood ω of x0 and a conical neigh-

borhood V of ξ0, such that for any function φ(x) ∈ C∞
0 (ω) and any integer

N one can find a constant CN such that the inequality

|φ̂u(ξ)| ≤ CN (1 + |ξ|)−N , ∀ξ ∈ V (2.6)

holds.

The next theorem gives the relation between the singular support and

the wave front set for a given function.

Theorem 2.1. Let x0 ∈ Ω is any given point, if (x0, ξ) ∈ WF (u) for any

ξ ∈ Rn \ 0, then x0 ∈ singsupp u.

Proof. According to the definition of the wave front set, for any ξ one

can find a neighborhood ωξ of x0 and a conical neighborhood Vξ of ξ, such

that Eq. (2.6) holds for any C∞
c (ωξ) function φξ(x). Since the unit sphere

in Rnξ is a compact set, then one can find finite Vj , such that ∪jVj = Rnξ \0.

Let ω = ∩jωj , and take φ ∈ C∞
c (ω), then φ̂u(ξ) is rapidly decreasing on

any Vj as |ξ| → ∞. Hence for any integer N , there is CN , such that

|φ̂u(ξ)| ≤ CN (1 + |ξ|)−N , ∀ξ ∈ Rn (2.7)

holds. Then the Paley-Winner theorem confirms φu ∈ C∞
0 (ω). In view of

φ(x0) 6= 0 we know u is C∞ at x0. �
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Theorem 2.2. Denote by Πx the projection (x, ξ) 7→ x, then

ΠxWF (u) = singsupp u. (2.8)

Proof. If x0 6∈ singsuppu, then u is C∞ in a neighborhood ω of x0. Then

for any φ(x) ∈ C∞
c (ω), φ̂u is rapidly decreasing in any direction. This

means that for any ξ the point (x0, ξ) 6∈WF (u). Hence x0 6∈ ΠxWF (u).�

These two theorems clearly indicate that the wave front set is a finer

description than singular support for a distribution.

The wave front set for some simple functions can be obtained by direct

computation. For instance

WF (δ) = {(0, 0, ξ, η); ∀ (ξ, η) ∈ R2},

WF (θ(x)) = {(0, y, ξ, 0)}.

For more general functions people have to use some operation rule to obtain

their wave front sets. For instance, if u and v are two functions defined on

same open set, then we obviously have WF (u + v) ⊂ WF (u) ∪ WF (v).

However for product of functions the corresponding rule is not so simple.

In this case we have the following theorem.

Theorem 2.3. If u is a distribution defined on Ω, a ∈ C∞(Ω), then

WF (au) ⊂WF (u). (2.9)

Proof. If (x0, ξ0) 6∈ WF (u), then according to Definition 2.1 one can find

a neighborhood ω of x0 and a conical neighborhood V of ξ0 such that for

any φ(x) ∈ C∞
0 (ω) Eq. (2.6) holds. Next we assume that a is compactly

supported, otherwise a can be replaced by ζa, where ζ is a C∞
0 function,

which equals 1 in ω. From the formula of Fourier transformation of the

product of two functions we have

φ̂au(ξ) =

∫
â(ξ − η)(φ̂u)(η)dη. (2.10)

Taking V1 be another conical neighborhood of ξ0, such that V1 ⊂⊂ V (the

closure of V1 in Rn \ 0 is included in V ). For ξ ∈ V , Eq. (2.10) can be

written as

φ̂au(ξ) =

∫

V

â(ξ − η)(φ̂u)(η)dη +

∫

Rn\V
â(ξ − η)(φ̂u)(η)dη.
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For the first term in the right hand side, since â is rapidly decreasing, φ̂u

is rapidly decreasing in V , then for any N1, by taking N = N1 + n+ 1 we

have

(1 + |ξ|)N1

∣∣∣∣
∫

V

â(ξ − η)φ̂u(η)dη

∣∣∣∣

≤
∫

V

(1 + |ξ − η|)N1(1 + |η|)N1 |â(ξ − η)| · |φ̂u(η)|dη

≤ C

∫

V

(1 + |η|)−n−1dη ≤ C ′.

For the second term, since V1 ⊂⊂ V, ξ ∈ V1, η 6∈ V , then there is a

constant c > 0, such that |ξ − η| ≥ c(|ξ|+ |η|). Then for any N1, by taking

N = max(N1, n+ 1), we have

(1 + |ξ|)N1

∣∣∣∣∣

∫

Rn\V
â(ξ − η)φ̂u(η)dη

∣∣∣∣∣

≤ (1 + |ξ|)N1

∫

Rn\V
(1 + |ξ| + |η|)−N (1 + |η|)−N |dη

≤ C

∫

Rn\V
(1 + |η|)−n−1dη ≤ C ′.

Therefore, for any ξ ∈ V1, (1 + |ξ|)−N1 |φ̂au(ξ)| is bounded for any N1.

Hence (x0, ξ0) 6∈WF (au). �

Remark 2.1. From the proof of the above theorem we obtain an equivalent

definition of the wave front wet as follows.

Definition 2.2. For a given function u ∈ D ′(Ω), its wave front set

WF (u) is defined as the following subset in Ω × Rnξ \ O, such that for

any (x0, ξ0) 6∈ WF (u) there is a neighborhood ω of x0, a conical neigh-

borhood V of ξ0 and a function φ(x) ∈ C∞
0 (ω) satisfying φ(x0) 6= 0, such

that for any integer N one can find a constant CN , which let the following

inequality

|φ̂u(ξ)| ≤ CN (1 + |ξ|)−N , ∀ξ ∈ V (2.11)

hold.

Apparently, Definition 2.1 is more restrict than Definition 2.2, because

the estimate Eq. (2.6) should be valid for all φ ∈ C∞
0 (ω), while the estimate

in Definition 2.2 is valid only for one C∞
0 (ω) function. However, these

two definitions are essentially equivalent. Indeed, if (x0, ξ0) 6∈ WF (u) in
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the sense of Definition 2.2, then we can take another neighborhood ω1

of x0, such that φ(x) 6= 0 at every point of ω1. Then for any function

φ1(x) ∈ C∞
0 (ω1), let

φ2(x) =
φ1(x)

φ(x)
∈ C∞

0 (ω1),

we have φ1u = φ2 · (φu). According to Theorem 2.3 the rapidly decreasing

of φ̂u in some open conical set implies the rapid decreasing of φ̂1u in this

conical set. Hence (x0, ξ0) 6∈ WF (u) in the sense of Definition 2.1 also

holds.

Theorem 2.4. If (WF (u) +WF (v)) ∩ Ox = ∅, then the product of u and

v is well-defined, and

WF (uv) ⊂ (WF (u) +WF (v)) ∪WF (u) ∪WF (v), (2.12)

where WF (u) +WF (v) is the set

{(x, ξ); ξ = ξ1 + ξ2, (x, ξ1) ∈WF (u), (x, ξ2) ∈WF (v)},
Ox is {(x, 0);x ∈ O}.

Proof. The main idea is to make the convolution of the Fourier transfor-

mation of u and v, and then define the product of u and v by the inverse

Fourier transformation of the convolution. Here the assumptions ensure

the existence of the convolution.

Let us proceed our discussion in a neighborhood of x ∈ Ω. For any

fixed s, take a conical neighborhood V1 of WF (u) and a conical neigh-

borhood V2 of WF (v), then (WF (u) + WF (v)) ∩ Ox = ∅ implies that

(WF (u) +WF (v)) is also a closed cone (except at the origin). Let V3 be

a conical neighborhood containing (WF (u) +WF (v)). For i = 1, 2, 3, de-

fine V ′
i be the neighborhood of V̄i and then consider the behavior of the

Fourier transformation of uv outside V ′
1 ∪ V ′

2 ∪ V ′
3 . Here we assume that

Vi, V
′
i (i = 1, 2, 3) are sufficiently close to WF (u),WF (v),WF (u)+WF (v)

respectively, and V ′
1 + V ′

2 ⊂ V3 holds.

Now take φ is a C∞
0 function, which does not vanish at x, which let φ̂u

is rapidly decreasing outside V1 and φ̂v is rapidly decreasing outside V2,

then for any ξ 6∈ ∪V ′
j and any integer N ,

|(1 + |ξ|)NF (φ2uv)(ξ)| =

∣∣∣∣
∫

(1 + |ξ|)N φ̂u(ξ − η)φ̂v(η)dη

∣∣∣∣ .

Next we estimate the value of the integral in the domains{
|ξ − η| ≤ |ξ|

2
, η 6∈ V2

}
,

{
|ξ − η| ≤ |ξ|

2
, η ∈ V2

}
,
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{
|ξ − η| > |ξ|

2
, η 6∈ V2

}
,

{
|ξ − η| > |ξ|

2
, η ∈ V2

}

respectively. Since φ is compactly supported, then there is N0, such that

|φ̂u(ξ − η)| ≤ C(1 + |ξ − η|)N0 , |φ̂v(η)| ≤ C(1 + |η|)N0 .

Let M be a sufficiently large number, then in

{
|ξ − η| < |ξ|

2
, η ∈ V2

}

|φ̂v(η)| ≤ CM (1 + |η|)−M ≤ C ′
M (1 + |ξ|)−M ,

|φ̂u(ξ − η)| ≤ C(1 + |ξ|)N0(1 + |η|)N0 .

By taking M large enough, we see that

I =

∫

|ξ−η|≤ |ξ|
2 , η 6∈V2

(1 + |ξ|)N φ̂u(ξ − η)φ̂v(η)dη

is rapidly decreasing.

Consider the integral in the domain {|ξ − η| ≤ |ξ|
2
, η ∈ V2}. In this

region ξ−η 6∈ V1, because otherwise ξ = ξ−η+η ⊂ V1+V2 ⊂ V ′
3 will lead to

contradiction. Besides, the fact that η ∈ V2, ξ 6∈ V ′
2 gives |ξ−η| > c(|ξ|+|η|).

In view of that φ̂u is rapidly decreasing outside V1, we have

|φ̂u(ξ − η)| ≤ CM (1 + |ξ − η|)−M ≤ C ′
M (1 + |ξ|)−M (1 + |η|)−M ,

Hence

II =

∫

|ξ−η|≤ |ξ|
2 , η∈V2

(1 + |ξ|)N φ̂u(ξ − η)φ̂v(η)dη

is rapidly decreasing, because M can be arbitrarily large. Similarly, the

integrals in the domains
{
|ξ − η| > |ξ|

2
, η 6∈ V2

}
,

{
|ξ − η| > |ξ|

2
, η ∈ V2

}
.

are also bounded.

Summing up, we have proved that if ξ 6∈ V ′
1 ∪ V ′

2 ∪ V ′
3 . then for any N ,

F (φ2uv)(ξ) = O((1 + |ξ|)−N ). (2.13)

Notice that V ′
1 , V

′
2 , V

′
3 can be arbitrarily close to WF (u),WF (v),WF (u)+

WF (v), then Eq. (2.12) is established. �
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Assume that a homeomorphism y = ψ(x) defined on the domain Ω ⊂ Rnx
transforms the domain to a domain G in Rny . Then a distribution u defined

on G corresponds to an induced distribution ψ∗u defined on Ω: (ψ∗u)(x) =

u(ψ(x)). In this case the set of singular points of ψ∗u is the inverse image

of the set of singular points of u. A natural question is that whether it

is possible to determine the wave front set of ψ∗u by using WF (u)? The

following theorem gives an answer.

Theorem 2.5. Assume that ψ is the above C∞ homeomorphism, then

WF (ψ∗u) = {(x, ξ); (ψ(x), (tψ′)−1ξ) ∈WF (u)}. (2.14)

Proof. Consider the property of the following integral as |ξ| → ∞:

I =

∫
e−i〈x,ξ〉(ψ∗u)(x)φ(x)dx

=

∫
e−i〈ψ

−1(y),ξ〉u(y)φ(ψ−1(y))(ψ−1(y))′dy.

Denote φ1(y) = φ(ψ−1(y))(ψ−1(y))′, and make a function φ2(y) ∈ C∞
0 (G),

which is equal to 1 on the support of φ1, then the above equality can be

written as ∫
e−i〈ψ

−1(y),ξ〉u(y)φ1(y)φ2(y)dy.

By using Fourier transformation we have

I =
1

2π

∫∫
e−i〈ψ

−1(y),ξ〉−〈y,η〉φ1(y)dyφ̂2u(η)dη. (2.15)

Now if (x, ξ) satisfies (ψ(x), (tψ′)−1ξ) 6∈ WF (u), then from the definition

of the wave front set we can find a neighborhood ω of the point ψ(x) and a

conical neighborhood V of the direction (tψ′)−1ξ, such that for any y ∈ ω

and (tψ′(y))−1ξ ∈ V ′ ⊂⊂ V . Moreover, for any ζ(y) satisfying suppζ ⊂ ω

|ζ̂u(η)| ≤ CN (1 + |η|)−N , ∀η ∈ V. (2.16)

Obviously, the support of φ(x), φ1(y) and φ2(y) can be chosen as sufficiently

small, then suppφ2 ⊂ ω. Hence the inequality (2.16) still holds when ζ is

replaced by φ2(y).

Decompose the integral in Eq. (2.15) as the sum of the corresponding

integrals on V and Rnη \V . For the integral on V , we make an operator L1

as

tL1 = i
∑

j

∂yj 〈ψ−1(y), ξ〉
|∇y〈ψ−1(y), ξ〉|2 ∂yj ,
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where the denominator does not vanish for ξ 6= 0. L1 satisfies

tL1e
−i〈ψ−1(y),ξ〉 = e−i〈ψ

−1(y),ξ〉.

Now for any integer M , by taking N = M + n + 1 we have |φ̂2u(η)| ≤
CN (1 + |η|)−N . Therefore,

∫

V

∫

Rn
y

e−i(〈ψ
−1(y),ξ〉−〈y,η〉)φ1(y)dyφ̂2u(η)dη

≤ C

∫

V

∣∣∣∣∣

∫

Rn
y

e−i〈ψ
−1(y),ξ〉LM1 (e−i〈y,η〉φ1(y))dy

∣∣∣∣∣ · |φ̂2u(η)|dη

≤
∫

V

(1 + |ξ|)−M (1 + |η|)M |φ̂2u(η)|dη

≤ C(1 + |ξ|)−M .
It is then rapidly decreasing as |ξ| → ∞.

Consider the integration on Rnη \ V . In view of

|∇y(〈ψ−1(y), ξ〉 − 〈y, η〉)| ≥ c(|ξ| + |η|),
then we can define an operator

tL2 =
∑

j

i∂yj (〈ψ−1(y), ξ〉 − 〈y, η〉)
|∇y(〈ψ−1(y), ξ〉 − 〈y, η〉)|2 ∂yj ,

which satisfies

tL2e
−i(〈ψ−1(y),ξ〉−〈y,η〉) = e−i(〈ψ

−1(y),ξ〉−〈y,η〉).

Notice that φ̂2u(η) is slowly increasing as |η| → ∞, then there is a number

N0, such that

|φ̂2u(η)| ≤ C(1 + |η|)−N0 .

Hence by taking N = M +N0 + n+ 1 we have∣∣∣∣∣

∫

Rn
η\V

∫

Rn
y

e−i(〈ψ
−1(y),ξ〉−〈y,η〉)(L2)

Nφ1(y)dyφ̂2u(η)dη

∣∣∣∣∣

≤ C

∫

Rn
η\V

(1 + |ξ| + |η|)−M−N0−n−1(1 + |η|)N0dη

≤ C(1 + |ξ|)−M ,
which is also rapidly decreasing as |ξ| → ∞. Summing up we know the

integral I is rapidly decreasing. Then the definition of the wave front set

implies

(x, ξ) 6∈ WF (ψ∗u), (2.17)



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

22 Analysis of Singularities for Partial Differential Equations

which indicates

WF (ψ∗u) ⊂ {(x, ξ); (ψ(x), (tψ′)−1ξ) ∈WF (u)}. (2.18)

Obviously, the inverse inclusion in Eq. (2.18) is also valid, because ψ is a

homeomorphism. Equation (2.14) is thus obtained. �

The above theorem indicates that in the process of coordinate transfor-

mation of variables the wave front set of a given function varies according

the rule of coordinate transformation on cotangent bundle. Therefore, for

a distribution defined on a differential manifold one can defined its wave

front set on the cotangent bundle of the manifold. When the manifold lo-

cally maps to an open set Ω of a Euclid space, its wave front set maps to a

conical subset of T ∗(Ω).

In the study of the action of pseudodifferential operators on distributions

we have the following theorems:

Theorem 2.6. If A is a pseudodiferential operator with its symbol a ∈
S ∞(Ω), u ∈ E ′(Ω), then

WF (Au) ⊆WF (u), WF (u) ⊆WF (Au) ∪ Char(A), (2.19)

where Char(A) stands for the characteristic set of A, i.e. the set of all

(x, ξ) satisfying a(x, ξ) = 0.

Theorem 2.7. Assume that u(t, x) ∈ C∞((α, β),E ′(Ωx)), A = a(x,Dx)

is a pseudodifferential operator defined on Ωx. If (t0, x0; τ0, ξ0) 6∈ WF (u),

then (t0, x0; τ0, ξ0) 6∈WF (Au).

The proof of these two theorem can be find in [40],[74].

The wave front set defined in Definition 2.1 describes the singularity of

a given function in C∞ category. In some cases one needs to describe the

singularity for a given function with finite order. For instance, for any given

real number s, one can say “a distribution u is Hs smooth”, which simply

means u ∈ Hs. Furthermore, one can also say that u has singularity in the

sense of Hs, if u is not in Hs. Corresponding wave front set WFs(u) of a

distribution u ∈ D ′(Ω) can also be well-defined.

Definition 2.3. For u ∈ D ′(Ω), a point (x0, ξ0) 6∈ WFs(u) means that

there is a neighborhood ω of x0 and a conical neighborhood V of ξ0, such

that for any φ ∈ C∞
0 (ω)

(1 + |ξ|2)s/2φ̂u ∈ L2(V ). (2.20)
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By using the concept of the wave front setWF (u) one can also define the

microlocal Sobolev regularity for a distribution u. One says u ∈ Hs(x0, ξ0)

(or u ∈ Hs
(x0,ξ0)), if and only if (x0, ξ0) 6∈WFs(u). Meanwhile, the property

of pseudodifferential operators indicates that if A is a pseudodifferential

operator of order m and u ∈ Hs
(x0,ξ0)

, then Au ∈ Hs−m
(x0,ξ0).

Obviously, the wave front set and the microlocal Sobolev regularity is

two different descriptions of a same object. Moreover, we can also introduce

a regularity function su(x, ξ) to describe the regularity of a distribution (see

[72]):

su(x, ξ) = sup{s; u ∈ Hs(x, ξ)}. (2.21)

Obviously, the regularity function is a lower semi-continuous function. For

any fixed (x0, ξ0) and ε > 0 there is a neighborhood ω of x0 and a conical

neighborhood V of ξ0 such that for any φ(x) ∈ C∞
0 (ω)

φ̂u(ξ)(1 + |ξ|2)(s−ε)/2 ∈ L2(V ), (2.22)

where s = s(x0, ξ0). In Chapter 3 we will discuss the regularity function

again and will apply it to treat problems on interaction of singularities.

2.2 Singularity propagation theorem for equations of prin-

cipal type

Based on the new understanding on the singularities of functions we study

the propagation of singularities of solutions to partial differential equations.

We first study the case for linear equations, because in this case the charac-

teristics is independent of solutions, so that the statement and the proof of

the corresponding theorems will be simpler. In this section we restrict our-

selves to the case, when the partial differential equation under consideration

only has simple characteristics.

It is a main success in the theory of microlocal analysis, that one can use

the wave front set to give a precise description of singularity propagation.

The next theorem and its proof is taken from [108]. In Chapter 5 we will

give a new proof on the theorem. Other proof can also be found in [71].

Denote Dj =
1

i
∂xj , D

α = Dα1
1 · · ·Dαn

n . Let P = p(x,D) =
∑

|α|≤m
aαD

α

be a given partial differential operator of m-th order with its principle

symbol pm(x, ξ) =
∑

|α|=m
aαξ

α being real function. Then the vector field

Hpm =

{
∂pm
∂ξ1

, · · · , ∂pm
∂ξn

,−∂pm
∂x1

· · · ,−∂pm
∂xn

}
(2.23)
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is called Hamilton vector field of pm(x, ξ) ( or operator P ). The integral

curve of the vector field is the solution of the following system



dxj
ds

=
∂pm
∂ξj

dξj
ds

= −∂pm
∂xj

(j = 1, · · · , n), (2.24)

which is called bicharacteristic strip. The projection of the bichar-

acteristic strip on x space is called bicharacteristics. Obviously, if

pm(x0, ξ0) = 0, then pm(x(s), ξ(s)) ≡ 0 due to

d

ds
pm(x(s), ξ(s)) =

∑

j

(
∂pm
∂xj

dxj
ds

+
∂pm
∂ξj

dξj
ds

)
= 0. (2.25)

Such a bicharacteristic strip is called null bicharacteristic strip.

The set of all (x, ξ) satisfying pm(x, ξ) = 0 is called characteristic

set. In this section we only study the operators satisfying the condition

∇ξpm(x, ξ) 6= 0 on its characteristic set. Such an operator is called opera-

tor of principal type (or operator of principal type in strict sense).

The hyperbolic operator is an example of the operators of principal type.

From Eq. (2.24) we know that Σ

(
dxj
ds

)2

6= 0 at any point on the bicharac-

teristics strip of any operator of principal type. Therefore, Σ

(
dxj
ds

)2

6= 0

also hold on the bicharacteristics as its projection on x space. Hence the

bicharacteristics could not degenerate to a point.

The partial differential equation Pu = f introduced by an operator of

principal type is called equation of principal type. The following is

the main theorem on singularity propagation of solutions to equations of

principal type.

Theorem 2.8. Assume that P is a linear partial differential operator of

principal type in strict sense defined in a domain Ω with C∞ coefficients,

u is a real solution of Pu = f with f ∈ C∞(Ω), A0 = (x0, ξ0) ∈ T ∗(Ω)

satisfies pm(x0, ξ0) = 0. Assume that γ is a bicharacteristic strip of P

passing through A0, then A0 6∈ WF (u) implies γ ∩WF (u) = ∅.

Proof. We only need to prove the conclusion locally. Because it is easy

to obtain a global conclusion by gluing all local results. The proof mainly

consists of two steps. The first step is to decompose the operator P , so that

to reduce the problem to the case for an operator of first order, while the

second step is to prove the theorem for the reduced operator of first order.
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Since ∇ξpm(x, ξ) 6= 0, we may assume ∂pm/∂ξn 6= 0. Hence we may

assume that pm(x, ξ) takes the form

pm(x, ξ) = ξmn +

m−1∑

k=0

am−k(x, ξ
′)ξkn. (2.26)

Since pm(x, ξ) as a polynomial of ξn only has simple roots at A0(x0, ξ0),

then pm(x, ξ) can be factorized to

pm(x, ξ) = (ξn − λ(x, ξ′))qm−1(x, ξ), (2.27)

where λ(x, ξ′) is a homogeneous function of ξ′ with degree 1, qm−1(x, ξ)

is a homogeneous function of ξ with degree m − 1, and qm−1(x0, ξ0) 6= 0.

Next we will prove that P satisfies the factorization of operators as

P = (Dxn − σ(x,Dx′))Q+R, (2.28)

where R is a pseudodifferential operator, σ and Q are operators of order

1 and order m − 1 respectively. Furthermore, the symbol of σ(x,Dx′) is

λ(x, ξ′), the asymptotic expansion of the symbol of R is zero, while Q is a

polynomial of Dxn .

In order to prove Eq. (2.28) we write the symbols of σ and Q as

q(x, ξ′, ξn) ∼ qm−1 + qm−2 + · · · ,

σ(x, ξ′) ∼ λ(x, ξ′) + σ0 + σ−1 + · · · ,
where qj is a homogeneous function of ξ with degree j, and is a polynomial

of ξn, σ is a homogeneous function of ξ′ with degree 1. To determine

these symbols we use the asymptotic expansion of corresponding symbols

in Eq. (2.28). Comparing the homogeneous terms with degree m − 1 we

have

−σ0qm−1 +Dxnqm−1−
n−1∑

j=1

(∂ξjλ)Dxj qm−1 +(ξn−λ)qm−1 = pm−1. (2.29)

Let ξn = λ(x, ξ′), in view of qm−1 6= 0 we have

σ0 =
1

qm−1


Dxnqm−1 −

n−1∑

j=1

(∂ξjλ)Dxj qm−1 − pm−1



ξn=λ(x,ξ′)

. (2.30)

Substituting it into Eq. (2.29) and dividing out ξn − λ, we can determine

qm−2. Successively doing in this way we can obtain the asymptotic expan-

sion of σ(x, ξ′) and q(x, ξ). In accordance, the symbols, which is the sum
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of these asymptotic expansions, and the corresponding pseudodifferential

operators σ and Q are also obtained.

By using the factorization Eq. (2.28) the singularity propagation of the

solution u to Pu ∈ C∞ can be reduced to the singularity propagation

of the solution v satisfying (Dxn − σ(x,Dx′))v ∈ C∞. Indeed, the facts

WF (Qu) ⊂ WF (u) and A0 6∈ WF (u) imply A0 6∈ WF (Qu). On the other

hand, Eq. (2.28) indicates

(Dxn − σ(x,Dx′))Qu = Pu−Ru ∈ C∞. (2.31)

Since qm−1(x, ξ) 6= 0, then the vector field Hpm is proportional to Hξn−λ
as ξn − λ(x, ξ′) = 0. It means that the bicharacteristics for pm(x, ξ) and

ξn −λ(x, ξ′) is the same. Therefore, if one can prove the theorem holds for

any first order operator, i.e. WF (Qu) does not meet the bicharacteristics

γ of the operator Dxn −σ(x,Dx′), then the conclusion WF (u)∩ γ = ∅ also

holds.

Hence the problem has been reduced to the case for the solutions to

first order operators. The main idea in the next step is to construct a

pseudodifferential operator B of order zero with principal symbol b0(x, ξ),

which does not vanish along γ, such that Bu ∈ C∞. Since

PBu = BPu+ [P,B]u, (2.32)

and Pu ∈ C∞. Hence if we can choose the symbol b(x, ξ) =

∞∑

j=0

b−j(x, ξ)

of B, such that the symbol of the commutator [P,B] is zero, then the facts

[P,B]u ∈ C∞ and Pu ∈ C∞ will lead to PBu ∈ C∞ immediately.

The requirement letting the symbol of [P,B] vanish leads to a set of

equalities

1

i
Hp1b0 = 0,

1

i
Hp1b−1 +

1

i
Hp0b0 +

∑

|α|=2

1

α!
(∂αξ p1 ·Dα

x b0 − ∂αξ b0 ·Dα
xp1) = 0,

· · · · · ·
Since the direction of Hpi is transversal to the plane xn = const., then all

above equations for b−j (j ≥ 0) are solvable, provided the initial data are

given on a plane xn = xn0. It turns out that the problem is reduced to

determine the initial data, so that Bu ∈ C∞ as x is sufficiently near to x0.

Indeed, if this is true, then the property of hyperbolic equations implies Bu
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is C∞. Noticing that the principal symbol of B does not vanish on γ we

have γ ∩WF (u) = ∅, which is what we need.

The remains is to choose the initial data of b−j , such that the initial data

of Bu is C∞ near x = x0. We notice that the condition (x0, ξ0) 6∈ WF (u)

means that there is a neighborhood ω of (x0, ξ0) such that ω∩WF (u) = ∅.
Choose a pseudodifferential operator A of order zero, such that the symbol

a(x, ξ) of A is supported in ω and is equal to 1 in a smaller neighborhood

ω1 ⊂⊂ ω. Then Theorem 2.6 indicates Au ∈ C∞. Now the initial datum

of b0 is chosen as a homogeneous function of degree 1, supported in ω1 and

is equal to 1 in a smaller neighborhood ω2 ⊂⊂ ω1. Furthermore, the initial

data for b−j (j ≥ 1) are chosen as zero. Obviously, such a choice let the

symbol of B(I −A) be zero as x is near to x0. Therefore,

Bu = B(I −A)u+BAu ∈ C∞.

The proof of the theorem is thus complete. �

The theorem indicates that if A0 is a regular point of the solution u,

then all points on the bicharacteristic strip through A0 are regular. In

other words, the microlocal regularity (or singularity) of solutions to any

equation of principal type propagates along bicharacteristic strip.

One may also consider the propagation of singularities in the sense of

Hs. In this case the C∞ regularity theorem of Cauchy problem for hy-

perbolic operator of first order used in the proof should be replaced by

corresponding Hs regularity theorem. Since the energy inequality in Hs

space holds for hyperbolic equation, then like Theorem 2.8 we may use

similar method to prove the following theorem.

Theorem 2.9. Assume that P is a linear partial differential operator of

principal type in strict sense defined in a domain Ω with C∞ coefficients,

u is a real solution of Pu = f with f ∈ Hs+m−1(Ω), A0 = (x0, ξ0) ∈ T ∗(Ω)

satisfies pm(x0, ξ0) = 0. Assume that γ is a bicharacteristic strip of P

through A0, then A0 6∈WFs(u) implies γ ∩WFs(u) = ∅.

Remark 2.2. Denote by λ the direction (0, · · · , 0, ξ1, · · · , ξn) of the oper-

ator
∑
j ξj

∂

∂ξj
. If Hpm is not parallel to λ, then P is called operator of

principal type in generalized sense. The theorem 2.8 on singularity

propagation can be extended to the case of the operators of principal type

in generalized sense. Since the theory of Fourier integral operators has to

be used to prove the corresponding theorem, we refer readers to references

[74].



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

28 Analysis of Singularities for Partial Differential Equations

For Cauchy problems of partial differential equations one can also prove

the conclusion on propagation of singularities of the initial data. Since the

principal operators can be factorized by using the method given in Theorem

2.8, we first discuss the Cauchy problem for partial differential equations

of first order: {
(Dxn − σ(x,Dx′))u = f,

u(x′, 0) = u0(x),
(2.33)

where x = (x′, xn), σ is a pseudodifferential operator depending on the

parameter xn with real principal symbol λ(x, ξ).

Theorem 2.10. Assume that (x′0, ξ
′
0) 6∈ WF (u0), f ∈ C∞([0, ε) × Rn−1

x′ .

Denote by γ the null characteristic strip of the symbol ξn−λ(x, ξ′) through

(x′0, 0, ξ
′
0, λ(x

′
0, 0, ξ

′
0)), then

γ ∩WF (u) = ∅, if 0 < xn < ε, (2.34)

γ(s) ∩WF (u|xn=s) = ∅, if 0 ≤ s < ε, (2.35)

Proof. We notice that the wave front set appearing in Eq. (2.35) is a

subset of Rn−1
x′ × Rn−1

ξ′ depending on a parameter xn. It obviously have

different meaning from the wave front set in Eq. (2.34).

The proof of Theorem 2.10 is quite similar to the second part of the proof

of Theorem 2.8, so we only mention the main point of it. Make an operator

B(x′, Dx′) such that its symbol is supported in a neighborhood of γ and does

not vanish on γ. Moreover, we may let the symbol of [Dxn −σ(x,Dx′), B] is

zero and B(x′, 0, Dx′)u0 ∈ C∞. Acting B on the both sides of the equation

in (2.33) we obtain

(Dxn − σ(x,Dx′))Bu = f + [Dxn − σ(x,Dx′), B]u.

Then the conclusion on initial boundary value problems of hyperbolic equa-

tion gives Bu ∈ C∞.

For any s ∈ [0, ε), the symbol of the pseudodifferential operator

B(x′, s,Dx′) does not vanish on γ(s). Then from the property of wave

front set we know γ(s) 6∈WF (u|xn=s) as shown in Eq. (2.35).

In order to prove Eq. (2.34) we make the parametrix A(x′, xn, Dx′) of

B, which also C∞ smoothly depends on xn. Then Theorem 2.7 implies

γ ∩WF (ABu) = ∅. (2.36)

Since ABu = u+Ru , where Ru is a C∞ function of x′ and xn, then u also

satisfies Eq. (2.34). �
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Combining with the factorization of operators we can extend the conclu-

sion mentioned in Theorem 2.10 to the case for equations of higher order.

For hyperbolic equations we have

Theorem 2.11. Assume that P is a hyperbolic differential operator of m-th

order, its principal symbol pm(x, ξ) as a polynomial of ξn has m simple roots

λ1(x, ξ
′), · · · , λm(x, ξ′). Assume also that u is the solution of the Cauchy

problem

{
Pu = f,

∂k−1u|xn=0 = uk0(x
′) (k = 1, · · · ,m),

(2.37)

and (x′0, ξ
′
0) ∈ WF (u0), f ∈ C∞([0, ε) × Rn−1

x′ ). If γi is the null bicharac-

teristic strip corresponding to the real root λi issuing from (x′0, 0, ξ
′
0, λi0),

where λi0 = λ(x′0, 0, ξ
′
0), then for i = 1, · · · , n Eq. (2.34) and Eq. (2.35)

still hold with γ is replaced by γi.

As an application of the above theorem we can answer the problem

raised in Chapter 1. For the Cauchy problem Eq. (1.35), if ψ(x, y) is taken

as δ(x, y), then WF (ψ) = (0, 0; ξ0, η0), where (ξ0, η0) is an arbitrary direc-

tion. Assume that (ξ0, η0) has been normalized, i.e. ξ20 + η2
0 = 1, then the

bicharacteristics strip through (t, x, y, τ, ξ, η) = (0, 0, 0, 1, ξ0, η0) is

x = ξt, y = ηt, τ = 1, ξ = ξ0, η = η0, (2.38)

whose projection on the space (t, x, y) is

x = ξt, y = ηt with ξ2 + η2 = 1. (2.39)

Therefore, the singularity of the initial data at the origin propagates along

all characteristic rays to the domain t > 0. Hence the singular set of solution

u is the characteristic cone with its vertex at the origin.

On the other hand, when ψ(x, y) = θ(x), WF (ψ) = (0, y, ξ, 0), where

ξ can be any real number (in fact it is enough to be ±1 due to homo-

geneity). According to Theorem 2.11 the projections of all bicharacteristic

strip starting from the points in WF (ψ) are {x = ±t, −∞ < y < ∞}.
They form the plane x = ±t. These bicharacteristics do not enter inside

the wedge −t < x < t, then uθ(t, x, y) does not have singularity inside the

wedge. It turns out that the conclusion we obtained by using the general

theory of singularity propagation proved in this Chapter coincides with the

phenomena observed in Chapter 1.
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2.3 Reflection of singularity on boundary

In the last section we discussed the propagation of singularity of a solu-

tion to partial differential equations inside a domain, where the solution

is defined. In the study of the solutions in a domain with boundary, the

bicharacteristics may meet the boundary. In this case how does the dis-

tribution of singularities behave near the boundary? This is the problem

of reflection of singularity. In this case the distribution of singulari-

ties near the boundary is obviously related to the setting of the boundary

conditions, and is also related to the behavior of the intersection of the

bicharacteristics with the boundary. In this section we mainly consider the

case when the bicharacteristics transversally intersects with boundaries.

Suppose that the boundary is C∞ smooth, then one can introduce a

C∞ homomorphism near the boundary to flatten the boundary. Since the

type of the partial differential equations are invariant under any homomor-

phism. The characteristics, the bicharacteristics and the wave front set are

transformed obeying the rule induced by the homomorphism, then we may

only consider the case when the boundary has been flatten without loss of

generality. In the sequel we always denote the domain, where the solution

is defined, by xn > 0, and denote the boundary by xn = 0.

Next we consider the reflection of singularity for the system of partial

differential equations of first order, because any partial differential equation

of higher order can be easily reduced to the case of the system of equations

of first order.

Consider the system

(Dxn −A(x,D′
x))U = F, (2.40)

where x′ = (x1, · · · , xn), A is an N ×N matrix of pseudodifferantial oper-

ators of first order, C∞ smoothly depending on xn. The principal symbol

a(x, ξ) of A has real eigenvalues λ1, · · · , λn different from each other. U

and F are vectors with N components, and F are C∞. On the boundary

xn = 0, U satisfies

B(x′, D′
x)U = h, (2.41)

where B is a k × N matrix of pseudodifferantial operators of order zero,

h is a C∞ vector function with k components. Next we can see that the

number k is closely related to the sign of eigenvalues λ1, · · · , λn.
In order to discuss the singularity of the solution to (2.40), (2.41) near

xn = 0 we first reduce the system Eq. (2.40) to a diagonal-like form, then
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the result on Cauchy problem of single equation can be employed. To this

end we prove some lemmas.

Lemma 2.1. Assume that E,F are N1×N1,N2×N2 matrices respectively,

the eigenvalues of E and F are separated from each other, then φ(T ) =

TF −ET is an injective and surjective map.

Proof. In fact we only need to prove that φ(T ) = TF −ET is injective,

i.e. TF −ET = 0 implies T = 0.

Suppose that E has decomposed to the form diag(E1, · · · , En), where

each Ej is a Jordan block of order νj :

Ej =




λj
1 λj

. . .
. . .

1 λj


 .

Denote the rows of T by T1, · · · , Tn,

TF = ET =




λ1T1

T1 + λ1T2

· · · · · ·
Tν1−1 + λ1Tν1

· · · · · ·



.

Hence we have T1F = λ1T1. Since λ1 is not eigenvalue of F , then T1 = 0.

Next we can use similar method to know T2 = · · · = Tν1 = 0. Continue in

this fashion we know every row of T is zero.

For general matrix E, we find a matrix L such that Ẽ = LEL−1 has

a Jordan standard form. Since TF = (L−1ẼL)T , then (LT )F = Ẽ(LT ).

According to the previous proof we know LT = 0. This leads to T = 0. �

Lemma 2.2. For the system of pseudodifferential equations

DxnV = GV +HV, (2.42)

where G = diag(E,F ) has a homogeneous symbol of degree 1 with respect

to ξ′, E and F are N1 × N1 and N2 × N2 matrices of pseudodifferential

operators, whose symbols have eigenvalues different from each other, H

is a pseudodifferential operator of order 0, then there is a transformation

W = SV , such that W satisfies

DxnW = GW + αW +RW, (2.43)

where α = diag(α1, α2) is a matrix of pseudodifferential operators of order

0, R is a matrix pseudodifferential operators of order −∞.
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Proof. Let W (1) = (I+K1)V , where K1 is a matrix of pseudodifferential

operators of order −1, then

DxnW
(1) = (I +K1)GV + (I +K1)HV +DxnK1V

= (I +K1)(G+H)(I +K1)
−1W (1) + · · ·

= GW (1) + (K1G−GK1 +H)W (1) + · · · ,
where “ · · · ” means the term obtained by acting a pseudodifferential oper-

ator of order −1 on W (1).

Next we are going to look for matrices A1, A2 and K1, such that

K1G−GK1 +H = diag(A1, A2) (2.44)

holds. Denote H =

(
H11 H12

H21 H22

)
, and take K1 as a matrix with the form

(
0 K12

K21 0

)
, then choose A1 = H11, A2 = H22. Since the eigenvalues of E

and F are different from each other, then according to Lemma 2.1 we can

find matrices K12,K21, such that

K12F −EK12 = −H12, K21E − FK21 = −H21, (2.45)

then W (1) satisfies

DxnW
(1) = GW (1) + diag(A1, A2)W

(1) +BW (1), (2.46)

where B is a matrix of pseudodifferential operators of order −1.

Let W (2) = (I + K2)W
(1), where K2 is a matrix of pseudodifferential

operators of order −2, then

DxnW
(2) = GW (2) + diag(A1, A2)W

(2) + (K2G−GK2 +B)W (2) + · · · ,
where “ · · · ” stands for a term obtained by acting a pseudodifferential op-

erators of order −2 on W (2). Like the above calculations, the matrices B

and K2 can be determined, such that

DxnW
(2) = GW (2) + diag(A1, A2)W

(2) + diag(B1, B2)W
(2) + · · · ,

Going on in this way, the order of the remaining pseudodifferential operators

will be lower and lower. Then similar to the process of constructing a

pseudodifferential operator by using its asymptotic expansion of symbol we

can construct I +K by using an infinite product

I +K ∼
∞∏

`=1

(I +K`).

Set W = (I +K)V , we obtain Eq. (2.43). �
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Lemma 2.3. For the system of pseudodifferential equations

(Dxn −A(x,Dx′))U = F, (2.47)

where A is an N ×N matrix of pseudodifferential operators C∞ smoothly

depending on xn, whose principal symbol a9x, ξ′) has real eigenvalues

λ1(x, ξ
′), · · · , λN (x, ξ′), different from each other, then there is a pseudod-

ifferential operator S(x,Dx), such that W = SU satisfies

DxnW = diag(σ1, · · · , σN )W +RW + SF, (2.48)

where σj = σj(x,D
′
x) has principal symbol λj(x, ξ

′), R is a matrix of pseu-

dodifferential operator of −∞.

Proof. According to the property of a(x, ξ′) we can find a matrix e(x, ξ′),
homogeneous of degree 0 with respet to ξ′, such that

e · a · e−1 = ã = diag(λ1, · · · , λN ).

Then, let V = EU = e(x,Dx′)U , we have

DxnV = Ã(x,Dx′)V +HV +EF, (2.49)

where H is a pseudodifferential operator of order 0. Applying Lemma 2.2

we can reduce Eq. (2.49) to the form Eq. (2.48) by virtue of W = S1V .

Then S = S1E leads to the required conclusion. �

Combining the above lemmas we can prove the following theorem on

regularity reflection of solutions to system of hyperbolic equations.

Theorem 2.12. For the problem (2.40), (2.41), assume that λ1, · · · , λn
are N real eigenvalues of the symbol a(x, ξ ′) of the operator A, different

from each other. Denote by γj = (xj(s), ξj(s)) the null bicharacteristic

strip of the symbol ξn − λj(x, ξ
′) through (x′0, 0; ξ′0, λj(x

′
0, 0, ξ

′
0)), S is the

matrix of operators introduced in Lemma 2.3, which transform the system

(2.40) into an almost diagonal form, which is different from a diagonal

matrix by an operator matrix of order −∞. Assume that on xn = xn0 the

equality WF (U)∩ γj = ∅ holds for j = j1, · · · , jN1 . Moreover, assume that

BS−1 is elliptic with respect to Wi1 , · · · ,WiN−N1
on xn = 0, where

{i1, · · · , iN−N1} = {1, · · · , N} \ {j1, · · · , jN1},

then WF (U) ∩ γj = ∅ holds for any j.
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Proof. Since W = SU is an invertible transformation, then the conclu-

sion in the theorem is equivalent to that WF (U) ∩ γj = ∅ holds for any

j. By using Lemma 2.3 we can diagonalize the system (2.40), so that W

satisfies

DxnW = diag(σ1, · · · , σN )W + C∞ terms. (2.50)

Notice that the C∞ terms do not influence the C∞-singularity analysis,

then we can treat all components of W separately.

Since the operator Dxn − σi(x,Dx′) is elliptic on γj as i 6= j, then

Eq. (2.50) means WF (Wi) ∩ γj = ∅ as i 6= j. Now by taking the plane

xn = xn0 as the initial plane, we know from the classical result on sin-

gularity propagation for Cauchy problem of hyperbolic equation and the

assumptions of the theorem

(x′0, ξ
′
0) 6∈

N1⋃

s=1

WF (Wjs |xn=0). (2.51)

In view of the ellipticity of BS−1 with respect to Wi1 , · · · ,WiN−N1
, then

from BS−1W = h ∈ C∞ we obtain

(x′0, ξ
′
0) 6∈

N−N1⋃

s=1

WF (Wjs |xn=0). (2.52)

Now use the the value of W on xn = 0 as initial value, and again use

Theorem 2.3 we can obtainWF (Wis )∩γis = ∅ holds for all 1 ≤ s ≤ N−N1.

It means that WF (W ) does not meet any γs, hence WF (U) also does not

meet any γs. �

Remark 2.3. The assumptions in Theorem 2.5 contains the requirement of

the transversal intersection of bicharacteristics with the boundary. Indeed,

γi is the integral curve of the Hamilton vector field of ξn −λi(x, ξ
′). Hence

dxn
dt

=
∂

∂ξn
(ξn − λi(x, ξ

′)) 6= 0,

then the projection of γi on the base space is transversal to the boundary

xn = 0.

In the above theorem the operator in Eq. (2.40) is required to have N

real eigenvalues. It means that the system is hyperbolic with respect to

xn, so that the problem (2.40), (2.41) is an initial problem in fact. The

requirement of having N real eigenvalues could not be satisfied even for

general boundary value problem of a hyperbolic system. For instance, for
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the wave equation defined in (0, T ) × Ω, this condition on the boundary

(0, T )×∂Ω is not satisfied either. Next we will give a more general theorem

on singularity reflection without this requirement.

Consider the boundary value problem which still takes the form

Eq. (2.40), (2.41) but the matrix a(x, ξ′) is assumed to have N0 simple

real eigenvalues, m+ complex eigenvalues with positive imaginary part,

m− complex eigenvalues with negative imaginary part in a domain ω of

(x0, ξ
′
0). Like the discussion given above we first have to block-diagonalize

the system. Since Lemma 2.1 is also valid for the matrix with complex

eigenvalues, then we have the following lemma

Lemma 2.4. If U is a solution of Eq. (2.40), the eigenvalues of the symbol

a(x, ξ′) of the matrix of pseudodifferential operators A(x,Dx′) are given as

above, then there is a matrix S(x,Dx′), such that W = SU satisfies

DxnW = HW +RW, (2.53)

where

H =




σ1(x,Dx′)
. . .

σN0(x,Dx′)

e+(x,Dx′)

e−(x,Dx′)



.

The principal symbol of σj(x,Dx′) is λj(x, ξ
′), while e+(x,Dx′), e−(x,Dx′)

have complex symbols of first order, R is a matrix of pseudodifferential

operators of order −∞.

Therefore, in order to derive a result on singularity reflection for gen-

eral cases we have to discuss the regularity of solutions to boundary value

problems for elliptic systems.

Theorem 2.13. Assume that W+ satisfies
{
DxnW

+ = E+W+ + F+;

W+(0) = h+,
(2.54)

where E+ has its principal symbol e+(x, ξ′) satisfying

Im(spec(e+)) ≥ c0|ξ|, c0 > 0. (2.55)

Assume more (x′0, ξ
′
0) 6∈WF (h+) and (x′0, ξ

′
0) 6∈WF (F+|xn=s) for 0 ≤ s ≤

ε, then (x′0, ξ
′
0) 6∈ WF (W+|xn=s) for 0 ≤ s ≤ ε is also valid.
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Proof. Let us first consider the case F+ = 0. We are going to prove that

there is a pseudodifferential operator B = b(x,Dx′) of order zero, so that

W+ can be written as the form b(x,Dx′)h+, i.e. W+ = Bh+.

Assume that the symbol of the operator b(x,Dx′) has an asymptotic

expansion b ∼
−∞∑

j=0

bj , such that each term bj is a homogeneous symbol of

order j, and ∂kxn
bj is a homogeneous symbol of order j + k. To determine

bj , we substitute W+ = Bh+ into the equation

DxnW
+ = e+(x,Dx′)W+.

The rule of the calculation for pseudodifferential operators gives:

Dxnb0 − e+1 b0 = 0,

Dxnb−1 − e+1 b−1 =
∑

|α|=1

∂
(α)
ξ e+1 ·Dα

x b0 + e+0 b0,

· · · · · · (2.56)

Taking the initial data for these symbols as b0 = 1, b−j = 0 (j > 0), then

all bj with j ≥ 0 can be determined. For instance,

b0 = exp

(
i

∫ xn

0

e+1 dxn

)
.

It is easy to check that ∂kxn
b0 is a symbol of order k. Similarly, ∂kxn

bj is a

symbol of order k+ j. This means that W+ can be written as b(x,Dx′)h+.

Now let us consider the case F+ 6= 0. In this case W+ can be written

as

W+ = b(x,Dx′)h+ +

∫ xn

0

b̃(x′, s,Dx′)h+F (x′, s)ds, (2.57)

where b̃(x′, s,Dx′) is the solution operator of the Cauchy problem
{
DxnW

+ = e+(x,Dx′)W+,

W+|xn=s = F+(x′, s).
(2.58)

It is also a pseudodifferential operator of order zero, C∞ depending on xn
and s. Hence the conclusion of the theorem also holds for F ′ 6= 0. �

Remark 2.4. Inverse the direction xn in Theorem 2.13, one can obtain a

similar conclusion for another elliptic operator. For the problem
{
DxnW

− = E−W− + F−,

W−(ε) = h−,
(2.59)
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where E− has its principal symbol e−(x, ξ′) satisfying

Im(spec(e−)) ≤ c1|ξ|, c1 < 0. (2.60)

Moreover, if (x′0, ξ
′
0) 6∈ WF (h−), and if (x′0, ξ

′
0) 6∈ WF (F−|xn=s) for 0 ≤

s ≤ ε, then (x′0, ξ
′
0) 6∈WF (W−|xn=s) for 0 ≤ s ≤ ε.

Combining the above discussion on the hyperbolic case and the elliptic

case we have the following more general conclusion.

Theorem 2.14. For the problem (2.40), (2.41), assume that in a neigh-

borhood ω of (x′0, ξ
′
0) the symbol a(x, ξ′) of the operator A has N0 simple

real eigenvalues λ1, · · · , λN0 , m
+ complex eigenvalues with positive imagi-

nary part, m− complex eigenvalues with negative imaginary part. Denote by

γj = (xj(s), ξj(s)) the null bicharacteristic strip of the symbol ξn−λj(x, ξ′)
through (x′0, 0; ξ′0, λj(x

′
0, 0, ξ

′
0), S is the matrix of operators introduced in

Lemma 2.3, which transform the system (2.40) into the almost diagonal

form. Assume that on xn = xn0 (0 < xn0 < ε) the equality WF (U)∩γj = ∅
holds for j = j1, · · · , jN1 . Moreover, assume that (x′0, ξ

′
0) 6∈WF (h), BS−1

is elliptic with respect to Wi1 , · · · ,WiN0−N1
, W+ is elliptic, where

{i1, · · · , iN0−N1} = {1, · · · , N} \ {j1, · · · , jN1},
then WF (U) ∩ γj = ∅ holds for any j ≤ N0.

Proof. By using the transformation W = SU the system (2.40) is re-

duced to block-diagonal form. Since

WF (U |xn=xn0)
⋂(

N1⋃

s=1

γjs

)
= ∅

on x = xn0, then we also have

WF (W |xn=xn0)
⋂(

N1⋃

s=1

γjs

)
= ∅

Taking xn = xn0 as initial plane, Theorem 2.12 on Cauchy problems of

hyperbolic system implies

(x′0, ξ
′
0) 6∈

N1⋃

s=1

WF (Wjs)|xn=0),

Then the remark behind Theorem 2.13 gives

(x′0, ξ
′
0) 6∈

N1⋃

s=1

WF (W−)|xn=0).
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Hence Wjs (s = 1, · · · , j) and W− on xn = 0 are microlocal regular at

(x0, ξ
′
0). According to the assumptions on the ellipticity of BS−1 on xn = 0

of this theorem we have

(x′0, ξ
′
0) 6∈WF (W+|xn=0)

⋃(
N0−N1⋃

s=1

WF (Wis |xn=0)

)
.

Again consider the Cauchy problem with xn = 0 as initial plane. It is easy

to see that Theorems 2.12 and 2.13 imply

N0−N1⋃

s=1

γis
⋂
WF (W ) = ∅.

Since S is elliptic at a neighborhood of (x′0, ξ
′
0), then

N0−N1⋃

s=1

γis
⋂
WF (U) = ∅.

The theorem is thus proved. �

Example 1 Next we take the wave equation

utt − c2(uxx + uyy + uzz) = 0 (2.61)

in the domain x > 0 as example to study the singularity reflection of its

solution near the boundary x = 0.

The symbol of the wave operator is τ 2 − c2(ξ2 + η2 + ζ2). Let Λ be

a pseudodifferential operator with the symbol λ = (ξ2 + η2 + ζ2)1/2, U =

(Λu,Dxu), then Eq. (2.61) can be reduced to a system of first order as

DxU = A(Dx, Dy, Dz)U, (2.62)

where

A =

(
0 Λ

Λ−1(c−2D2
t −D2

y −D2
z) 0

)
.

Its principal symbol is

a =

(
0 λ

λ−1(c−2τ2 − η2 − ζ2) 0.

)
.

Obviously, the eigenvalue of a is ±(c−2D2
t − D2

y − D2
z)

1/2. For the point

(t, y, z, τ, η, ζ) on T ∗(R3
tyz) we have:

If τ < c(η2 +ζ2)1/2, then for any ξ, the symbol τ2−c2(ξ2 +η2 +ζ2) 6= 0,

then u is microlocally regular at (τ, ξ, η, ζ). Hence u|x=s is microlocally

regular for any s > 0. By using the fact that the eigenvalue of a is imaginary

as τ < c(η2 + ζ2)1/2, then u|x=0 is also microlocally regular at (τ, η, ζ).
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If τ > c(η2+ζ2)1/2, then a has two real eigenvalues ξ± = ±(τ2−c2(η2+

ζ2))1/2. Correspondingly, one can draw two bicharacteristic strips γ+, γ−.

If for sufficiently small x, WF (u) ∩ γ+ = ∅, then Theorem 2.14 implies

WF (u) ∩ γ− = ∅ and vice versa. In one words, if u has singularity on one

of the two bicharacteristic strips γ±, then the singularity mast be reflected

to another bicharacteristic strip.

Making projection of the bicharacteristic strips on the base space

(t, x, y, z) we obtain the property of the reflection of ray of light on the

boundary x = 0. Indeed, if the incident line is

x = ξ+t, y = ηt+ y0, z = ζt+ z0; t < 0,

then the reflect line is

x = ξ−t, y = ηt+ y0, z = ζt+ z0; t > 0.

Because ξ+ = −ξ−, the vectors (ξ+, η, ζ), (ξ−, η, ζ) and the normal (1, 0, 0)

locate on a same plane. Meanwhile, the angle between (ξ±, η, ζ) and (1, 0, 0)

are equal. The fact coincides the classical conclusion in the law of reflection

of light: the reflective ray locates on the plane formed by the incident ray

with the normal and is in the side different from the incident ray, the reflect

angle is equal to the incident angle.

Example 2 Consider the reflection and refraction of light on an in-

terface of two different media. Suppose that two different media are placed

on both sides of the plane x = 0. The speed of propagation of light in the

domains ±x > 0 is c±, then the partial differential equation describing the

propagation of light is{
utt − c2+(uxx + uyy + uzz) = 0, x > 0

utt − c2−(uxx + uyy + uzz) = 0, x < 0.
(2.63)

It is required that u and its derivatives are continuous on x = 0. Now if

u has singularity on a bicharacteristics in the “+” medium, which arrives

at the origin from the domain x > 0 for t = 0, how does the singularity

propagate in future?

All bicharacteristics from the domain x > 0 arriving at the origin at

t = 0 forms a half of the characteristic cone c+t = −
√
x2 + y2 + z2 (x > 0).

Assume that the projection of the bicharacteristic strip ` bearing singularity

on the space (x, y, z) is the straight line L, which locates on the plane z = 0

arrives at the origin and forms an angle θ with y-axis. The equation of L

is y = −x tan θ, z = 0 in the space (x, y, z) or

x = − c+t√
1 + tan2 θ

, y =
(c− tan θ)t√
1 + tan2 θ

, z = 0 (2.64)
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in the space (t, x, y, z). In order to solve this problem we fold the whole

space (t, x, y, z) to the upper half space x > 0. Set

ũ(t, x, y, z) = (ũ1, ũ2) = t(u(t, x, y, z), u(t,−x, y, z)) (2.65)

for x > 0, then ũ(t, x, y, z) satisfies

ũ1xx = c−2
+ ũ1tt + ũ1yy + ũ1zz;

ũ2xx = c−2
− ũ1tt + ũ1yy + ũ1zz.

While the consistency condition on the interface is reduced to

ũ1(t, 0, y, z) = ũ2(t, 0, y, z)

Dxũ1(t, 0, y, z) = Dxũ2(t, 0, y, z).

Denote by Λ the pseudodifferential operator with the symbol λ = (τ 2 +

η2 + ζ2)1/2, and denote

U = t(Λũ1, , Dxũ1,Λũ2, , Dxũ2),

then

DxU = A(Dt, Dy, Dz)U, (2.66)

where

A =




0 Λ 0 0

E+ 0 0 0

0 0 0 Λ

0 0 E− 0


 ,

E± = Λ−1(c−2
± D2

t −D2
y −D2

z).

It is easy to compute that the eigenvalue of the symbol a of A is ±(c−2
± τ2 −

η2 − ζ2)1/2.

The boundary condition of the problem with U as its unknown function

can be written as the form

BU = 0, (2.67)

where

B =

(
1 0 −1 0

0 1 0 1

)
. (2.68)
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Now let us apply Theorem 2.12 and Theorem 2.14 to the problem. First,

we look for the matrix S−1 and S, which can diagonalize the system (2.66).

The symbols of these two matrices of operators are



λ λ 0 0

(λe+)1/2 −(λe+)1/2 0 0

0 0 λ λ

0 0 (λe+)1/2 −(λe+)1/2


 ,




1
2λ

−1 1
2 (λe+)−1/2 0 0

1
2λ

−1 − 1
2 (λe+)−1/2 0 0

0 0 1
2λ

−1 1
2 (λe−)−1/2

0 0 1
2λ

−1 − 1
2 (λe−)−1/2,


 ,

where e± = λ−1(c−2
± τ2 − η2 − ζ2). Then the principal symbol of SAS−1 is

diag(e+,−e+, e−,−e−). (2.69)

On the bicharacteristic strip

dt

ds
= τ,

dx

ds
= c2±ξ,

dy

ds
= c2±η,

dz

ds
= c2±ζ,

where τ, ξ, η, ζ are constant, satisfying τ 2 − c2(ξ2 + η2 + ζ2) = 0. By the

homogeneity we may take τ = 1 in the sequel. Hence on the bicharacteristic

strip `

ξ = − c−1
+√

1 + tan2 θ
, η = − c−1

+ tan θ√
1 + tan2 θ

, ζ = 0.

For (ξ, η, ζ) = (1, c−1
+ tan θ(

√
1 + tan2 θ)−1/2, 0), the four eigenvalues of the

matrix a is

±c−1
+√

1 + tan2 θ
, ±

(
c−2
− − c−2

+

tan2 θ

1 + tan2 θ

)1/2

.

When c2+ > c2−tan2 θ(1 + tan2 θ)−1/2, these four eigenvalues are all real.

Then the projection of bicharacteristic strips through the origin on the

space (x, y, z) is

L1 : y = x tan θ,

L2 : y = −x tan θ,

L3 : y =
c−1
+ x tan θ√

c−2
− + (c−2

− − c−2
+ ) tan2 θ

,

L4 : y =
−c−1

+ x tan θ√
c−2
− + (c−2

− − c−2
+ ) tan2 θ

,
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where L2 is the equation of the incident ray.

According to the notations in Theorem 2.14, we take i1 = 1, i2 = 3,

then

BS−1 =

(
λ λ −λ −λ√
λe+ −

√
λe+

√
λe− −

√
λe−

)
.

The first column and the third column of the matrix forms a submatrix with

rank 2. Since L1, L3 are rays issuing from the origin to y > 0, the solution

of Eq. (2.66) is regular on L1 and L3. Then according to the conclusion

of Theorem 2.12 the solution must be regular on L2. Conversely, if U has

singularity on L2, it must propagate to L1and L3. By using the inverse of

the folding transformation introduced above and going back to the original

equation (2.63), we see that L1 is the reflective ray of L2, and the image

L′
3 : y =

−c−1
+ x tan θ√

c−2
− + (c−2

− − c−2
+ ) tan2 θ

of L3 is the refractive ray.

Denote by ψ the angle between L′
3 and the x-axis, then

c−1
+ tan θ√

c−2
− + (c−2

− − c−2
+ ) tan2 θ

= tanψ,

which implies

c−2
− cot2 θ + c−2

− − c−2
+ = c−2

+ cot2 ψ.

Hence we have

sin θ

sinψ
=
c+
c−
. (2.70)

This coincides the law of refraction of ray of light.

Remark 2.5. When c−2
− < c−2

+ tan2 θ/(1 + tan2 θ), there are two complex

eigenvalues among the four eigenvalues of the matrix a. In this case the

singularity on the incident ray only propagates along the reflective ray and

no refractive ray appears. This corresponds to the phenomena of total

reflection in geometric optics.
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2.4 Further discussions

The problems discussed in the above sections are fundamental problems

in the theory of singularity analysis for linear partial differential equations.

The development of the theory raised many significant and important prob-

lems, which are usually more difficult, so that more careful calculations are

required. For instance, the following problems attracted many mathemati-

cians attention.

2.4.1 Generalized reflection of singularity on boundary

In the discussion of the singularity reflection in Section 2.3 we always as-

sume that the bicharacteristic ray bearing the singularities of solutions

intersects the boundary transversally. However, it is also possible that

the bicharacteristic ray is tangential to the boundary, when the ray meets

the boundary. For instance, if ω is a convex domain in Rn, and consider

the propagation of singularity of solution to wave equation in the domain

(Rn\ω)×(−∞,∞), then the bicharacteristics of solutions can be tangential

to the boundary. Such a case is called glancing. When glancing occurs,

the discussion in the above section does not work. For instance, the symbol

of the operator A of the system (2.40) does not have n bounded eigenvalues.

Therefore, the singularity analysis near the boundary in the glancing case

will be more complicated.

Assume that M is a manifold with boundary, consider the behavior of

the singularity of the solution to

{
Pu ∈ C∞(M),

Bu ∈ C∞(∂M).
(2.71)

Assume that P is an operator of principal type of second order, the bound-

ary ∂M is non-characteristic, Bu in the boundary condition takes the form

u or
∂u

∂ν
+ βu, where ν is the conormal direction. In order to describe the

behavior of the singularity of solution, we introduce some notations. Next

we assume that a simplified coordinate system has been introduced in the

manifold, so that the boundary ∂M has been flattened to x = 0, so that

M is x ≥ 0.

Introduce an equivalence relation “ ∼ ” in T ∗M : in the case when

two points z1, z2 ∈ T ∗M , and at least one of them is in the set of inner

points of T ∗M , we say z1 ∼ z2 if and only if z1 = z2; while in the case
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z1, z2 ∈ ∂T ∗M \ N∗∂M we say z1 ∼ z2 if and only if the projection on

T ∗(∂M) \ 0 is the same.

Let DM = ((T ∗M \ 0) \N∗(∂M))/ ∼, then one can introduce a pro-

jection b : T ∗M → DM . Denote the image of the characteristic set

Σ(P ) = p−1
2 (0) of the operator P of the projection on DM by Σb can

be written as

Σ0
b ∪ Σ1

b ∪ Σ2
b ∪ · · · ∪ Σ∞

b , (2.72)

where

Σ0
b = Σb

⋂
T ∗(M) \ 0;

Σ1
b = {ρ ∈ Σb, b

−1 contains two points};
Σkb = {ρ ∈ Σb \ (Σ0

b ∪ Σ1
b);H

j
p2x = 0 for all j ≤ k − 1, Hk

p2 6= 0};
Σ∞
b = {ρ ∈ Σb \ (Σ0

b ∪ Σ1
b);H

j
p2x = 0 for all j}.

Denote Σ
(k)
b =

⋃

j≥k
Σjb, then G = Σ

(2)
b is the set of glancing points. On Σ2

b

the point with H2
p2 > 0 is called diffractive point and is denoted by Σ2−

b ,

the points with H2
p2 > 0 is called gliding point, and is denoted by Σ2+

b .

All points in Σ
(3)
b is called glancing points of higher order.

Next we indicate that at any glancing point the bicharacteristic strip is

tangential to the boundary. Indeed, assume that the operator P has been

reduced to the form with the principal symbol ξ2 + r(x, y, η), then Hpx =

2ξ,H2
px = −2rx. Hence rx < 0 at diffractive point. The bicharactristic

strip of P is defined by

dx

ds
= 2ξ,

dy

ds
= rη ,

dξ

ds
= −rx,

dη

ds
= −ry.

Hence at any diffractive point

dx

ds
= 2ξ = 0,

d2x

ds2
= 2

dξ

ds
= −2rx > 0.

It means that the bicharacteristic strip arrives at the boundary from the

inner part of the domain, and then come back to the inner part. For the

gliding point the bicharacteristic strip can only be tangential at the outside

of the domain. In other words, in the inner part of the domain there is no

gliding bicharacteristic strip tangential to the boundary. At any glancing

point of higher order the bicharacteristic strip is tangential to the boundary

in higher order.



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

Singularity analysis for linear equations 45

By using the classification of Σb we can define generalized bicharacter-

istic strip as follows.

Definition 2.4. Generalized bicharacteristic strip is a map γ from

I \ B to Γ ⊂ Σb, where I is an inteval in R1, B is a set of isolate points.

The map satisfies

(1) If γ(t0) ∈ Σ0
b∪Σ2−

b , then γ(t) = (x(t), y(t), ξ(t), η(t)) is differentiable

at t0, and γ′(t0) = Hp(γ(t0));

(2) If γ(t0) ∈ Σ2+
b ∪Σ

(3)
b , then the projection ((x(t), y(t), η(t)) of γ(t) is

differentiable at t = t0, and x′(t0) = 0, (y′(t0), η′(t0)) = Hr0(y(t0), η(t0)).

(3) If t1 ∈ B, then γ(t) ∈ Σ0
b as |t − t0| > 0 small enough. Moreover,

γ(t1 ± 0) exist, which are the different points on a same fiber based on a

given point of {x = 0}.

Based on the above preparations we can describe the singularity of u

on the manifold with boundary by using boundary wave front set WFb(u).

For any point, which is not on ∂T ∗M , WFb(u) is nothing but WF (u).

For the point on T ∗∂M , WFb(u) is the complimentary set of the points,

which are microlocally regular up to the boundary. Here a point (y0, η0) ∈
T ∗∂M is “microlocally regular up to the boundary” means that there is a

pseudodifferential operator ψ(y,Dy) defined in a neighborhood of (y0, η0),

such that for some ε > 0, ψ(y,Dy)u(x, y) is a C∞([0, ε] ×Rn) function.

On the singularity of solutions of the problem (2.71) in the neighborhood

of any glancing point the following theorem holds.

Theorem 2.15. Under the assumptions on the operators P and B, if u

is the solution of the problem (2.71), ρ ∈ WFb(u), then the generalized

bicharacteristic strip Fρ(s) through ρ belongs to WFb(u).

Obviously, when ρ ∈ Σ0
b , the above conclusion is nothing but the conclu-

sion of Theorem 2.8. When ρ ∈ Σ1
b , the conclusion can be derived from The-

orem 2.14. When ρ ∈ Σ2−
b , R.Melrose and M.Taylor obtained the conclusion

of Theorem 2.15 (see [94], [131]). When ρ ∈ Σ2+
b or ρ ∈ Σ

(3)
b , R.Melrose and

J.Sjostrand established the above conclusion (see [99]). Later, L.Hormander

gave a unified treatment and proof in [72].

When the order of the operator P is greater than 2, we can use fac-

torization of operators to reduce the problem to the case when the main

operator considered is a second order operator. Then the corresponding re-

sult can be established by applying Theorem 2.15. The details are omitted

here.
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The most recent works [100], [101], [136] also discussed the case when the

boundary itself has edge or vertex and a bicharacteristics bearing singularity

hits this edge or vertex.

2.4.2 The operators with multiple characteristics

So far we only discussed the singularity analysis for the operators of prin-

cipal type. The above discussion does not work if multiple characteristics

appear. It means that there is at least a point (x0, ξ0) ∈ p−1
m (0), such that

∇x,ξpm(x0, ξ0) = 0.

The operators with multiple characteristics can be further classified ac-

cording to the multiplicity of characteristics. If at any point (x0, ξ0) ∈
p−1
m (0) the multiplicity is constant, then the operator is called operator

with constant multiple characteristics. Otherwise, it is called oper-

ator with variable multiple characteristics. Generally, the study on

the operators with constant multiple characteristics is less difficulty than

the latter.

In the discussion of the singularity analysis for the operators with con-

stant multiple characteristics the operators have to satisfy the Levi con-

dition, which is a restriction on the lower order terms. For instance, if P

is an operator of second order with multiple characteristics, the symbol of

P is

p(x, ξ) = q(x, ξ)2 + p1(x, ξ),

where q and p1 are the symbols of first order, then Levi condition means

that the symbol

p1 −
1

i

n∑

j=1

∂q

∂xj

∂q

∂ξj

is of order zero on q = 0. Therefore, there is a symbol h of order zero and

a corresponding operator H , such that

p1 = h1q +
1

i

n∑

j=1

∂q

∂xj

∂q

∂ξj
.

In accordance

P = Q2 +HQ+ operators of order 0.

Generally, if the principal symbol of P has decomposition in a neighborhood

of (x0, ξ0)

pm = qr11 · · · qrs
s , (2.73)
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where each qj is a symbol of an operator of principal type in strict sense,

then the Levi condition is

eitφP (aeitφ) = O(tm−rj ) (2.74)

holds for 1 ≤ j ≤ s, where φ satisfies dφ(x0) = ξ0, and qj(x, dφ) = 0 in a

neighborhood of (x0, ξ0), α ∈ C∞. Then we have the following theorems.

Theorem 2.16. If P is an operator with constant multiple characteristics

satisfying Levi condition, its symbol has the factorization (Eq. (2.73)), u is

the real solution of Pu = f , then WF (u)\WF (f) ∈ p−1
m (0), and on q−1

j (0)

WF (u) \WF (f) is invariant under the Hamilton flow of Hqj . Therefore,

if f ∈ C∞, (x0, ξ0) 6∈ WF (u), qj(x0, ξ0) = 0, γ is a bicharacteristic strip

through (x0, ξ0), then γ ∩WF (u) = ∅.

The corresponding theorem on propagation of singularity of finite order

is:

Theorem 2.17. If P is an operator with constant multiple characteristics

satisfying Levi condition, its symbol has the factorization (2.62), u is the

real solution of Pu = f , then WFs+m−rj (u)\WFs(f) ∈ p−1
m (0). Moreover,

WFs+m−rj (u) \WFs(f) on q−1
j (0) is invariant under the Hamilton flow of

Hqj .

The proof of the above two theorem can be found in [24]. Moreover,

we can also derive the results on singularity reflection for operators with

constant multiple characteristics [25].

For the operators with variable multiple characteristics the property

of the distribution of singularity is closely related to the manner of the

multiplicity of characteristics. Further classification on these operators is

necessary in order to give deeper study. Weakly hyperbolic operators form a

special class of the operators with variable multiple characteristics. Readers

can find more detailed discussions in [61], [63], [69], [111] and the references

therein.

As we mentioned in Chapter 1, P.D.Lax [83] indicated that the singu-

larity propagation is essentially related to propagation of waves with high

frequency. The authors of [79] continued the study and established many

finer results. Because of the limited space of the book we will not discuss

more on this topic and prefer to turn to the singularity analysis of nonlinear

partial differential equations starting from the next chapters.
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Chapter 3

Singularity analysis for semilinear

equations

Starting from this chapter we will mainly study singularity analysis for so-

lutions to nonlinear partial differential equations. The phenomena of singu-

larity propagation for nonlinear equations is much more plentiful than that

for linear equations. One reason is that the nonlinear functions appearing in

the equations often cause interaction of singularity of the solution, another

reason is that the characteristics (or bicharacteristics) bearing singularity

depends on the solution itself, so that the characteristics itself may also

have singularity. Different type of singularities and different type of non-

linearity of equations let the problems be quite many and varied. Like the

study on other problems in nonlinear partial differential equations, there is

not a unified method to deal with them. Next we will give detailed analysis

for some typical cases, and can only give a review or sketchy description

for more other cases.

According to the classification in partial differential equations, if the

coefficients of the derivatives of unknown functions with highest order in

the equation are independent of the unknown function, the equation is

called semilinear equation. If the coefficients of the derivatives of unknown

functions with highest order in the equation depend on the unknown func-

tion and its derivatives of lower order, while the equation is still linear with

respect to the derivatives of highest order, then the equation is called quasi-

linear equation. In more general case the equation is called fully nonlinear

equation. This chapter is first devoted to study the singularity analysis for

semilinear equation.

49
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3.1 Theorem of propagation of 2s weak singularity

In some cases the result established in Chapter 2 on singularity propaga-

tion for linear equations is also valid for semilinear equations with some

additional restrictions.

Consider the semilinear wave equation

�u = f(u), (3.1)

where f(u) is a C∞ function of u. For the solutions to Eq. (3.1) we have

the following theorem

Theorem 3.1. Assume that u is an Hs solution to Eq. (3.1), s > n/2,

γ is a bicharacteristic strip through (x0, ξ0), s ≤ r ≤ 2s − n/2, then u ∈
Hs(x0, ξ0) implies u ∈ Hs(γ).

The proof of the theorem is based on the following lemma.

Lemma 3.1. Let n be the dimension of the Euclid space Rn, f(u) be a

C∞ function of u, n/2 ≤ r ≤ 2s − n/2, then u ∈ Hr(x0, ξ0) ∩Hs implies

f(u) ∈ Hr(x0, ξ0).

Proof of Theorem 3.1. Assuming Lemma 3.1 be true we prove Theorem

3.1. According to the assumptions of the theorem, we can find r1 ≥ s,

such that u ∈ Hr1(γ). Then Lemma 3.1 implies f(u) ∈ Hr1(γ), provided

r1 ≤ 2s−n/2. Take r2 = min(r1+1, r), by using the theorem on singularity

propagation of solutions to linear equations (Theorem 2.9) we obtain u ∈
Hr2(γ)∩Hs. It means that we have improved the microlocal regularity of u

from Hr1 to Hr2 . If r2 < r, we can continue this process once again. Then

the bootstrap way leads to our conclusion. Theorem 3.1 is thus proved. �

The proof of Theorem 3.1 is not long, but is typical. Its main idea

is to decompose the proof on propagation of singularities of solutions to

nonlinear equations to two steps. One is the propagation of singularities for

linear equations, the other is the composition of singularities by a nonlinear

function. When these two steps are well prepared, the result of the theorem

on singularity propagation can be obtained immediately. Such a method

will frequently be employed later.

Turn to the proof of Lemma 3.1. The lemma means that under the

assumptions on the indices r and s the space Hr(x0, ξ0) ∩Hs is close with

respect to the nonlinear composition. The closeness is essential in the

study of singularity analysis for solutions to nonlinear partial differential
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equations and will also used later. The following several lemmas are the

preparation for the proof of Lemma 3.1.

Lemma 3.2 (Schauder). (1) If u ∈ Hs, v ∈ Ht with s > n/2, 0 ≤ t ≤ s,

then uv ∈ Ht;

(2) If f(u) is a C∞ function of u, u(x) ∈ Hs, s > n/2, then f(u(x)) ∈
Hs.

Proof. The theorem can be proved by different methods. Next we use

the theory of paradifferential operators to give a brief proof.

In the case (1), according to the theory of paradifferential operators (see

Theorem A.11 in Appendix) the product uv can be written as

uv = Tuv + r1(u, v), (3.2)

where Tu is a linear operator from H t to Ht, r1(u, v) ∈ Hs+t−n/2 ⊂ Ht.

Hence uv ∈ Ht.

In the case (2), by using Theorem A.20 in Appendix we can write

f(u(x)) = Tf(u)u(x) +R(x), (3.3)

where Tf(u) is a linear operator from H t to Ht, R(x) ∈ H2s−n/2 ⊂ Ht.

Hence the right hand side of Eq. (3.3) belongs to Hs. This is the what we

need. �

Lemma 3.3. Assume that K(ξ, η) : Rn × Rn → Cn is a local integral

function, at least one of the following two inequalities holds:

sup
ξ

∫
|K(ξ, η)|2dη <∞,

sup
η

∫
|K(ξ, η)|2dξ <∞, (3.4)

then the map

(g, h) 7→
∫
K(ξ, η)g(ξ − η)h(η)dη

is a map from L2(Rn) × L2(Rn) to L2(Rn). Moreover,

∥∥∥∥
∫
K(ξ, η)g(ξ − η)h(η)dη

∥∥∥∥
L2

≤ C‖g‖L2‖h‖L2 . (3.5)
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Proof. Assume that the second inequality in Eq. (3.4) holds, then by

using Schwarz inequality we have∣∣∣∣
∫
K(ξ, η)g(ξ − η)h(η)dη

∣∣∣∣
2

≤
∫

|K(ξ, η)h(η)|2
∫

|g(ξ − η)|2dη

≤ ‖g‖2
L2

∫
|K(ξ, η)h(η)|2dη

Hence Fubini theorem implies∥∥∥∥
∫
K(ξ, η)g(ξ − η)h(η)dη

∥∥∥∥
2

L2

≤ ‖g‖2
L2

∫ (∫
|K(ξ, η)h(η)|2dξ

)
dη

≤ ‖g‖2
L2

(
sup
η

∫
|K(ξ, η)|2dξ

)
‖h‖2

L2 ,

which leads to Eq. (3.5). Similar argument shows that the first inequality

in Eq. (3.4) also implies Eq. (3.5). �

Lemma 3.4. If ui ∈ Hri(Rn), ri ≤ n/2 (i = 1, 2), r1 + r2 ≥ 0, then

u1u2 ∈ H(r1+r2−n/2)− , where Hr− =
⋂

ε>0

Hr−ε.

Proof. According to the requirement of the lemma we have to prove

〈ξ〉r1+r2−n/2−εû1u2(ξ) ∈ L2 for any ε > 0, where 〈ξ〉 = (1 + |ξ|2)1/2. To

this end we define

G(ξ, η) =
〈ξ〉r1+r2−n/2−ε

〈ξ − η〉r1〈η〉r2 ,
then

〈ξ〉r1+r2−n/2−εû1u2(ξ) =

∫
G(ξ, η)f(ξ − η)g(η)dη, (3.6)

where f ∈ L2, g ∈ L2. According to Lemma 3.3 we only have to prove that

G(ξ, η) satisfies Eq. (3.3). The fact can be obtained by checking following

estimates.

(1) If |ξ − η| ≤ |ξ|/2, then

|G(ξ, η)| ≤ C

〈ξ〉n/2+ε−r1〈ξ − η〉r1 ≤ C

〈ξ − η〉n/2+ε .

(2) If |ξ− η| ≥ |ξ|/2 and |η| ≤ |ξ|/2, which also implies |ξ− η| ≤ 3|ξ|/2,

then

|G(ξ, η)| ≤ C

〈ξ〉n/2+ε−r2〈η〉r2 ≤ C

〈η〉n/2+ε .
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(3) If |ξ − η| ≥ |ξ|/2 and |η| ≥ |ξ|/2, then

|G(ξ, η)| ≤ C

〈ξ〉n/2+ε
can be directly obtained. Summing up, we obtain the lemma. �

Lemma 3.5. Assume that K1,K2,K3 are cones in Rnξ , ui ∈ Hsi(Rn),

ΠξWF (ui) ∈ Ki hold for i = 1, 2, then

(1) If K ⊂⊂ Kc
2, and ` ≥ 0, s1 − ` ≥ 0, s2 + ` > n

2 , then χK(D)(u1u2) ∈
Hs1−`(Rn).

(2) If K ⊂⊂ Kc
1 ∩ Kc

2, and s1 + s2 > n
2 , then χK(D)(u1u2) ∈

Hs1+s2−n/2(Rn).

Here Kc
i is the supplementary set of Ki, χK is the characteristic func-

tion of the set K.

Proof. Since ûi is rapidly decreasing outside of Ki, then we can assume

that the support of ûi is in Ki without loss of generality. To prove (1) we

have to show

〈ξ〉s1−kχK(ξ)û1u2(ξ) ∈ L2. (3.7)

Write the expression in Eq. (3.7) as the form∫
G(ξ, η)f(ξ − η)g(η)dη,

where f(ξ−η) = u1(ξ−η)〈ξ−η〉s1 , g(η) = u2(η)〈η〉s2 , then G(ξ, η) satisfies

|G(ξ, η)| ≤ 〈ξ〉s1−kχK(ξ)χK1(ξ − η)χK2(η)

〈ξ − η〉s1〈η〉s2 .

Now if K ⊂⊂ Kc
2, then there exists an ε > 0, such that

〈ξ − η〉 ≥ ε(〈ξ〉 + 〈η〉) > ε〈ξ〉,
on the support of G. Hence

|G(ξ, η)| ≤ C

〈ξ − η〉s1〈η〉s2 .

Therefore, for s2 + ` > n
2 we have

〈ξ〉s1−kχK(ξ)û1u2(ξ) ∈ L2.

This is the conclusion (1).

In order to prove (2), we apply the trace theorem from R2n to Rn. Then

‖χK(Dx)(u1u2)(x)‖Hs1+s2−n/2(Rn)

= ‖[χK(Dx +Dy)u1(x)u2(y)]y=x‖Hs1+s2−n/2(Rn)

≤ ‖χK(Dx +Dy)u1(x)u2(y)‖Hs1+s2 (R2n).
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The right hand side equals to

‖〈ξ, η〉s1+s2χK(ξ + η)χK1(ξ)û1(ξ)χK2(η)û2(η)‖L2(R2n).

Since K ⊂⊂ Kc
1 ∩Kc

2, then in the support of χK(ξ + η)χK1(ξ)χK2(η) the

following inequality holds

〈ξ〉 ≥ ε(〈ξ + η〉 + 〈η〉), 〈η〉 ≥ ε(〈ξ + η〉 + 〈ξ〉).
Hence 〈ξ〉 ∼ 〈η〉, which leads to

χK(ξ + η)〈ξ, η〉s1+s2χK1(ξ)χK2(η) ≤ C〈ξ〉s1 〈η〉s2 .
Then we have

‖χ(Dx)(u1u2)(x)‖Hs1+s2−n/2(Rn)

≤ C‖〈ξ〉s1 û1(ξ)〈η〉s2 û2(η)‖L2(R2n)

= C‖u1‖Hs1 (Rn)‖u2‖Hs2 (Rn).

This is the conclusion (2). �

Proof of Lemma 3.1. First from Schauder Lemma (Lemma 3.2) we

know that the space Hn/2 is invariant under nonlinear composition as s >

n/2. Hence Lemma 3.1 is valid for r = s. When r > s we take δ =

min(s− n/2, 1), and let ρ satisfy s ≤ ρ− δ, ρ ≤ r. If we can prove that the

validity of the lemma for r = ρ − δ implies the validity of the lemma for

r = ρ, then the bootstrap way can lead us to the conclusion of Lemma 3.1.

Therefore, in the following discussion we may assume that the lemma has

been true for r = ρ− δ. By differentiating the function f(x, u) we have

D(f(x, u)) = g(x, u) + f ′(x, u)Du. (3.8)

The first term in the right hand side g(x, u) ∈ Hs ∩ Hρ−δ(x0, ξ0), the

second term has the form vDu, where v ∈ Hs ∩ Hρ−δ(x0, ξ0), and Du ∈
Hs−1 ∩Hρ−1(x0, ξ0). By using the partition of unity we only need to prove

that for any sufficiently small cones K1,K2 in the space Rnξ

χK(D)(χK1 (D)v · χK2(D)Du) ∈ Hρ−1(Rn). (3.9)

Equation (3.9) can be verified in several cases. If K1,K2 are in the

neighborhood of ξ0, then χK1(D)v ∈ Hρ−1, χK2(D)Du ∈ Hρ−1 due to

δ ≤ 1. In this case Eq. (3.9) can be derived from Schauder Lemma. If

K1 is near to ξ, but K2 is separated away from K, then Eq. (3.9) can be

derived from the conclusion (1) in Lemma 3.5 with ` = 1 − δ, because of

(s − 1) + (1 − ε) > n/2. Similarly, If K2 is near to ξ, but K1 is separated

away from K, then Eq. (3.9) can be derived from the conclusion (1) of
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Lemma 3.5 with ` = 0. Finally, if both K1 and K2 are separated away

from K, then the conclusion (2) of Lemma 3.5 implies

χK(D)(χK1(D)v · χK2(D)Du) ∈ Hs+(s−1)−n/2 ⊂ Hρ−1(Rn),

because ρ ≤ r ≤ 2s − n/2. Summing up the above discussion we have

D(f(x, u)) ∈ Hρ−1(x0, ξ0), then f(x, u) ∈ Hρ−1(x0, ξ0). If ρ < r, we

can apply the above argument once and again, and finally establish the

conclusion of Lemma 3.1.

The statement of Theorem 3.1 and Theorem 2.2 seems similar. Here

we should emphasize two differences. First, the solution in Theorem 3.1 is

Hs ( s > n/2 ) regular at least. It means that the singularity of solutions

could not be too strong. Second, the regularity index of solutions on bichar-

acteristic strip could not exceed 2s − n/2. It means that the singularity

propagating on bicharacteristic strip could not be too weak. The above two

restrictions will always appear in the theorem of singularity propagation for

solutions to nonlinear equations, though in many cases the restrictions can

be somehow alleviated. Since the restriction r ≤ 2s− n/2 appears in The-

orem 3.1, then the theorem is also called as theorem of propagation of 2s

weak singularity.

For more general semilinear wave equation

�u = f(u,Du), (3.10)

the technique applied in the proof of Theorem 3.1 is not available, because of

the smoothness loss of order 1 for wave operator. To overcome this difficulty

we can take differentiation on the equation to obtain a system of partial

differential equations with same principal part for the unknown functions

U = (u,Dx1u, · · · , Dxnu). Then from the conclusion on the propagation of

singularities of U to establish the theorem for u.

Theorem 3.2. Assume that u is an Hs solution to Eq. (3.10), s > n/2+1,

γ is a bicharacteristic strip passing through (x0, ξ0), s ≤ r ≤ 2s− n/2 − 1,

then u ∈ Hr(x0, ξ0) implies u ∈ Hr(γ).

Theorem 3.1 and Theorem 3.2 can be extended to the case for general

semilinear hyperbolic equations of higher order.

Theorem 3.3. Assume that P = p(x,Dx) is a strictly hyperbolic partial

differential operator, whose principal symbol pm(x, ξ) as a polynomial of ξn
has m real roots different from each other. Assume that u is an H s solution

to

p(x,D)u = f(x, u, · · · , Dm−1u), (3.11)
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where s > m + n/2 − 1, f is a C∞ function of its arguments. If γ is

a bicharacteristic strip through (x0, ξ0), s ≤ r ≤ 2s − n/2 − m + 1, then

u ∈ Hr(x0, ξ0) implies u ∈ Hr(γ).

By using Theorem 3.3 we can obtain a global regularity theorem for

solutions to hyperbolic equations. Consider a hyperbolic equation in Ω ⊂
R2. Denote Ω± = Ω ∩ {±x > 0}, and assume that Ω+ is included in the

domain of determinacy of Ω−, i.e. any downward bicharacteristics issuing

from any point in Ω+ must enter Ω− before it leaves Ω, then we have the

following theorem.

Theorem 3.4. Assume that P = p(x,Dx) is a strictly hyperbolic partial

differential operator with respect to xn of order m, u is an Hs solution to

p(x,D)u = f(x, u, · · · , Dm−1u), (3.12)

s > n/2 +m− 1. Then u ∈ Hr(Ω−) implies u ∈ Hr(Ω+).

Proof. Take a point x0 ∈ Ω+, then consider (x0, ξ) for all ξ ∈ T ∗
x0

(Ω). If

(x0, ξ) is an elliptic point of p(x,Dx), then f ∈ Hs implies u ∈ Hs+m(x0, ξ).

If (x0, ξ) is a characteristic point of p(x,Dx), then we draw the bicharac-

teristic strip γ issuing from (x0, ξ). The projection of γ on the base space

enter the domain Ω−. Denote r1 = min(r, s+ 1), then u ∈ Hr1(Ω−). Since

r1 −m+ 1 > s−m+ 1 >
n

2
,

then the nonlinear composition f(u) ∈ Hr1−m+1. According to Theorem

3.3 u ∈ Hr1(γ), which means u ∈ Hr1(x0, ξ). Therefore, we have proved

that u is microlocal Hr1 regular in each direction of T ∗
x0

(Ω), then by using

the property of wave front set we know u ∈ Hr1(x0). In view of the arbi-

trariness of x0 ∈ Ω+, we know u ∈ Hr1(Ω+). Now if r1 < r, we can take

r2 = min(r, r1 + 1) and give the same argument to increase the regularity

of u further. Finally we have u ∈ Hr(Ω+). �

Remark 3.1. The conclusion of Theorem 3.4 is also valid for the hyperbolic

system with symbol as a diagonal matrix:


P

. . .

P






u1

...

un


+B



u1

...

un


 =



F1

...

Fn


 , (3.13)

where Fi = Fi(x, u, · · · , Dβuj) is a C∞ function of the arguments

x, pβ,j(|β| ≤ m − 1, 1 ≤ j ≤ n). The proof is similar to Theorem 3.4,

and is omitted here.
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3.2 Theorem on propagation of 3s weak singularity

In the discussion of Section 3.1 we find that Lemma 3.1 plays the key

role in the proof of the conclusion on 2s singularity propagation. For the

strictly hyperbolic equations of second order by using the convexity of the

characteristic cone we can introduce a suitable microlocal space, which can

describe propagation of weaker singularities.

Theorem 3.5. Assume that u is an Hs solution to

�u = f(x, u), (3.14)

s > n/2, γ is a bicharacteristic strip through (x0, ξ0), s ≤ r ≤ 3s− n + 1,

then u ∈ Hr(x0, ξ0) implies u ∈ Hr(γ).

The theorem is also called the theorem of propagation of 3s singularities.

In order to prove it we need to introduce a new functional space to describe

the special regularity of the solutions to Eq. (3.14). Besides, we emphasize

that since u ∈ Hs ∩ Hr(x0, ξ0) is a solution of a wave equation, it can

have some additional regularity. By using such a regularity related to wave

operator we can alleviate the restriction to u in Theorem 3.1.

Definition 3.1. If �
ju ∈ Hs−j for any j satisfying 0 ≤ j ≤ s − n/2, and

�
ku ∈ H(2s−n/2−2k)− for s−n/2 ≤ k < s−n/2+1 , then we say u ∈ H̃s(�).

It is not difficult to prove that the space H̃s(�) is close under nonlinear

composition by using the chain rule, Leibnitz Formula and Schauder Lemma

for Sobolev space. Indeed, we have the following lemma.

Lemma 3.6. If u ∈ H̃s(�),s > n/2, f(x, u) is a C∞ function of its argu-

ments, then f(x, u(x)) ∈ H̃s(�).

Proof. Leibnitz Formula in calculus implies

�
jf(x, u) = f̃(x, u, · · · ,�αiDα′

iu, · · · ), αi + |α′
i| ≤ j. (3.15)

If j < s− n/2, then �
αiDα′

iu ∈ Hs−j . Hence u ∈ H̃s(�).

If s− n/2 ≤ k < s− n/2 + 1, then

�
kf(x, u) = �f(x, u, · · · ,�αiDα′

iu, · · · )
=
∑

i

f̃i · �αi+1Dα′
iu+

∑

i,j,`

f̃ij · �αiDα′
iD`u · �αjDα′

jD`u. (3.16)

Since f̃i ∈ Hs−k+1 and �
αi+1Dα′

iu ∈ H
2s−n/2−2k
− , then the first term in

the right hand side of Eq. (3.16) belongs to H
2s−n/2−2k
− . The second term
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takes the form Hs−k+1 ·Hs−k ·Hs−k, which is contained in Hs−k ·Hs−k.
Since 2s − 2k > n − 2 ≥ 0, then Lemma 3.2 implies that the term is in

H(2s−n/2−2k)− . �

Next we consider the closeness of the space with assigned microlocal

regularity under nonlinear composition.

Lemma 3.7. If u ∈ H̃s(�) ∩Hg(x0, ξ0),n/2 < s ≤ g < 3s− n, f(x, u) is

a C∞ function of its arguments, then f(x, u(x)) ∈ H̃s(�) ∩Hg(x0, ξ0).

Lemma 3.7 is in fact the key to establish the result in this section. To

prove it we have to do some preparations. Before we prove it let us first

indicate how this Lemma leads to the conclusion of Theorem 3.5.

Proof of Theorem 3.5. Based on Lemma 3.7 the conclusion in Theorem

3.5 can be proved by using bootstrap way.

First, we prove u ∈ H̃s(�). Indeed, when j < s− n/2,

�
ju = f̃(x, u, · · · , Dju). (3.17)

Schauder Lemma implies f̃(x, u, · · · , Dju) ∈ Hs−j , then �
ju ∈ Hk−j .

Differentiating Eq. (3.17) we have

�
ku = h(x, u, · · · , Dk−1u) +

∑

|α|=k
hα(x, u, · · · , Dk−1u)Dαu

+
∑

|α|=k,|β|=k
hαβ(x, u, · · · , Dk−1u)DαuDβu. (3.18)

Schauder Lemma implies Hr · Hρ ⊂ Hρ as |ρ| ≤ r, r > n/2. Therefore,

from 2s− n/2 − 2k ≤ s− k ≤ n/2 < s− (k − 1) we know that the second

term in Eq. (3.18) belongs to H (2s−n/2−2k)− . Similarly, the third term in

Eq. (3.18) also belongs to this space by virtue of 2s− 2k ≥ n− 2 ≥ 0.

Now we may assume u ∈ Hr1(γ). If r1 < 3s − n, then Lemma 3.7

implies f(x, u) ∈ Hr1(γ). The theorem of singularity propagation for linear

equations gives u ∈ Hmin(g,r1+1). Doing in this way once and again we

obtain the conclusion of the theorem. �

In order to prove Lemma 3.7 we should use the convexity of the char-

acteristic cone of the wave operator. To do it we rewrite the wave operator

as

�
′ = Dx1Dxn − 1

2

n−1∑

j=2

D2
xixj

. (3.19)
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In fact, by a simple transformation of independent variables the operator

� can be transformed to the form (3.19). Let p(ξ) = Sym(�′), we have

ξn + ηn =
p(ξ)

ξ1
+
p(η)

η1
+

1

2

n−1∑

j=2

ξ2j
ξ1 + η1
ξ1η1

− 1

2

n−1∑

j=2

ξ2j − η2
j

η1
. (3.20)

According to the expression (3.20) we have the following propositions.

Lemma 3.8. If K is a cone, which does not intersect {ξn = 0} except the

origin. The support of û and v̂ is in a neighborhood of (1, 0, · · · , 0) and

(−1, 0, · · · , 0) respectively, then for any σ = σi + σj we have

‖χK(Dx)uv‖Hσ+k−n/2 ≤
∑

i+j≤k
‖(�′)iu‖Hσi−i‖(�′)ju‖Hσj−j (3.21)

Proof. We will only give the proof for k = 1, as for the case k > 1 the

proof is similar. Write χK(Dx)Dxnuv(x) as

χK(Dx +Dy)(Dxn +Dyn)χ+(Dx)χ−(Dy)u(x)v(y)
∣∣
y=x

,

where χ± ∈ S0
1,0(R

n), which is equal to 1 in the support of û, v̂ respectively,

and is supported in a conical neighborhood of (±1, 0, · · · , 0). As indicated

in Lemma 3.5 〈ξ〉 ∼ 〈η〉, then there is a C∞ function χ0 supported in (0,∞),

such that

χK(ξ + η)χ+(ξ)χ−(η) = χK(ξ + η)χ

( 〈ξ〉
〈η〉

)
χ+(ξ)χ−(η).

By using Eq. (3.20) we have

χK(ξ + η)(ξn + ηn)χ+(ξ)χ−(η)

= χK(ξ + η)

(
p(ξ)

ξ1
+
p(η)

η1
+
∑

(ξj + ηj)bj(ξ, η)

)
χ+(ξ)χ−(η), (3.22)

where bj(ξ, η) is a S0
1,0(R

2n) symbol. Besides, all bj(ξ, η) are polynomials

of ξi/η1 and ηi/η1 with i 6= 1, which become small as the support of χ±
shrinks. Meanwhile, (ξj + ηj)(ξn + ηn)−1 is bounded on the support of

χK(ξ + η), then removing the last term in Eq. (3.22) to the left hand side

we obtain

χK(ξ + η)(ξn + ηn)χ+(ξ)χ−(η)(1 −
∑

(ξj + ηj)(ξn + ηn)
−1bj(ξ, η))

= χK(ξ + η)

(
p(ξ)

ξ1
+
p(η)

η1

)
.

Then

χK(ξ + η)(ξn + ηn)χ+(ξ)χ−(η) = α0(ξ, η)

(
p(ξ)

ξ1
+
p(η)

η1

)
,
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where

α0(ξ, η) =
χK(ξ + η)χ̃+(ξ)χ̃−(η)

1 −∑(ξj + ηj)(ξn + ηn)−1bj(ξ, η)
,

which is a symbol in the class S0
1,0(R

2n).

Since Dxn is elliptic on suppχK , then

‖χK(D)uv‖Hσ−n/2+1 ≤ ‖χK(D)Dxnuv‖Hσ−n/2(Rn)

≤ C‖p(Dx)D
−1
x1
χ̃(Dx, Dy)u(x)v(y)‖Hσ(R2n)

+‖p(Dy)D
−1
y1 χ̃(Dx, Dy)u(x)v(y)‖Hσ (R2n).

Notice that 〈ξ〉 ∼ 〈η〉 on the support of χ̃, then the quantity can also be

dominated by

C(‖p(Dx)u‖Hσ1−1(Rn)‖v‖Hσ2 (Rn) + ‖u‖Hσ1 (Rn)‖p(Dx)v‖Hσ2−1(Rn)),

where σ1,2, ρ1,2 are any choice satisfying σ1 + σ2 = σ, ρ1 + ρ2 = ρ. Hence

we obtain the conclusion of the lemma in the case k = 1. As we said the

proof for the case k > 1 can be done in similar way. �

Based on Lemma 3.8 we turn to the 3s microlocal regularity of the

product of two functions.

Lemma 3.9. Assume n/2 < s ≤ g < 3s− n, the characteristics of � van-

ishes at (x0, ξ0). If u, v ∈ H̃s(�) ∩Hg(x0, ξ0), then vDαu ∈ Hg−|α|(x0, ξ0)

as |α| ≤ 1. Particularly, H̃(�) ∩Hg−|α|(x0, ξ0) is an algebra.

Proof. In the sequel we may assume g > s, otherwise the conclusion

of the theorem is trivial. We assume that the support of u, v locates is a

small neighborhood of x0, then by using partition of unity in the dual space

we can also assume the support of û, v̂ locates in a sufficiently small cone

K1,K2 respectively. For the conical neighborhood K of ξ0 we consider the

following three cases.

(1) At least one of the supports of K1,K2 in the neighborhood of ξ0:

If both K1 and K2 are in a small neighborhood of ξ0, then v ∈
Hg, Dαu ∈ Hg−|α|. Then Schauder Lemma implies vDαu ∈ Hg−|α| im-

mediately.

If K1 in a small neighborhood of ξ0, K2 does not intersect K, then

v ∈ Hg, Dαu ∈ Hs−|α|. In view of (s− |α|) + |α| > n
2 , then the conclusion

(1) of Lemma 3.5 implies χK(D)(vDαu) ∈ Hg−|α|.
If K2 in a small neighborhood of ξ0, K1 does not intersect K, then

v ∈ Hs, Dαu ∈ Hg−|α|. The conclusion (1) of Lemma 3.5 also implies

χK(D)(vDαu) ∈ Hg−|α|.
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(2) If K1 (K2 resp.) is away from the characteristic set of �
′, then

�
′ is elliptic in K1. Hence (�′)kv ∈ H2s−n/2−2k−ε implies v ∈ H2s−n/2−ε.

Correspondingly,Dαu ∈ H2s−n/2−|α|−ε. Then the conclusion (2) of Lemma

3.5 gives χK(D)(vDαu) ∈ H3s−n−|α|−ε.
(3) The remains is the case when K1,K2 are in a small neighborhood

of ξ1, ξ2 respectively. Moreover, ξ1 6= ξ0, ξ2 6= ξ0.

If ξ1 6= −ξ2, then Theorem 2.3 implies that ΠξWF (vDαu) is included

in E = ΠξWF (v)+ΠξWF (Dαu). From the convexity of the characteristic

set of the operator �
′ we know that E will not meet the characteristic

directions other than the directions in the neighborhood of ξ1 or ξ2. Hence

E ∩K = χK(D)(vDαu) ∈ H∞, provided K is in a small neighborhood of

ξ0.

When ξ1 = −ξ2, we can apply Lemma 3.8. Letting k be the integer in

(s− n/2, s− n/2 + 1) and writing (3s− n− |α|)− as σ + k − n/2 we have

σ =
n

2
− k + (3s− n− |α|) − ε

≥ −
(
s− n

2
+ 1
)

+
(
3s− n

2
− 1
)
− ε

= (2s− 2) − ε > 0.

Then by using Lemma 3.8 we obtain

‖χK(D)vDαu‖H(3s−n−|α|)− ≤ C
∑

i+j≤k
‖(�′)iv‖Hσi−i‖(�′)jDαu‖Hσj−j ,

where σi + σj ≥ σ. The values of σi and σj can be chosen as follows:

σi = s, σj = s− |α|, if i 6= k, j 6= k;

σi =
(
2s− n

2
− k
)
−, σj = s− |α|, if i = k, j = 0;

σi = s, σj =
(
2s− n

2
− k − |α|

)
−, if i = 0, j = k;

In all three cases ‖(�′)iv‖Hσi−i , ‖(�′)jDαu‖Hσj−j are bounded, then we

know vDαu ∈ Hg−|σ|(x0, ξ0) as g < 3s− n.

Combining the analysis in all cases we establish the lemma. �

Lemma 3.9 is the special case of Lemma 3.7, while it can also lead us

to Lemma 3.7.

Proof of Lemma 3.7. The proof of this lemma is quite similar to that

for Lemma 3.1. When g = s, the conclusion is given by Lemma 3.1. When

g > s, by taking δ = min(2s−n, 1) we can derive f(x, u) ∈ Hρ(x0, ξ0) from
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f(x, u) ∈ Hρ−δ(x0, ξ0), where ρ satisfies s ≤ ρ−δ and ρ ≤ g. Differentiating

f(x, u) gives

Dx(f(x, u)) = h(x, u) + f ′(x, u)Dxu.

By using the assumptions the first term belongs to Hρ−δ(x0, ξ0) ⊂
Hρ−1(x0, ξ0), the second term has the form vDu with v ∈ H̃s(�) ∩
Hρ−δ(x0, ξ0), u ∈ H̃s(�) ∩ Hρ(x0, ξ0). Then by the same method as in

Lemma 3.1 we can derive f ′(x, u)Dxu ∈ Hρ−1(x0, ξ0) from Lemma 3.6,

provided ρ < 3s − n. This means that Dx(f(x, u)) ∈ Hρ−1(x0, ξ0), i.e.

f(x, u) ∈ Hρ(x0, ξ0).

As did before, the bootstrap way gives us the conclusion of Lemma 3.7.

�

Remark 3.2. The theorem of 3s weak singularity propagation is first

proved by M.Beals [7], where the conclusion in Theorem 3.5 can also be

extended to general semilinear strictly hyperbolic equation of second order.

Later, in [89] the conclusion was improved to r < 3s− n+ 2.

Remark 3.3. For general hyperbolic equation of higher order the theorem

of 3s weak singularity propagation is not valid. The reason is that the

characteristic cone for general hyperbolic equations of higher order is not

always convex, while the convexity played a crucial role in our above proof.

In [8] a counterexample is given.

3.3 Singularity interaction and singularity index

In the above two sections we proved the conclusion that for the solution to

semilinear partial differential equations, under some assumptions its 2s or

3s weak singularity propagates like that for the solutions to linear equations.

How does weaker singularity propagate? The further study found when two

characteristics bearing singularity intersect, the intersection may become a

source producing new singularity. Such a phenomenon is called singularity

interaction.

Let us first look an example. Consider a Cauchy problem of system of

hyperbolic equations in (t, x) space




(∂t + ∂x)u = 0,

(∂t − ∂x)v = 0,

∂tw = uv.

(3.23)
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satisfying initial data on t = 0

u =

{
(x− 1)n, x > 1,

0, x ≤ 1,
v =

{
0, x > −1,

(−x− 1)n, x ≤ −1,
w = 0.

(3.24)

Its solution can be written explicitly

u =

{
(x + t− 1)n, x+ t > 1,

0, x+ t ≤ 1,

v =

{
0, x− t > −1,

(−x+ t− 1)n, x− t ≤ −1,

w =

{
0, (t− 1)2 < x2,∫ t
1+|x|((τ − 1)2 − x2)ndτ, (t− 1)2 > x2, t > 1.

(3.25)

Obviously, u is C∞ everywhere except on L1 : x + t = 1, and belongs to

Hn+1/2−ε on L1 with ε > 0. v is C∞ everywhere except on L2 : x− t = 1,

and belongs to Hn+1/2−ε on L2 with ε > 0. w has singularity on x± t = 1

and on L3 : x = 0, t > 1. It belongs to H2n+3/2−ε there. Therefore, the

whole solution U = (u, v, w) to the problem (3.22), (3.24), it has singularity

on L1 and L2 as t < 1, and has singularity on L1, L2 and L3. The singularity

on L3 is of order 2n + 3/2, which does not propagate from L1 or L2. It

comes from a new source at L1 ∩ L2.

The example indicates when two bicharacteristics intersect, the inter-

section may form a new source of singularity. This is the phenomenon of

singularity interaction in nonlinear equations. Due to the interaction of sin-

gularities the study on singularity analysis for nonlinear equations is more

complicated than that for linear equations. J.Rauch and M.Reed gave a

detailed analysis on singularity interaction for the solutions to semilinear

hyperbolic systems with one space variable. They also defined the singular-

ity index for solutions to such systems, which can describe the distribution

and strength of all singularities for a given solution [116]. Next we are

going to discuss the nonlinear wave equation with multiple space variables.

A corresponding regularity index will also be defined, which can control all

singularities produced by singularity interaction.

Consider the Cauchy problem

�u ≡
(
∂2
xn

−
n−1∑

i=1

∂2
xi

)
u = f(x, u), (3.26)
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u|xn=0 = φ0,
∂u

∂xn
|xn=0 = φ1. (3.27)

Assume that the Hs solution with (s > n/2) to the Cauchy problem exists,

we want to determine the distribution and strength of its singularities. In

what follows we use wave front set WF (u) or regularity function su(x, ξ)

to describe singularity of u. Besides, to describe all singularities produced

by interaction some new concepts should be introduced.

Definition 3.2. Let r(x, ξ) be a lower semi-continuous function, defined

on the cotangent bundle T ∗(Ω), positively homogeneous of degree 0 with

respect to ξ. If r(x, ξ) satisfies the following conditions:

(1) r(x, ξ) > n/2,

(2) r(x, ξ) ≤ r(x, ξ1) + r(x, ξ2)− n/2, where ξ, ξ1, ξ2 are three points on

Sn−1, and ξ is located on the great circle arc connecting ξ1 and ξ2, then

r(x, ξ) is called admissible function.

Lemma 3.10. If r(x, ξ) is an admissible function on T ∗(Ω) and u, v are

distributions on Ω, the regularity functions of u, v satisfy su(x, ξ) ≥ r(x, ξ),

sv(x, ξ) ≥ r(x, ξ), then the inequality suv(x, ξ) ≥ r(x, ξ) holds.

Proof. Since the regularity function describes the microlocal property,

we only need to consider the function in a neighborhood of the given point

x. Briefly write the functions su(x, ξ), sv(x, ξ), r(x, ξ) by su(ξ), sv(ξ), r(ξ).

From the definition of regularity function we know that for fixed (x̄, ξ̄) and

ε > 0 there is a neighborhood ω of x̄ and a conical neighborhood V of ξ̄,

such that for any φ ∈ C∞
0 (ω)

φ̂u(ξ)〈ξ〉r(ξ̄)−ε ∈ L2(V ), (3.28)

where 〈ξ〉 = (1 + |ξ|2)1/2. For v we have the same estimate. Next for the

notational simplicity we assume that the support of u, v is included in ω,

so that the factor φ can be omitted.

According to the property of Fourier transformation

ûv(ξ) =

∫
û(ξ − η)v̂(η)dη. (3.29)

For any ε > 0 we have to prove

〈ξ〉r(ξ0)−εûv(ξ) ∈ L2 (3.30)

in a neighborhood Γξ0 of ξ0. Take ε > 0 be sufficiently small, such that

r(ξ) > n/2 + ε holds for any ξ. Since r(ξ) is lower semi-continuous, then

we can find conical neighborhood Γ1,Γ2 such that Γ1 + Γ1 ⊂ Γ2 and

r(ξ) > r(ξ0) −
ε

2
. (3.31)
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Consider the integral

|〈ξ〉r(ξ0)−εχΓ1(ξ)ûv(ξ)|

≤
∫

|χΓ1(ξ)χΓ2(η)χΓ2 (ξ − η)〈ξ〉r(ξ0)−εû(ξ − η)v̂(η)|dη

+

∫
|χΓ1(ξ)χΓ2(η)χSn−1\Γ2

(ξ − η)〈ξ〉r(ξ0)−εû(ξ − η)v̂(η)|dη

+

∫
|χΓ1(ξ)χSn−1\Γ2

(η)χΓ2(ξ − η)〈ξ〉r(ξ0)−εû(ξ − η)v̂(η)|dη

+

∫
|χΓ1(ξ)χSn−1\Γ2

(η)χSn−2\Γ2
(ξ − η)〈ξ〉r(ξ0)−εû(ξ − η)v̂(η)|dη

= I1 + I2 + I3 + I4, (3.32)

where χΓ1 , χΓ2 are characteristic functions of corresponding sets. Next we

use Lemma 3.3 to prove all integral Ik are L2 integrable. Let

K1(ξ, η) = χΓ1(ξ)χΓ2(η)χΓ2(ξ − η)〈ξ〉r(ξ0)−ε〈ξ − η〉−r(ξ0)+ε/2〈η〉−r(ξ0)+ε/2,

K2(ξ, η) = χΓ1(ξ)χΓ2(η)χSn−1\Γ2
(ξ − η)

×〈ξ〉r(ξ0)−ε〈ξ − η〉−n/2−ε〈η〉−r(ξ0)+ε/2,

K3(ξ, η) = χΓ1(ξ)χSn−1\Γ2
(η)χSn−1\Γ2

(ξ − η)

×〈ξ〉r(ξ0)−ε〈ξ − η〉−r(ξ0)+ε/2〈η〉−n/2−ε/2,
K4(ξ, η) = χΓ1(ξ)χSn−1\Γ2

(η)χSn−1\Γ2
(ξ − η)

×〈ξ〉r(ξ0)−ε〈ξ − η〉−r(ξ0)+ε/6〈η〉−r(ξ0)+ε/6.

For K1 , due to

〈ξ〉r(ξ0)−ε ≤ 〈ξ − η〉r(ξ0)−ε + 〈η〉r(ξ0)−ε

and r(ξ0) > n/2, K1 satisfies the condition in Lemma 3.3. Hence I1 is L2

integrable.

For K2, where the inequality

|η| ≥ c(|ξ − η| + η|) ≥ c|ξ|

holds, then

|K2(ξ, η)| ≤ C〈ξ〉r(ξ0)−ε〈ξ − η〉−n/2−ε〈ξ〉−r(ξ0)+ε/2 ≤ C〈ξ − η〉−n/2−ε.

Then K2 also satisfies the condition of Schauder Lemma. The same discus-

sion can be proceeded for K3. Hence I2, I3 are L2 integrable.

Finally we consider the integral I4. Denote ζ = ξ − η and regard η, ζ

as points moving on Sn−1 \ Γ2. When (ξ̄, η̄) is in the support of K1, then
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ζ̄ + η̄ = ξ̄ ∈ Γ1, then by using the property of the admissible function we

know

r(η̄) + r(ζ̄) ≥ r(ξ̄) +
n

2
. (3.33)

Besides, we can find small conical neighborhood C ′
η̄ , C

′′
ζ̄
, such that

v̂(η)〈η〉r(η̄)−ε/6 ∈ L2(C ′
η̄), û(η)〈ζ〉r(ζ̄)−ε/6 ∈ L2(C ′′

ζ̄ ). (3.34)

All couples of conical neighborhood {C ′
η̄ × C ′′

ζ̄
} form an open covering of

(Sn−1\Γ2)×(Sn−1\Γ2), then we can find a finite open covering {C ′
i×C ′′

j },
and get a partition of unity 1 =

∑
ij φij subordinated to this covering.

Hence we only have to consider I ij4 corresponding to the kernel φijK4.

Due to the character of the support of φij , we only need to check whether

the function

Kij
4 (ξ, η) = χC′′

i
(η)χC′′

j
χΓ1(ξ)χSn−1\Γ2

χSn−1\Γ2
(ξ − η)

×〈ξ〉r(ξ0)−ε〈η〉−r(ηi)+ε/6〈ξ − η〉−r(ζj)+ε/6

satisfies the condition of Theorem 3.3, where ηi, ζj are corresponding η̄ ,ζ̄

in C ′
i, C

′′
j . By using (3.31),(3.33) we have

r(ηi) −
ε

6
+ r(ζj ) −

ε

6
≥ r(ξ̄) +

n

2
− ε

3
> r(ξ0) − ε+

n

2
+
ε

6
. (3.35)

Notice that on the support of K ij
4

|ξ − η| ≥ c(|ξ| + |η|) ≥ c|ξ|,

|η| ≥ c(|ξ − η| + |ξ|) ≥ c|ξ|,
then by using Lemma 3.3 we know I ij4 is L2 integrable. Hence I4 =

∑
I ij4

is also L2 integrable, so that (3.30) is proved. Therefore,

suv(ξ0) ≥ r(ξ0) − ε.

It means that suv(ξ0) ≥ r(ξ0), because ε can be arbitrarily small. Since ξ0
is an arbitrary point in Rnξ , then we are led to the conclusion of Lemma

3.10. �

Definition 3.3. If g(x, ξ) is a given lower semi-continuous function on

T ∗(Ω), homogeneous of degree zero with respect to ξ and satisfying

g(x, ξ) > n/2, then the supremum of all admissible functions, which is

not larger than g(x, ξ), is called melting function of g and denoted by

A[g] = sup{r(x, ξ); r ≤ g, r is admissible}. (3.36)
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Lemma 3.11. Assume that g(x, ξ) is a lower semi-continuous function,

homogeneous of degree zero with respect to ξ and satisfying g(x, ξ) > n/2.

If the distributions u, v satisfy

su(x, ξ) ≥ g(x, ξ), sv(x, ξ) ≥ g(x, ξ), (3.37)

then

suv(x, ξ) ≥ A[g](x, ξ). (3.38)

Proof. A[g] is also an admissible function. Indeed, since the supremum

of a lower semi-continuous function is also lower semi-continuous, then A[g]

is also semi-continuous. Now assume that ξ, ξ1, ξ2 are three points on Sn−1,

ξ ∈
_

ξ1ξ2, then the definition of A[g] implies that for any x and δ > 0 there

is an admissible function r∗ ≤ g, such that A[g](x, ξ) < r∗(x, ξ) + δ. Hence

A[g](x, ξ) < r∗(x, ξ1) + r∗(x, ξ2) + δ − n

2

≤ A[g](x, ξ1) +A[g](x, ξ2) + δ − n

2
.

By the arbitrariness of δ we have

A[g](x, ξ) < r∗(x, ξ1) + r∗(x, ξ2) −
n

2
.

Hence A[g] is an admissible function.

The assumption (3.37) means

su(x, ξ) ≥ A[g](x, ξ), sv(x, ξ) ≥ A[g](x, ξ),

then Lemma 3.10 implies Lemma 3.11. �

Remark 3.4. When f(x, u) is a polynomial of u with C∞ coefficients, the

inequality

sf (x, ξ) ≥ A[g](x, ξ) (3.39)

also holds.

Lemma 3.12. If g(x, ξ) satisfies the assumptions in Lemma 3.11, k > n/2,

then

A[min(g, k)] = min(A[g], k). (3.40)

Proof. Before proving Eq. (3.40) let us first prove that if σ(x, ξ) is ad-

missible function, then min(σ, k) is also admissible. Indeed, min(σ, k) > n
2

is obvious. Take ξ ∈
_

ξ1ξ2, then for the case σ(x, ξ1) > k, we have

min(σ(x, ξ), k) ≤ k = min(σ(x, ξ1), k)

≤ min(σ(x, ξ1), k) + min(σ(x, ξ2), k) −
n

2
.
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For the case σ(x, ξ2) > k the argument is similar. For the case σ(x, ξ1) ≤
k, σ(x, ξ2) ≤ k , we have

min(σ(x, ξ), k) ≤ σ(x, ξ) ≤ σ(x, ξ1) + σ(x, ξ2) −
n

2

≤ min(σ(x, ξ1), k) + min(σ(x, ξ2), k) −
n

2
.

Moreover, min(σ(x, ξ), k) is a lower semi-continuous function, then it is

admissible.

Choose any admissible function σ no more than g. Since A[g] is the

supremum of such functions, then

σ(x, ξ) ≤ A[g](x, ξ) ≤ g(x, ξ),

min(σ(x, ξ), k) ≤ min(g(x, ξ), k).

Because min(σ, k) is admissible, then min(σ, k) ≤ A[min(g, k)]. In view of

the fact that A[g] is the supremum of all admissible functions no more than

g, then

min(A[g], k) ≤ A[min(g, k)].

The inequality in another direction is easier. Since min(g, k) ≤ g, then

A[min(g, k)] ≤ A[g]. Similarly, A[min(g, k)] ≤ k, then A[min(g, k)] ≤
min(A[g], k).

Summing up, we obtain Eq. (3.40). �

Definition 3.4. Denote by v the solution of the linear wave equation with

initial data Eq. (3.27). Let r(k)(x, ξ) (k ≥ 0) satisfies

r(0)(x, ξ) = sv(x, ξ), (3.41)

r(k)(x, ξ) = min(sv(x, ξ), inf
(x,η)∈Γ−(x,ξ)

A[r(k−1)](y, η) + 1) (k > 0), (3.42)

where Γ−(x, ξ) stands for the downward bicharacteristic strip issuing from

(x, ξ). Then the limit

r(x, ξ) = lim
k→∞

r(k)(x, ξ) (3.43)

is called regularity index.

Remark 3.5. In the definition it is easy to see that r(k)(x, ξ) is a bounded

and monotone decreasing function with respect to k, then the limit exists,

so that the index of regularity is well defined.



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

Singularity analysis for semilinear equations 69

Theorem 3.6. Assume that f(x, u) is a polynomial of u with C∞ coeffi-

cients. φ0 ∈ Hs, φ1 ∈ Hs−1 (s > n/2), then the Cauchy problem (3.26),

(3.27) admits an Hs solution, the regularity function of it satisfies

su(x, ξ) ≥ r(x, ξ), (3.44)

where r(x, ξ) is the regularity index determined by the data (3.27).

Proof. Denote by v the solution of the homogeneous wave equation with

initial data (3.27), by E the forward fundamental solution operator, i.e. Eg

is the solution of the equation �u = g satisfying initial conditions

u
∣∣
xn=0

= (∂xnu)
∣∣
xn=0

= 0 (3.45)

in xn > 0. Then the solution of the problem (3.26), (3.27) can be written

as

u = v +Ef(x, u). (3.46)

By using Eq. (3.46) we can write u by an iteration form as

u0 = u, uk = v +Ef(x, uk−1) for k > 0. (3.47)

Obviously, when u is the solution of the problem (3.26), (3.27), then all uk
are the same as u. Then we can estimate the regularity of u via that of

uk. To simplify notations we write fk = f(x, uk). Definition 3.3 implies

sv(x, ξ) > r(0)(x, ξ). From u ∈ Hs we know

su0(x, ξ) ≥ s > n/2,

which implies sf0 > n/2 and then sEf0 > n/2 + 1. From u1 = v + Ef0 we

know

su1(x, ξ) ≥ min(sv(x, ξ), sEf0 (x, ξ)) ≥ min
(
r(0)(x, ξ),

n

2
+ 1
)
.

Generally, if we assume

suk
(x, ξ) ≥ min

(
r(k−1)(x, ξ),

n

2
+ k
)
, (3.48)

then Lemmas 3.10 and 3.11 imply

sfk
(x, ξ) ≥ A

[
min

(
r(k−1)(x, ξ),

n

2
+ k
)]

= min
(
A[r(k−1)](x, ξ),

n

2
+ k
)
.

By using the theorem of singularity propagation for linear equations, we

have

sEfk
(x, ξ) ≥ min

(
inf

(y,η)∈Γ−(x,ξ)
A[r(k−1)](y, η) + 1,

n

2
+ k + 1

)
.
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By using uk+1 = v +Ef(x, uk),

suk+1
(x, ξ) ≥ min(sv(x, ξ), sEfk

(x, ξ))

≥ min

(
r(0)(x, ξ), inf

(y,η)∈Γ−(x,ξ)
A[r(k−1)](y, η) + 1,

n

2
+ k + 1

)

= min
(
r(k)(x, ξ),

n

2
+ k + 1

)
.

Then Eq. (3.48) is valid for all k. Now if r(x, ξ) is finite, by taking k

sufficiently large,

su(x, ξ) = suk+1
(x, ξ) ≥ r(k)(x, ξ) ≥ r(x, ξ). (3.49)

Obviously, if r(x, ξ) is +∞, then r(k)(x, ξ) is also +∞. Hence Eq. (3.44) is

valid. �

Next we give an example, from which we can get more understanding

on the singularity interaction.

Example 3.1. Let ωi(i = 1, 2, 3) are three points in Sn−2, different from

each other. On xn = 0 the initial data (3.27) has singularity at (ωi, 0). The

regularity function sv(x, ξ) of the solution v to the linear wave equation

with the initial condition (3.27) satisfies

sv(x, ξ) ≥




s0 >

n

2
, (x, ξ) ∈ Γ1 ∪ Γ2 ∪ Γ3,

+∞, otherwise,
(3.50)

where Γi is the bicharacteristic strip in Rnx × Rnξ , Γi = {(ωi(1 −
xn), xn;ωi, 1)}. The question is how does the singularity of the solution

to the nonlinear problem (3.26), (3.27).

In order to determine the singularity of the solution u to the nonlin-

ear problem, we construct the regularity index. Denote by Pi the point(
ωi√
2
,

1√
2

)
, let

r(0)(x, ξ) =




s0 >

n

2
, if (x, ξ) ∈ ∪Γi;

∞, otherwise.

A[r(0)](x, ξ) =





s0, (x, ξ) ∈ ⋃Γi,

2s0 −
n

2
, x = x0, ξ ∈ ∪

_

PiPj ,

3s0 − n, x = x0, ξ ∈ ∆P1P2P3,
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where ∆P1P2P3 is the spherical triangle enclosed by three arcs
_

PiPj . When

ξ locates in the arc
_

PiPj or ∆P1P2P3, (x, ξ) is not in the characteristic

set of the wave equation, then these singularities will not propagate out.

Therefore, we have

r(1)(x, ξ) = min(A[r(0)](x, ξ) + 1, r(0)(x, ξ)),

A[r(1)](x, ξ) = A[r(0)](x, ξ)

· · · · · ·

r(x, ξ) = min(A[r(0)](x, ξ) + 1, r(0)(x, ξ)),

Then we obtain the estimate of the regularity function of u:

su(x, ξ) ≥





s0, (x, ξ) ∈ ⋃Γi;

2s0 − n
2 + 1, x = x0, ξ ∈ ∪PiPj ;

3s0 − n+ 1, x = x0, ξ ∈ ∆P1P2P3,

+∞, otherwise.

(3.51)

The above calculation indicates that the singularity of u still stay on Γi
with i = 1, 2, 3. In this case, no regularity caused by interaction propagate

out, even though three bicharacteristics bearing singularity meet together.

However, if we keep Γ1 and Γ2, and change Γ3 to {(ω3(1 −
xn), xn;−ω3,−1)}, then the situation will be different. Because in this case

the triangle ∆P1P2P3 on the unit sphere in the cotangent bundle based on

x0 may contain a direction ξ, which let (x0, ξ) belong to the characteristic

set of the operator �. Indeed, if we connect P3 and any point in the arc

P1P2 by great circle, then the great circle will intersect the characteristic

set {(x0;
ω√
2
,

1√
2
);ω ∈ Sn−2}. Denote the set of intersections by {γ̃}, then

A[r(0)] is at least H3s0−n regular on {γ̃}. Therefore, denote

Γ̃ =

(
(1 − xn)ω0, xn;

ω0√
2
,

1√
2

)
,

where xn > 1, ω0 ∈ Sn−2 satisfying (x0;
ω√
2
, 1√

2
) ∈ γ̃, we have

r(1)(x, ξ) =





s0, (x, ξ) ∈ ⋃Γi;

2s0 −
n

2
+ 1, x = x0, ξ ∈ ∪PiPj ;

3s0 − n+ 1, x = x0, ξ ∈ ∆P1P2P3 or (x, ξ) ∈ {Γ̃};
+∞, otherwise.
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r(2)(x, ξ) = r(1)(x, ξ).

· · · · · ·

r(x, ξ) = r(1)(x, ξ).

Therefore,

su(x, ξ) ≥





s0, (x, ξ) ∈ ⋃Γi;

2s0 −
n

2
+ 1, x = x0, ξ ∈ ∪PiPj ;

3s0 − n+ 1, x = x0, ξ ∈ ∆P1P2P3 or (x, ξ) ∈ {Γ̃};
+∞, otherwise.

(3.52)

Equation (3.52) means that the characteristic strips Γ̃ may possibly

bear the singularities of u. The extra singularity caused by the interaction

propagates out.

The above discussion indicates that for a given Hs solution u to a non-

linear problem, due to the double effect caused by linear propagation and

nonlinear interaction the singularity of solution may diffuse to a bigger set

than that for corresponding linear problem. We emphasize here that the

above discussion in this chapter only gives the possibility of the appearance

of singularities on corresponding bicharacteristics, but does not confirm

that the singularity must appear there. To describe the set of singularity

of solution precisely more careful analysis is required. In [7] a solution with

the singularity as described in the above example is constructed.

For the production of extra singularities of solutions M.Beals proved the

following theorem:

Theorem 3.7. Assume that s > (n + 1)/2, n > 1, then there is β ∈
C∞

0 (Rn+1), and a compactly supported function u0 ∈ Hs(Rn), u1 ∈
Hs−1(Rn), satisfying sing supp (u0, u1) = {0}, such that the solution

u ∈ Hs((0, 1) ×Rn) to the Cauchy problem




(∂2
t −

n∑

i=1

∂2
xi

)u = βu3;

u|t=0 = u0, ut|t=0 = u1

(3.53)

has its singular points with singularity of H3s−n+2+ε full of the whole cone

{(t, x); |x| < t, 0}.
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It is well known that all bicharacteristics issuing from the origin for

the wave operator locate on the characteristic cone with its vertex at the

origin. Hence according to the rule of singularity propagation for the so-

lutions to linear equations the singularity of the initial data at the origin

may at most propagate to the surface of the characteristic cone. However,

Theorem 3.7 indicates that for the solutions to the semilinear equations the

H3s−n+2+ε may spread to the whole solid cone. It means that for the Hs

solutions to the semilinear wave equation, as well as to more general nonlin-

ear equations, the 3s singularity propagation theorem is the best theorem

one can expect. Therefore, to describe the propagation and interaction of

weaker singularities of solutions some new concepts and methods should be

introduced.

3.4 Propagation of conormal singularity

In this section a new concept called conormal singularity will be intro-

duced. Conormal singularity can be used to describe the solutions having

singularity on some surface, where the singularity of solutions is compara-

tively stronger on the normal direction, and is much weaker on the tangen-

tial direction. A distribution having conormal singularity is called conor-

mal distribution. In the sequel we will give its precise definition. As we

will see that such a concept is suitable to describe the propagation of the

classical wave fronts in the study of wave motion.

Definition 3.5. Assume that S : (S1, · · · , Sn) is a set of C∞ submanifolds

in Ω ⊂ Rn, V (S ) is a set of C∞(Ω, T (Ω)) vector fields, tangential to each

Si in S . If V (S ) forms a Lie algebra, i.e. V1, V2 ∈ V implies [V1, V2] ∈ V ,

then V (S ) is called complete.

The definition of completeness of V (S ) is independent of the choice of

coordinates. The fact is obvious from the meaning of its definition. Next

we verify it by calculation for the case when S only contains one surface

S1. Assume that the equation of S1 is f(x) = 0. The vector fields V1 =
∑
ai

∂

∂xi
, V2 =

∑
bi

∂

∂xi
belong to V (S ). Then

∑
ai
∂f

∂xi
=
∑
bi
∂f

∂xi
= 0,

while [V1, V2] ∈ V (S ) means

∑

i,j

(
ai
∂bj
∂xi

− bi
∂aj
∂xi

)
∂f

∂xj
= 0. (3.54)
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Under the coordinate transformation x = x(y) the equation of S1 becomes

g(y) = f(x(y)) = 0, the vector fields V1, V2 become
∑
ãk

∂

∂yk
,
∑
b̃k

∂

∂yk
,

where ãk =
∑
ai
∂yk
∂xi

, b̃k =
∑
bi
∂yk
∂xi

, then

∑

k,`

(
ãk
∂b̃`
∂yk

− b̃k
∂ã`
∂yk

)
∂g

∂y`
=
∑

i,h,`

(
ai
∂b̃`
∂xi

− bi
∂ã`
∂xi

)
∂f

∂xh

∂xh
∂y`

=
∑

i,j,h,`

(
ai
∂bj
∂xi

∂y`
∂xj

− bi
∂aj
∂xi

∂y`
∂xj

)
∂f

∂xh

∂xh
∂y`

=
∑

i,j,h,`

(
ai
∂bj
∂xi

− bi
∂aj
∂xi

)
∂f

∂xh
δhj = 0.

Hence in the new coordinates [V1, V2] is still tangential to S1.

Definition 3.6. If V (S ) is a complete tangential vector field, the function

u ∈ Hs
loc(Ω), and for any i ≤ k and V1, · · · , Vi ∈ V (S ), we have

V1 · · ·Viu ∈ Hs
loc(Ω), (3.55)

then u is called conormal distribution of order k with respect to S ,

and is denoted by u ∈ Hs,k(Ω,S ), which is called space of conormal

distributions.

As we mentioned above, singularity is a local property for given func-

tions, then we often omit the subscript “loc” later.

In the set V (S ) of conormal distributions we can choose a base B :

{Ṽ1, · · · , ṼN}, such that for any vector field V ∈ V , one can find finite

vector fields Ṽi1 , · · · , Ṽi` in B such that V can be written as the linear

combination of them:

V =
∑̀

s=1

asṼis ,

where all as are C∞ functions on Ω. Then the completeness of V can be

described as : for any Vi, Vj ∈ B, there are C∞ coefficients Ckij , such that

[Vi, Vj ] =
∑

k

CkijVk. (3.56)

Obviously, it is enough that in Definition 3.6 the vector fields V1, · · · , Vi
can be chosen in a given basis. Moreover, we can also define the space

Hs,k(Ω,S ) by the norm

‖u‖Hs,k(Ω,S ) = (
∑

Ṽi1 · · · Ṽi`u)1/2, (3.57)
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where ` ≤ k, Ṽi1 , · · · , Ṽi` are all possible different choices in the basis. It is

evident that the norm is equivalent, if we choose different base for a given

space Hs,k(Ω,S ).

Any function u ∈ Hs,k(Ω,S ) is Hs+k regular outside S . Besides,

if x ∈ S and S is a smooth hypersurface S0 in a neighborhood of x,

then u is Hs microlocal regular in the normal direction of S0 and is Hs+k

microlocal regular in the tangential direction of S0. Since s and k are two

independent numbers, then the concept of conormal distribution can be

applied to study the singularity propagation for those distributions, which

have weak singularity in some specific direction.

Next let us give some examples of conormal distributions.

Example 3.2. If S is a single hypersurface S1 : x1 = 0, then the base of

V (S ) can be chosen as

x1Dx1 , Dx2 , · · · , Dxn .

Direct calculation indicates that V (S ) is complete. According to the def-

inition, the space Hs,k(Ω, S1) is composed of all functions satisfying

(x1Dx1)
α1Dα2

x2
· · ·Dαn

xn
u ∈ Hs(Ω), α1 + · · · + αn ≤ k.

Example 3.3. If S is composed of two hypersurfaces S1 : x1 = 0, S2 :

x2 = 0 and their intersection x1 = x2 = 0, then the base of V (S ) can be

chosen as

x1Dx1 , x2Dx2 , Dx3 , · · · , Dxn .

Direct calculation also indicates that V (S ) is complete. According to the

definition, the space Hs,k(Ω, S) is composed of all functions satisfying

(x1Dx1)
α1(x2Dx2)

α2 · · ·Dαn
xn
u ∈ Hs(Ω), α1 + · · · + αn ≤ k.

Like the discussion in the above sections of this chapter the closeness of

the set of functions with specific singularity under nonlinear composition is

crucial in the study of singularity propagation for the solutions to nonlinear

equations. Therefore, we are going to prove the following lemma now:

Lemma 3.13. Let V (S ) is a set of vector fields mentioned above. s > n/2,

k is an integer, u, v ∈ Hs,k, f(x, u) is a C∞ function of its arguments, then

uv ∈ Hs,k and f(x, u) ∈ Hs,k.

Proof. Assume k = 1, then by acting an operator V in V on uv, we have

V (uv) = uV v + vV u. (3.58)
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By using Schauder lemma the right hand side belongs to Hs. In view of

the fact that V is an arbitrary element in V , then uv ∈ Hs,1. For the case

k > 1 we can use Leibnitz formula to establish uv ∈ Hs,k.

Acting V on f(x, u) gives

V f(x, u) = fx(x, u) + fu(x, u)V u. (3.59)

Obviously, V u ∈ Hs. Moreover, fx(x, u), fu(x, u) ∈ Hs due to u ∈ Hs.

Therefore, the right hand side of Eq. (3.59) in is Hs, so that f(x, u) ∈ Hs,1.

Now if for any k1 < k any nonlinear composition belongs to Hs,1, then

the right hand side of Eq. (3.59) also belongs to Hs,k1 . This leads to

f(x, u) ∈ Hs,k1+1. Hence f(x, u) ∈ Hs,k by induction. �

Next we consider the propagation of conormal singularities of solutions

to semilinear equation

Pu = F (x, u, · · · , Dm−1u) (3.60)

in Ω. Here P is a linear differential operator with C∞ coefficients of order

m, F is a C∞ function of its arguments. Like the previous section we

assume that Ω+ = Ω ∩ {x > 0} is included in the determinacy domain of

Ω− = Ω ∩ {x < 0}, and all eigenvalues of the principal symbol pm(x, ξ) of

P are real and simple. Then we have

Theorem 3.8. If S is a characteristic surface of the operator P in the

domain Ω, u is Hs(Ω) solution of Eq. (3.60), s > n/2 + m − 1, then

u ∈ Hs,k(Ω−, S) implies u ∈ Hs,k(Ω+, S).

Proof. By a suitable transformation we may assume that the equation

of S is x1 = 0. Then the operator P can be written as

P = x1a1(x)D
m
x1

+

n∑

i=2

Aj(x,Dx)Dxj +A0(x,Dx), (3.61)

where a1(x) ∈ C∞, Aj(j = 0, 2, · · · , n) are operators of order m − 1. For

any base vector V1 = x1Dx1 , Vj = Dxj (j ≥ 2), we can write

[Vi, P ] = Bi0 +

n∑

j=1

BijVj +BiP, (3.62)

where Bij are differential operators with C∞ coefficients of order m − 1,

Bi are C∞ functions. Equation (3.62) means that the commutator of Vi
and P can be expressed as a combination of Vi and P . It is also called

commutator relation.



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

Singularity analysis for semilinear equations 77

Regarding I as V0, [V0, P ] can also be written as the form of Eq. (3.62),

where corresponding B0, B0j are all zero. Hence, by acting the operator Vi
with 0 ≤ i ≤ n on Eq. (3.60) we have

PViu+

n∑

j=0

BijVju = ViF (x, u, · · · .Dm−1u). (3.63)

Let U = t(u, V1u, · · · , Vnu), one can write the right-hand side of Eq. (3.63)

as Fi(x, U, · · · , Dm−1U), where Fi are C∞ functions of their arguments.

Equation (3.63) can also be written as the matrix form

PU +BU = F (x, U, · · · , Dm−1U), (3.64)

where the left-hand side is a matrix of operators of m-th order. The prin-

cipal symbol of this matrix is a diagonal matrix with pm(x, ξ) on its diag-

onal. According to the assumptions of the theorem U ∈ Hs(Ω−). Then

U ∈ Hs(Ω) according to the remark of Theorem 3.4, i.e. u ∈ Hs,1(Ω, S).

Hence the conclusion of the theorem is valid for the case k = 1.

In order to discuss the case k > 1, we need to have a more general

commutator relation, i.e.

[V I , P ] =
∑

|J|≤|I|
BI,JV

J +
∑

|K|≤|I|−1

CI,KV
KP, (3.65)

where V I = Vi1 · · ·Vi` , |I | = `, BI,J are partial differential operators of

order m − 1, CI,K are C∞ functions. This commutator relation can be

easily verified by induction. Indeed, if Eq. (3.65) is valid for the multi-

index I satisfying |I | = k, then for I ′ satisfying |I ′| = k + 1 we have

[V I
′

, P ] = [ViV
I , P ] = Vi[V

I , P ] + [Vi, P ]V I

= Vi


∑

|J|≤k
BI,JV

J +
∑

|K|≤|I|−1

CI,KV
KP




+


Bi0 +

∑

1≤j≤n
BijVj +BiP


V I

=
∑

|J|≤k+1

B′
I,JV

J +
∑

|J|≤k
C ′
I,JV

JP −Bi[V
I , P ] +BiV

IP.

Substituting Eq. (3.65) with |I | = k into the right hand side we obtain

such an equality with |I | = k + 1. Hence the general commutator relation

Eq. (3.65) holds for any multi-index I by induction.
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Having the general commutator relation (3.65), and letting Uk be

the column vector t(u, · · · , V Iu, · · · ), where all elements with the form

Vi1 · · ·Vi`(` < k) are included, one can obtain the system

PkUk +BkUk = Fk(x,D
βUk) (3.66)

by acting the operator V I on Eq. (3.60). Notice that the operator matrix

in the left hand side of Eq. (3.66) has its symbol being diagonal matrix

with same element pm(x, ξ), and in the right hand side Fk is C∞ function

of its arguments and only depends on the derivatives of Uk with order no

more than m − 1, then like the discussion in the case k = 1 one can use

the assumption Uk ∈ Hs(Ω−) and Theorem 3.4 with its remark to obtain

Us ∈ H4(Ω), i.e. u ∈ Hs,k(Ω, S). �

From the process of the proof we know that once the vector field V (S) is

established, the key point to prove the rule of propagation of conormal sin-

gularities is the validity of the commutator relation. Therefore, the method

in Theorem 3.8 is also called commutator method. Certainly, the com-

pleteness of V (S) and the closeness of the space of conormal distributions

under nonlinear composition are necessary.

Next we discuss the case when two surfaces carrying cornomal singular-

ities intersect. Let the domain Ω and the equation be the same as above,

the characteristic surfaces S1, S2 of P intersect at Γ in Ω+ transversally.

Moreover, there are not other characteristic surfaces through Γ. Denoting

by S the set {S1, S2,Γ}, by V (S) the set of all tangential vector fields with

respect to S, then the following conclusion.

Theorem 3.9. Assume that u is an Hs(Ω) solution of Eq. (3.60), s >

n/2 +m− 1, the restriction of u on Ω− belongs to Hs,k(Ω−, S1 ∪ S2), then

u belongs to Hs,k(Ω, S) in whole Ω.

Proof. The proof can be proceeded like that for Theorem 3.8. Next we

only verify some crucial points. As indicated in Example 2, V (S) is com-

plete, then the spaceHs,k(Ω, S) is well-defined and is closed under nonlinear

composition. To prove the validity of the commutation relation we assume

that the equations of S1, S2 are x1 = 0, x2 = 0 respectively, because other-

wise we can arrive at the case by using a coordinate transformation. Since

these are characteristics of the operator P , then P has the form

P = KDx1Dx2 +

n∑

j=1

AjVj +A0, (3.67)
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where V1 = x1Dx1 , V2 = x2Dx2 , Vj = Dxj (j ≥ 3), the order of K is m− 2

and the order of Aj (1 ≤ j ≤ n) ism−1. Since the operator P does not have

any other characteristic surface through Γ, then the symbol k(x, ξ) 6= 0 of

K on x1 = x2 = ξ3 = · · · = ξn = 0. Denote by H the psuedodifferential

operator of order 2− n with symbol h(x, ξ) = (k(x, ξ) +
n∑

i=3

|ξi|m−2)−1, we

have

HK = I +

n∑

j=1

RjVj +R0, (3.68)

where Rj are of order −1. Hence

Dx1Dx2 = Dx1Dx2


HK −

n∑

j=1

RjVj +R0


 = HP +

n∑

j=1

BjVj +B0,

where Bj(0 ≤ j ≤ n) are of first order. Therefore, according to the expres-

sion (3.67) of P the commutator [P, Vj ] can be written as

[P, Vj ] =
∑

CjVj + C0 +GDx1Dx2

=
∑

CjVj + C0 +GHP +
∑

EjVj +E0,

where Cj , Ej are of order m− 1, G is of order m− 2.

Acting V1, · · · , Vn on Eq. (3.60) and denoting U1 = t(u, V1u, · · · , Vnu),
we obtain the system

P1U1 +B1U1 = LF1(x, U1, · · · , Dm−1U1), (3.69)

where B1 is a matrix of pseudodifferential operators of order m− 1, L is a

pseudodifferential operator of order. Comparing Eq. (3.69) with Eq. (3.64),

the principal part is the same, and the new terms in the right hand side

is a map from Hs to Hs, then we can use the same method to prove that

U1 ∈ Hs(Ω−) implies U1 ∈ Hs(Ω), so that u ∈ Hs,1(Ω, S).

Finally, the conclusion u ∈ Hs,k(Ω.S) can be derived by induction. �

Theorem 3.9 indicates that when two characteristic surface carrying

conormal singularities intersect, the singularities propagate along the char-

acteristics and the intersection will not produce any new singularities, pro-

vided no any other characteristic surface issues through the intersection.

However, if there are other characteristic surfaces issuing through the in-

tersection, then the extra singularity occurs. This is the subject to be

discussed in the next section.
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3.5 Interaction of conormal singularities

3.5.1 Extension of the concept of conormal singularities

In the previous section we see that in the study of the propagation of

conormal singularities the commutator relation of a vector field V (S) with

respect to a partial differential operator P plays a key role. However,

if there are more than two characteristic surfaces intersecting at a same

submanifold, such a commutator relation may not be valid.

Let us look an example. Consider the equation

Pu = f(x, u,Du,D2u),

where P = Dx1Dx2(Dx1 + Dx2). Obviously, P is hyperbolic with respect

to the direction (1, 1). If the solution u has conormal singularities on S1 :

x1 = 0 and S2 : x2 = 0 when x1+x2 < 0, we hope to know the singularities

of u for x1 + x2 > 0.

Let S3 be the submanifold x1 = x2, Γ be the intersection S1∩S2. Denote

by S the set of submanifolds S1, S2, S3 and their intersection Γ. Let V (S)

be the vector fields tangential to the set S, then the basis of V (S) can be

found in the following way. If a vector field V is tangential to S!, S2,Γ, then

it can be written as

a1x1Dx1 + a2x2Dx2 +
n∑

i=3

aiDxi .

If V is also tangential to S3, its symbol must vanish on the conormal

bundle of S3. This means that the symbol of V must vanish, provided

ξ1 = −ξ2, ξ3 = · · · = ξn = 0, x1 = x2. Then there is a C∞ function b

satisfying

a1x1 − a2x2 = b(x1 − x2),

which implies

(a1 − b)x1 = (a2 − b)x2.

Since all coefficients are C∞ functions, then there is a C∞ function c, such

that

a1 − b = cx2, a2 − b = cx1.

It means that V can be written as

b(x1Dx1 + x2Dx2) + cx1x2(Dx1 +Dx2) +

n∑

i=3

aiDxi . (3.70)
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Conversely, any vector field with the form (3.70) must be tangential to any

sudmanifold in S, so that it belongs to V (S). Therefore, the basis of V (S)

can be chosen as

V1 = x1Dx1 + x2Dx2 , V2 = x1x2(Dx1 +Dx2), Vi = Dxi (i ≥ 3). (3.71)

Now consider the commutator of P and V2. By using the notation of Poisson

bracket

{f(x, ξ), g(x, ξ)} =

n∑

j=1

(
∂f

∂ξj

∂g

∂xj
− ∂f

∂xj

∂g

∂ξj

)
,

we have

Sym [P, V2] = {ξ1ξ2(ξ1 + ξ2), x1x2(ξ1 + ξ2)}
= 2(x1 + x2)ξ1ξ2(ξ1 + ξ2) + (ξ1 + ξ2)(x1ξ

2
1 + x2ξ

2
2)

= 2(x1 + x2)P + (ξ1 + ξ2)(x1ξ
2
1 + x2ξ

2
2).

Obviously, if the commutator relation holds, then (ξ1+ξ2)(x1ξ
2
1 +x2ξ

2
2) can

be expressed as a linear combination of the symbol of P, V1, V2 with C∞

coefficients. Since Sym P, Sym V2, Sym [P, V2] contain a common factor

ξ1 +ξ2, but Sym V1 does not, then [P, V2] should be expressed by the linear

combination of P and V2. It means that x1ξ
2
1 +x2ξ

2
2 is a linear combination

of x1x2 and ξ1ξ2. However, this is impossible by a simple checking.

Therefore, to analyze the conormal singularities of solutions to partial

differential equations one must understand the commutator relation in a

generalized sense. That is, in the above commutator relation (3.62) the

coefficients may not be a function or a differential operator. The pseu-

dodifferential operator coefficients should also be allowed. Meanwhile, it is

not necessary to let Eq. (3.62) hold in local sense. Instead, It holds in mi-

crolocal sense is enough. Hence we have to explain the concept of conormal

distributions again, including the meaning of closeness of space of conormal

distributions under nonlinear composition.

Let us start from the definition of the space of conormal distributions.

Denote by OpSk the class of pseudodifferential operators of order k. For

OpS1 operatorsM1, · · · ,MN one can construct a set of operators M , which

is a linear combination with 1 and all {Mj} as its basis and OpS0 as coef-

ficients. That is

M ∈ M ⇔M ∈ OpS1, M =

N∑

j=1

AjMj +A0 with Aj ∈ OpS0. (3.72)
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The set M is defined in Eq. (3.72) is called pseudodifferential op-

erators modulo. Obviously, the principal symbol of a pseudodifferential

operator determines that whether the operator belongs to M . For a given

operator L, if there is another operator M ∈ M such that the principal

symbol of M −L in a neighborhood of x0 is zero (in a microlocal neighbor-

hood of (x0, ξ0) resp.), we say L belongs to M locally at x0 (microlocally

at (x0, ξ0) resp.). Similarly, for given operators {L1, · · · , LN}, if for any

operator M ∈ M , there are operators Aj ∈ OpS0 (1 ≤ j ≤ N), such that

the principal symbol of M −∑AjLj in a neighborhood of x0 is zero (in a

microlocal neighborhood of (x0, ξ0) resp.), we say {L1, · · · , LN} produces

M locally at x0 (microlocally at (x0, ξ0) resp.).

Equation (3.72) is similar to the linear expression introduced in the last

section to construct V by using V1, · · · , VN , but the difference is that all

Aj in Eq. (3.72) can be chosen as pseudodifferential operators of order zero,

while the corresponding coefficients in the last section are restricted to C∞

functions. In accordance, we introduce the second definition of conormal

distribution as follows.

Definition 3.7. Let M be the pseudodifferential operators modulo defined

by Eq. (3.72). If it forms a Lie algebra with respect to the commutator

operation of pseudodifferential operators, then the space of conormal

distributions Hs,k(Ω,M ) is the set

u ∈ Hs,k(Ω,M ) ⇔ u ∈ Hs, Mi1 ·Mi`u ∈ Hs, (3.73)

where ` ≤ k,Mij ∈ M . Any element is Hs,k(Ω,M ) is called conormal

distribution.

Let us make a comparison of Definition 3.4 and Definition 3.5. For

a given set S of submanifolds (S1, · · · , SN), the corresponding set M

in Definition 3.5 can be chosen as the set of pseudodifferential opera-

tors, whose principal symbol vanishes on conormal bundles {N ∗(S), S ∈
S }. Obviously, any vector field in V (S ) vanishes on conormal bundles

N∗S1, · · · , N∗SN , then V ⊂ M . It leads to Hs,k(Ω,M ) ⊆ Hs,k(Ω,V ).

However, the inverse conclusion is true for the case when S is a single

surface or two surfaces intersecting transversally, but it may not be true in

some other cases.

If S is a single surface S, by a suitable coordinates transformation S

can be transformed to x1 = 0. Then the basis of V (S) has been shown

in Example 1 of the last section. On the other hand the principal symbol

p(x, ξ) of any element in the modulo M satisfies

p(x, ξ) = 0, if x1 = 0, ξ2 = · · · = ξn = 0. (3.74)
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Therefore, p(x, ξ) can be written as

a1(x, ξ)x1 +

n∑

i=2

ai(x, ξ)ξi, (3.75)

where a1 is a homogeneous symbol of degree 1, ai (i ≥ 2) are homogeneous

symbols of degree 0. Writing a1 as
∑n

i=1 biξi and incorporating the terms

with i ≥ 2 into the summation in the right hand side of Eq. (3.75), we

obtain

p(x, ξ) = b1(x, ξ)x1ξ1 +
n∑

i=2

a′i(x, ξ)ξi. (3.76)

It means that any element in M can be expressed by using the basis of V

according to the requirement of Eq. (3.70). Hence

Hs,k(Ω,M ) = Hs,k(Ω,V ).

Consider the case S = S1 ∪ S2 ∪ (S1 ∩ S2), where S1 and S2 intersect

transversally. By using a suitable transformation the surface S1 and S2 can

be reduced to x1 = 0 and x2 = 0 respectively. The basis of V (S ) has been

shown in Example 2 of the last section. On the other hand the principal

symbol p(x, ξ) of any element in M should satisfies

p(x, ξ) = 0, if





x1 = 0, ξ2 = · · · = ξn = 0;

x2 = 0, ξ1 = ξ3 = · · · = ξn = 0;

x1 = x2 = 0, ξ3 = · · · = ξn = 0.

(3.77)

From the first condition of (3.77) p(x, ξ) can be written as

b1(x, ξ)x1ξ1 +
n∑

i=2

a′i(x, ξ)ξi.

By applying the second condition of (3.77) the symbol p(x, ξ) can be written

as

b′1(x, ξ)x1ξ1 + b′2(x, ξ)x2ξ2 + c(x)ξ1ξ2 +

n∑

i=3

a′′i (x, ξ)ξi.

Furthermore, the third condition in (3.77) implies that c(x) can be written

as c1x1 + c2x2. It means that the term c(x)ξ1ξ2 also has the form as shown

in the first two terms, so that it can be incorporated into the first two

terms. Therefore, M can be expressed by using the basis of V according

to the requirement of Eq. (3.72). Hence

Hs,k(Ω,M ) = Hs,k(Ω,V ).
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However, for more general set of submanifolds, the spaceHs,kΩ,M ) and

the spaceHs,k(Ω,V ) can be different. For instance, for S introduced in the

beginning of this section the basis of tangential vector field V (S ) is shown

in (3.70). However, the symbol a(x, ξ) = x1|ξ|−1ξ1(ξ1+ξ2) is the annihilator

of T ∗(Si) and T ∗(Γ), but it cannot be expressed as a linear combination of

symbols of operators in (3.69). Therefore, in this case V is strictly included

in M , so that Hs,k(Ω,M ) is strictly included in Hs,k(Ω,V ).

Next we proceed our discussion in the whole Rn, i.e. Ω is taken as

Rn. For the notational simplicity, Hs,k(Rn,M ) is denoted by Hs,k. We

notice that such a space of conormal distribution is not closed under non-

linear composition, even is not closed under multiplication. Indeed, in two

dimensional case consider the modulo M produced by pseudodifferential

operator (I − ∆)−1/2Dx1Dx2 and construct the space Hs,∞ by using this

modulo. Obviously, by suitably taking the positive number α, we can let

the functions |x1|α, |x2|α ∈ Hs,∞, but |x1|α · |x2|α 6∈ Hs,∞. Therefore, in

order to let the space of conormal distributions is closed under nonlinear

composition we have to add some restrictions to M .

Definition 3.8. Assume that M is a modulo of pseudodifferential opera-

tors. If for any x0 ∈ Rn, and any ξ(1), ξ(2), η ∈ Rn \ 0, there exist vector

fields Z1, · · · , Zq in a neighborhood of x0, such that

(1) Zj (1 ≤ j ≤ q) belongs to M microlocally in neighborhoods of

(x(0), ξ1) and (x(0), ξ2);

(2) For any M ∈ M , there exists Aj ∈ OpS0 (1 ≤ j ≤ q), such that

Sym(M −∑AjZj) = 0 in a neighborhood of (x0, η).

Then one says that M satisfies three points condition.

Theorem 3.10. If the modulo M satisfies the three points condition, then

Hs,k(M ) with s > n/2 forms an algebra.

Proof. Since M satisfies the three points conditions, then for any

(ξ(1), ξ
(2)
2 , η) ∈ Sn−1 × Sn−1 × Sn−1 we can find a system {Zi}, such

that the conditions (1) and (2) in Definition 3.6 hold in a neighborhood

Oj1 ×Oj2 ×Oj3 of (ξ(1), ξ
(2)
2 , η). Due to the compactness of Sn−1 there is a

system of finite open conical neighborhoods, which form an open covering

to Sn−1 × Sn−1 × Sn−1. According to this open covering we can make a

partition of unit for pseudodifferential operators 1 =
∑
Ej(x,Dx), where

Ej ∈ OpS0, and the support of Ej is included in the open neighborhood.
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Therefore, for any u, v

M(uv) =
∑

j1

∑

j2

∑

j3

Ej3M(Ej1u ·Ej2v), (3.78)

where the typical term can be written as

DM(Bu · Cv) =
∑

Dj(ZjBu · Cv) +
∑

Dj(Bu · ZjCv).
Since Zj belongs to M microlocally on the support of Sym(B) or Sym(C),

then ZjB,ZjC ∈ M . Hence by using the basis of M the term M(uv)

can be expressed as a function L (u, v,Miu,Miv), which is obtained by

acting pseudodifferential operators of order 0 on u, v,Miu,Miv and making

a nonlinear composition. Since u, v,Miu,Miv ∈ Hs, any pseudodifferential

operator of order 0 is a continuous map from Hs to Hs, and Hs is closed

with respect to nonlinear composition, then M(uv) ∈ Hs, which implies

uv ∈ Hs,1. It means that Hs,1 forms an algebra. Furthermore, the fact

that Hs,k forms an algebra can be proved by induction. �

Let us give some examples to explain the three points conditions.

Example 3.4. Let S be composed by Γ and the surfaces S1, · · · , SN pass-

ing through Γ. M is composed by all pseudodifferential operators of order

1, whose symbol annihilate N∗(Γ) and all N∗(Sj), then M satisfies three

points condition.

Indeed, for any three points (x0, ξ
(1)), (x0, ξ

(2)), (x0, η), M satisfies the

three points condition is trivial for x0 6∈ Γ. If x0 ∈ Γ, then there are at least

N−2 surfaces among S1, · · · , SN not perpendicular to ξ(1) and ξ(2). With-

out loss of generality we assume theseN−2 surfaces are S3, · · · , SN . Denote

S′ = S1 ∪S2, then the set V (S′) of tangential fields can be obtained as did

in Example 2 of the last section. Denote M1 the set of all pseudodifferential

operators of order 1 with symbol vanishing on N ∗(S1), N
∗(S2), N

∗(Γ), then

M ⊂ M1. Since M1 can be produced by V (S′), then M can be produced

by V (S′) in the neighborhood of (x, η) for any η. On the other hand, in

the neighborhood of (x0, ξ
(1), or (x0, ξ

(2), M1 coincides with M , then the

conditions (1),(2) in Definition 3.6 are satisfied.

Example 3.5. The modulo produced by the operator M = (1 −
∆)−1/2Dx1Dx2 does not satisfy the three points condition. Indeed, the

symbol of M is ξ1ξ2(1 + ξ2)−1/2. Taking ξ(1) = ξ(2) = η = (1, 0). If in a

neighborhood of (1, 0) the vector field α1Dx1 +α2Dx2 can be expressed by

M , then α1 = 0, so that Z1, Z2 should be chosen as Dx2 . However, in any

neighborhood of η = (1, 0) the operator M cannot be produced by Dx2 .
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3.5.2 Pseudo-composition

It is easy to extend the result in Theorem 3.10 to the case for products of

arbitrary functions. To do it we will use the notation L (u,M Iu), which

stands for the function produced by nonlinear composition of its arguments

in finite times. Such a notation is called pseudo-composition in the

sequel.

Lemma 3.14. Assume that A ∈ OpS0 with its symbol supported in a small

convex cone, M is an algebra of OpS0 operators satisfying three points

condition, then for any M ∈ M , Mf(Au) is a pseudo-composition.

Proof. Since the wave front set of Au is included in Γ, then the wave

front set of f(Au) also belongs to Γ. Now let B(x,D) be a pseudodiffer-

ential operator of order 0 with its symbol equal to 1 on supp Sym(A) and

supported in a neighborhood of supp Sym(A). Then

Mf(Au) = BMf(Au) + (I −B)Mf(Au), (3.79)

where the second term is a nonlinear regularized operator, which is auto-

matically pseudo-composition. For any given t, there is a number s, such

that

‖(I −B)Mf(Au)‖t ≤ (1 + ‖u‖s)N

holds. Then according to the three points condition for ξ1 = ξ2 = η we

have

BMf(Au) =
∑

Cj(Zjf(Au)) =
∑

Cj(f
′(Au)ZjAu).

In view of ZjA ∈ M , the first term in the right hand side of Eq. (3.79) is

also pseudo-composition. �

Lemma 3.14 can be roughly explained as follows. The action of an

operatorM on a nonlinear function f(u) can be replaced by a superposition

of action of M on u with a pseudo-composition.

Theorem 3.11. If the modulo M satisfies the three points condition,

s > n/2, F (x, u, · · · , uN ) has compact support with respect to u1, · · · , uN ,

then uj(x) ∈ Hs(M , k) (1 ≤ j ≤ N) implies F (x, u1(x), · · · , uN (x)) ∈
Hs(M , k).

Proof. Simply denote F (x, u1, · · · , uN) by F (u). When F ∈ C∞
0 we have

F (u(x)) =

∫
exp(iτu(x))F̂ (τ)dτ,
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where F̂ (τ) is the Fourier transformation of F with respect to u. If 1 =∑
Ej(x,D) is a partition of unity, then

exp(iτu) =
∏

exp(iτEjU).

By using Theorem 3.10 M exp(iτu) can be written as the pseudo-

composition L (exp(iτEju,Mk exp(iτEju)). Meanwhile Mk exp(iτEju) is

a pseudo-composition according to Lemma 3.13. Hence

M exp(iτu) = L
′(τu, τMku),

where the form of L ′ is independent of τ , so that the right hand side of

the above equality is increasing as a polynomial of τ at most. Since F̂ is

rapidly decreasing, we know the integral

∫
L

′(τu, τMku)F̂ (τ)dτ

is convergent, and the integral is also in Hs.

The general terms M IF (u) can be treated by using the same method,

then the conclusion F (u) ∈ Hs(M , k) can be established. �

3.5.3 Theorem on interaction of conormal singularities

Based on the previous preparations we can discuss the interaction of conor-

mal singularities now. Consider the semilinear strictly hyperbolic equation

P (x,Dx)u = F (u, · · · , Dβu, · · · )|β|≤m−1, (3.80)

where P (x,Dx) is a strictly hyperbolic operator. Assume that S1, S2 are

two characteristic surfaces intersecting at Γ, and S3, · · · , Sm are other char-

acteristic surfaces issuing from Γ, then we have

Theorem 3.12. If u ∈ Hs (s > n/2 +m) is a solution of Eq. (3.80), and

u ∈ Hs,k(Rn−, S1 ∪ S2) for xn < 0, then the following facts hold in Rn+
(1) u ∈ Hs+k outside

⋃n
i=1 Si;

(2) u ∈ Hs,k(Ω+, Si) in a neighborhood of Si \ Γ (i=1,2);

(3) Denote t = 2s− n/2 −m+ 1, then u ∈ Hs+k in a neighborhood of

Sj\Γ (j = 3, · · · ,m) as s+k ≤ t, otherwise u ∈ H t,`(Ω+, Sj) (j = 3, · · · ,m)

with ` = [s+ k − t].
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Γ

S2

S1

S2S1

S3, · · · , Sn

Figure 3.1 Interaction of conormal singularities

Proof. Let S = (S1, · · · , Sm,Γ), and denote by M the modulo of pseu-

dodifferential operators with symbols vanishing on the conormal bundle of

all Si and Γ. Let Hs,k(M ) be the conormal space defined in the beginning

of this section, then u ∈ Hs,k(M ) in Ω−, because Hs,k(M ) coincides with

Hs,k(S1 ∪ S2) in Rn−. Since M satisfies the three points condition in Rn+,

then Theorems 3.10 and 3.11 shows that Hs,k(M ) is closed with respect

to nonlinear composition. Therefore, the key point to prove the theorem is

to verify the commutation relation. That is, for any M ∈ M we have to

verify

[P,M ] ∈ OpSm−1 · M +OpS0 · P (3.81)

The validity of (3.81) only depends on the principal symbol. Next we

verify it in different cases for (x0, ξ). First, if x0 6∈ Si for each i, (3.81) is

trivial. If x0 ∈ Si \ Γ for some i, then Sym([P,M ]) vanishes on N ∗(Si),
so that [P,M ] can be expressed by M . If x0 ∈ Γ, ξ is not on any N∗(Si),
then (3.81) also holds because any symbol of pseudodifferential operator

can be expressed by M in this case. Hence the only remaining case is

x0 ∈ Γ, ξ ∈ N∗(Si) for some i.

In the last case we notice that in a microlocal neighborhood of T ∗(Si)
the operator M is equivalent to the tangential vector field of Si, the [P,M ]



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

Singularity analysis for semilinear equations 89

vanishes on N∗(Si). On the other hand, since the characteristics of P is

simple (it is strictly hyperbolic), then the restriction of Sym(P ) on T ∗
Γ =

∪x∈ΓT
∗
x only has simple roots on T ∗(Γ) ∩ T ∗(Si). Therefore, we can find

a symbol λ(x, ξ) of order zero, such that the principal symbol of [P,M ] −
λ(x,D)P vanishes on T ∗

Γ . It also means that the principal symbol vanishes

on T ∗
Γ∩T ∗(Si), so that [P,M ]−λ(x,D)P ∈ M microlocally. That is (3.81).

Having proved the commutation relation Eq. (3.81), we can construct

the extended system like we did in the proof of Theorem 3.8 and Theorem

3.9. Acting the element Mi (i = 1, · · · , N) of M on Eq. (3.81), we obtain

P (Miu) = [P,Mi]u+MiF (u, · · · , Dβu),

By using the commutator relation

[P,Mi] =
∑

BijMj +Bi0 + λiP,

P (Miu) can be written as
∑

BijMju+Bi0u+ λ(x,D)F (u, · · · , Dβu) +MiF (u, · · · , Dβu),

where |β| ≤ m − 1. Furthermore, Theorem 3.11 indicates that

MiF (u, · · · , Dβu) is a pseudo-composition, and can be written as

L (u, · · · ,MjD
βu). Then by using paralinearization (see Appendix), we

can obtain

P (Miu) =
∑

j

DijMju+Di0u+ ri,

where Dij is OpΣm−1
s−n/2−m+1 paradifferential operator, ri ∈ H2s−n/2−2m+2.

Hence we can obtain a system of paradifferential equations

PU = DU +R, (3.82)

where U = t(u,M1u, · · · ,MNu), P is a matrix of partial differential op-

erators, whose principal symbol is a diagonal matrix with same element

in its diagonal, R ∈ H2s−n/2−2m−2. Notice that U ∈ Hs−1(Rn) and

U ∈ Hs as xn < 0. Moreover, U belongs to Hs−k+1 microlocally out-

side T ∗(S1) ∪ T ∗(S2). By using Theorem 3.4 we know that singularities of

U propagate along bicharacteristics, so that U is Hs regular in whole Rn.

As for the microlocal regularity outside T ∗(S1)∪T ∗(S2), U is in Ht1 , where

t1 = min
(
s+ k − 1, 2s− n

2
−m+ 1

)
.

The commutator relation of higher order can be established by induc-

tion. Based on it we can construct a system of paradifferential equations
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for the vector Uk with M Iu (M is the generators of M , |I | ≤ k) as its ele-

ments. This system has the same form as Eq. (3.62). Its principal symbol is

a diagonal matrix with same element in its diagonal. Therefore, M Iu ∈ Hs

as |I | ≤ k, i.e. u ∈ Hs,k(Si). As for the points outside T ∗(S1) ∪ T ∗(S2),

M Iu ∈ Hmin(s+k−`,t) holds microlocally, if |I | ≤ `, and t = 2s−n/2−m+1.

Therefore, by taking ` = [s + k − t] we obtain the regularity of u near

S3, · · · , Sn as shown in the conclusion (3) of the theorem. �

3.5.4 Reflection of conormal singularities

It is also possible to study the reflection of singularities in the scheme

of conormal distributions. When a characteristic surface carrying conor-

mal singularity intersect with boundary transversally, the singularity may

propagate along other characteristics issuing from the intersection, so that

reflection of singularities occurs. Reflection of singularities can also be

considered as that the boundary gives an interaction to the propagation

of singularities. To study such a problem one has to overcome some new

difficulties, like to distinguish the regularity in normal direction and the

regularities in tangential direction, to proceed calculus of pseudodifferen-

tial operators in a domain with boundary etc. Here we will only introduce

a result given by [14].

Assume that Ω is an open set in Rn, Ω+ = Ω ∩ {xn > 0}. Consider a

boundary value problem
{
P (x,Dx)u = f(x, u, · · · , Dn−2u), xn > 0;

Bu|xn=0 = 0
(3.83)

where P is a strictly hyperbolic operator with respect to x1, the bound-

ary S0 : xn = 0 is non-characteristic, the opeator B satisfies a uniform

Lapatinski condition. If ∆ is a submanifold of dimension n − 2 on S0,

while S1, · · · , SN are characteristic surfaces through ∆, intersecting with

S0 transversally. Denote S = {S0, S1, · · · , SN}, M is a modulo of pseu-

dodifferential operators, whose principal symbol vanishes on the conormal

bundle of any surface in S . Hs,k = Hs,k(M ), Hs,k
∆ is the conormal dis-

tribution with respect to the submanifold ∆ on xn = 0. Then we have the

following conclusion:

Theorem 3.13. If u ∈ Hs+m−1(Ω+) is a solution of Eq. (3.83), s >

n/2 − 1, u ∈ Hs+m−1,k(Ω+ ∩ {x1 < 0}), then u ∈ Hs+m−1,k(Ω+), and the

trace of u on the boundary ∂Ω satisfies γu ∈ Hs,k
∆ (∂Ω).
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Readers can find the proof of the theorem in [14]. The theorem indi-

cates that the conormal singularities of u at x1 < 0 holds when x1 be-

comes positive. Particularly, if the characteristics S1, · · · , SN1 through ∆

are downward, and the characteristics SN1+1, · · · , SN through ∆ are up-

ward, then the theorem indicates the conormal singularity on any surface

of S1, · · · , SN1 will reflect to all upward surfaces SN1+1, · · · , SN .
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Chapter 4

Propagation of singularities for fully

nonlinear equations

4.1 Theorem of propagation of singularities for principal

type equations

This chapter is devoted to the analysis of singularities for fully nonlinear

partial differential equations. For fully nonlinear equations both the path

of propagation of singularities and the description of the singularities are

related to the solution of the equations. Therefore, the discussion on the

propagation of singularities in the case for fully nonlinear equations will be

more complicated than the discussion in the case for linear or semilinear

equations. In order to use the method developed in linear case to non-

linear case people first have to linearize the nonlinear equations. There

are many ways to linearize a given nonlinear equation. Among them an

efficient method is paralinearization, i.e. linearization by using paradiffer-

ential operators. Since such a linearization only neglect the terms with

higher regularities, so that it does not influence the description of singular-

ities of an assigned level. Therefore, by such a linearization the problem of

propagation of singularities for nonlinear equations will be simply reduced

to a linear problem. The theory on paradifferential operators can be found

in [19]. To reader’s convenience we give a sketch on the main conclusion of

this theory in Appendix.

We have given a theorem on propagation of singularities of solutions

to linear partial differential equations of principal type and its proof in

Chapter 2. In this chapter we will give a new proof by using the method of

microlocal energy estimates, because some modification of this new proof

can deduce a corresponding proof for nonlinear equations. To avoid to

bring readers to a long proof of a mathematical statement, we decompose

the theorem to two steps. Such a treatment will also let people be easier

93
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to master the crucial points and figure out what is new ingredient in the

process passing from linear problems to corresponding nonlinear problems.

First let us recall the theorem of propagation of singularities for linear

equations (Theorem 2.9).

Theorem 4.1. Assume that P is a linear partial differential operator of

principal type in strict sense defined in a domain Ω with C∞ coefficients,

u is a real solution of Pu = f with f ∈ Hs+m−1(Ω), A0 = (x0, ξ0) ∈ T ∗(Ω)

satisfies pm(x0, ξ0) = 0. Assume that γ is a bicharacteristic strip of P

passing through A0, then A0 6∈ WFs(u) implies γ ∩WFs(u) = ∅.

The new proof of Theorem 4.1 is based on a microlocal energy estimate.

By using this estimate one can successively improve the microlocal regular-

ity on the bicharacteristic strip γ. According to the definition of microlocal

regularity of a given function u at (x0, ξ0), we know that for any given set

U in T ∗(Ω), u ∈ Hs(U) means u ∈ Hs(x, ξ) for any (x, ξ) ∈ U . Moreover,

one can also define seminorm of u by

|u|s,U = ‖Mu‖Hs , (4.1)

where M is any pseudodifferential operator of order 0 with support in U .

Let us give some simplification of the statement of Theorem 5.1. By

multiplying an elliptic operator Q of order 1 −m on P , the problem can

be reduced to the case, when P is an operator of order 1. Indeed, if the

principal symbol q(x, ξ) of Q is a homogeneous function of degree 1 −m,

then multiplying Q on the both sides of Pu = f gives QPu = Qf . Since

q(x, ξ) does not vanish identically, then Hqpm is parallel to Hpm on the

characteristic strip of P . On the other hand, since the action of an elliptic

operator of order 1−m transforms the WF s−m+1 wave front set of f to its

WF s wave front set, then the theorem of propagation of singularities for

the operator P of order m can be derived from the case m = 1. Besides, we

can also only consider a part of the strip γ near the point (x0, ξ0), because

the conclusion of the theorem for the whole strip γ can be obtained by finite

times of extension of the local conclusion.

Assume that V is a conical neighborhood of the point A, U is a conical

neighborhood of the strip γ, we can establish the following energy inequality

‖Kδu‖τ ≤ δ‖KδPu‖τ +M(|u|τ,V + |Pu|τ−1,U + |u|τ−τ1,U + ‖u‖−N),

∀u ∈ C∞
0 (Ω1), (4.2)

where τ1 > 0,Ω1 ⊂ Ω, N is an arbitrary integer, Kδ is a suitable pseudod-

ifferential operator of order 0 with symbol having the property listed in the
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following Lemma 4.1. When τ = 0 the above estimate is reduced to

‖Kδu‖0 ≤ δ‖KδPu‖0 +M(δ)(|u|0,V + ‖u‖−τ1). (4.3)

Next we have to prove two assertions. The first one is the conclusion of

Theorem 4.1 can be derived from (4.2), and the second one is the validity

of (4.2). As the first step we prove (4.3).

Lemma 4.1. There is a pseudodifferential operator Kδ with symbol kδ sat-

isfying the following conditions:

(1) C∞ smooth, positive on γ, and having support in U .

(2) homogeneous function of ξ with degree 0.

(3) Hkδ ≥ 2

δ
kδ outside V , where H is the Hamilton vector field of

pm(x, ξ).

Proof. Project all elements (x0, ξ0),H, γ, U, V on the sphere bundle – a

subbundle of cotangent bundle T ∗(Ω), we can construct kδ on the sphere

bundle and then extend all related functions to the whole cotangent bun-

dle as homogeneous functions of ξ with degree 0. Denote the coordinates

of the sphere bundle by y1, · · · , y2n−1. Since the operator P is principal

type in strict sense, then H 6= 0. Hence one can make a transformation to

straighten the bicharacteristics γ and let H become H1 = ∂y1 . Next, with-

out loss of generality we may assume that the image of A0 is (1, 0, · · · , 0),

the image γ̃ of an assigned part of γ is an interval from (0, 0, · · · , 0) to

(1, 0, · · · , 0). Then we can construct a function ζ(y1), such that the sup-

port of ζ locates on (−δ, 1 + δ) for sufficiently small number δ > 0, and

the derivative ζ ′(y1) > 0 outside (1 − δ, 1 + δ). Make another C∞
0 func-

tion θ2(y2, · · · , y2n−1) supported on a δ neighborhood of the origin, and

let φ(y) = ζ1(y1)θ2(y2, · · · , y2n−1), then the support of the function φ(y)

contains in a neighborhood Ũ of the image γ̃ of γ, and H1φ ≥ 0 on Ũ\Ṽ .

Now let k̃δ = φ exp(2y1/δ), then

H1k̃δ = (H1φ) exp(2y1/δ) +
2

δ
k̃δ ≤

2

δ
k̃δ. (4.4)

Return to the original coordinates in the cotangent bundle, we proved the

lemma. �

Lemma 4.2. Assume that Kδ is the pseudodifferential operator with the

symbol kδ constructed in Lemma 4.1, then the equality (4.3) holds.

Proof. Consider the inner product (KδPu,Kδu), we have

Im(KδPu,Kδu) − Im(PKδu,Kδu) = Re(iK∗
δ [P,Kδ ]u, u). (4.5)
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Let us estimate the two terms in the left-hand side. Obviously,

|Im(KδPu,Kδu)| ≤ ‖KδPu‖0‖Kδu‖0. (4.6)

In view of that P − P ∗ is a pseudodifferential operator of order 0, then

|Im(PKδu,Kδu)| = |((P − P ∗)Kδu,Kδu)|/2 ≤ C‖Kδu‖2
0. (4.7)

On the other hand, the operator [P,Kδ] on the right-hand side of (4.5) is

also a pseudodifferential operator of order 0 with the symbol Hkδ/i, hence

the principal symbol of operator iK∗
δ [P,Kδ] is k̄δHkδ, which is larger than

or equal to 2|kδ|2/δ. Hence we have

iK∗
δ [P,Kδ] =

2

δ
K∗
δKδ + S1 + S2, (4.8)

where S1, S2 are pseudodifferential operators of order 0. Moreover, the

principal symbol of S1 is non-negative, the principal symbol of S2 is 0

outside of V . Then, by using G̊arding inequality, we have

Re(iK∗
δ [P,Kδ ]u, u) ≥

2

δ
‖Kδu‖2

0 −M‖u‖2
−N −M |u|20,V . (4.9)

Taking δ sufficiently small, and substituting Eqs. (4.6), (4.7), (4.9) into

Eq. (4.5), we obtain Eq. (4.3). �

Lemma 4.3. Under the assumptions of Lemma 4.2 the estimate (4.2)

holds.

Proof. Making a properly supported psuododifferential operator E of

order τ , whose symbol is (1 + |ξ|2)τ/2 outside a neighborhood of U , then

according to the psuododifferential calculus we know

‖Kδu‖τ = ‖ΛτKδu‖0

≤ ‖EKδu‖0 + ‖(Λτ −E)Kδu‖0

≤ ‖KδEu‖0 + ‖[E,Kδ]u‖0 + ‖(Λτ −E)Kδu‖0

≤ ‖KδEu‖0 + C|u|τ−1,U + C‖u‖−N , (4.10)

where N is an arbitrary large number. Equation (4.3) indicates

‖KδEu‖0 ≤ δ‖KδPEu‖0 +M(|Eu|0,V + ‖Eu‖−τ1)
≤ δ‖KδPEu‖0 +M(|u|τ,V + ‖u‖−N + |u|τ−τ1,U . (4.11)

Writing KδPE as

EKδP + [Kδ, E]P + [Kδ, [P,E]] + [P,E]Kδ

and estimating each term, we obtain

‖KδPEu‖0 ≤ C(‖KδPu‖τ + ‖Kδu‖τ )
+M(Pu|τ−1,U + |u|τ−τ1,U + ‖u‖τ−1). (4.12)

Substituting it into Eq. (4.10) and taking δ sufficiently small we obtain

Eq. (4.2). �
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Proof of Theorem 4.1. Without loss of generality we may assume that

the support of u is compact. Here we should indicate that the boundedness

of all terms in Eq. (4.2) implies u ∈ Hτ (γ). Denoting Jη as a mollifier, we

have J2
ηu ∈ C∞

0 (Ω). Therefore,

‖KδJ
2
ηu‖τ ≤ δ‖KδPJ

2
ηu‖τ +M(|J2

ηu|τ,V + |PJ2
ηu|τ−1,U

+|J2
ηu|τ−τ1,U + ‖J2

ηu‖τ−1). (4.13)

Since u ∈ Hτ−1, and u belongs to Hτ (V ) ∩Hτ−τ1(U) microlocally, then

|J2
ηu|τ−τ1,U → |u|τ−τ1,U , |J2

ηu|τ,V → |u|τ,V ,

‖J2
ηu|τ−1 → ‖u‖τ−1,

if η → 0. On the other hand, since [P, J2
η ] is a bounded operator from L2

to L2, and its norm is bounded uniformly with respect to η, then

|PJ2
ηu|τ−1,U ≤ |Pu|τ−1,U + C|u|τ−1,U ,

‖KδPJ
2
ηu‖τ ≤ ‖KδJ

2
ηPu‖τ + ‖[Kδ, [J

2
η , P ]]u‖τ + ‖[J2

η , P ]Kδu‖τ
≤ ‖KδJ

2
ηPu‖τ + ‖[Kδ, [J

2
η , P ]]u‖τ + ‖[Jη[Jη , P ]]Kδu‖τ

+ 2‖[Jη, P ]JηKδu‖τ .
The terms are dominated by

C(‖Pu‖τ + ‖u‖τ−1 + ‖KδJηu‖τ).
Hence for sufficiently small η we have

‖KδJηu‖τ ≤ ‖KδJ
2
ηu‖τ + ‖[Kδ, Jη − I ]Jηu‖τ + ‖(Jη − I)KδJηu‖τ

≤ C1δ‖KδJηu‖τ +
1

2
‖KδJηu‖τ + C2,

where C2 depends on ‖Pu‖τ , ‖u‖τ−1, |u|τ,V , |u|τ−τ1,U . Hence, by taking

δ < 1/(4C1), we obtain

‖KδJηu‖τ ≤ 2C2. (4.14)

Moreover, notice that Jηu→ u (Hτ−1), as η → 0, we then obtain

KδJηu→ Kδu.

By using Banach-Saks theorem and Eq. (4.14) we know Kδu ∈ Hτ . Since

kδ is positive on γ, we know u belongs to Hτ (γ) microlocally.

The above demonstration indicates that u ∈ Hτ−τ1
γ ∩ H−N(Ω), u ∈

Hτ
(A0)

and Pu ∈ Hτ
γ imply u ∈ Hτ

γ . Since u is assumed to have a compact

support, then there is a number −N , such that u ∈ H−N . Hence we can



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

98 Analysis of Singularities for Partial Differential Equations

improve the regularity of u on γ successively, and finally confirm that the

regularity of u is determined by its regularity at A0 and the regularity of

Pu on γ as shown is the theorem. �

Turn to the study on the nonlinear case, we discuss the fully nonlinear

equation

F [u]
∆
= F (x, u(x), · · · , ∂αu(x), · · · )|α|≤m = 0, (4.15)

where F is a C∞ function of its arguments. When u ∈ Hs and s > n/2+m,

F [u] is a continuous function of x. As mentioned above, the characteristic

polynomial is

pm(x, ξ) =
∑

|α|=m

∂F

∂uα
(x, u(x), · · · )(iξ)α,

which depends on the solution u, so is the bicharacteristic strip. Hence

the general form of the theorem of singularity propagation for the fully

nonlinear equations is

Theorem 4.2. Assume that u is a solution of the equation Eq. (4.15), u ∈
Hs
loc(Ω), s >

n

2
+m+2, A0(x0, ξ0) is a characteristic point of the equation,

γ is a bicharacteristic strip passing through A0. Moreover, u ∈ H t(x0, ξ0)

with t ≤ 2s− n

2
−m− 1, then u ∈ Ht

γ.

The proof can be proceeded along the outline of the proof of Theorem

4.1. Here let us emphasize the difference. First, in the nonlinear case we

have to assume that u has some regularity initially, then successively to

improve its regularity. For instance, we may assume that u ∈ Hm+2, then

the corresponding Hamilton-Jacobi system has C1 coefficients, so that the

bicharacteristic strip can be well defined. Second, since the coefficients of

the characteristic equation is only finitely smooth, then the proof of Theo-

rem 4.1, including the construction of the operator Kδ should be modified.

Like the proof for Theorem 4.1, we first linearize the equation Eq. (4.15).

By using the theory of paralinearization and paradifferential operators, the

equation can be linearized as
∑

|α|≤m
T ∂F

∂uα
∂αu = r, (4.16)

where r is a function with higher regularity. r ∈ H2(s−m)−n/2 if t > 2s−
n/2 −m− 1, and r ∈ H t−m+1 if t ≤ 2s− n/2 −m− 1. Then the proof is

complete provided the following proposition holds.
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Theorem 4.3. Assume P ∈ Op(Σmσ )(Ω), where σ > 1 is a non-integer,

the principal symbol pm of P is a C2 real function. Assume also that

u ∈ Hs, Pu ∈ Ht−m+1(Ω) and u ∈ Ht(x0, ξ0), where s and t satisfy the

requirement in Theorem 4.2, then u belongs to H t(γ) microlocally, where γ

is a bycharacteristic strip passing through (x0, ξ0).

Proof. The main steps of the proof are basically the same as that for

Theorem 4.1. However, since the principal symbol pm is only a C2 func-

tion, then the function kδ constructed in Lemma 4.1 is not a C∞ function.

Therefore, we introduce a C∞
0 (Ω) function jε(z), satisfying

∫
jεdz, and

replacing kδ by kδε = kδ ∗ jε =

∫
kδ(z − z′)jε(z

′)dz′. Obviously, kδ ∗ jε is

a positive C∞ function, and

Hkδε −
∫
Hkδ(z − z′)jε(z

′)dz′ ≥ 2

δ
kδε. (4.17)

Making a homogeneous extension of degree 0 with respect to ξ, the sym-

bol then satisfies all conditions in Lemma 4.1. Afterwards, we obtain the

operator Kδε.

Similar to the proof of Lemma 4.2 and Lemma 4.3 with replacing the

pseudodifferential operators by corresponding paradifferential operators we

can complete the proof of Theorem 4.3. In fact, the rule of the calculus for

paradifferential operators and the rule of the calculus for pseudodifferential

operators are essential the same, then the main idea of these two lemmas

are still available. The operator S2 in Eq. (4.8) should be replaced by a

paradifferential operator of order 1, whose symbol vanishes outside V . To

estimate (S2u, u), we make an operator L, whose symbol ` ∈ S0 vanishes

outside of V and is equal to 1 on suppSym(S2) , then R2 = (I − L)S2 is

an operator with lower order. On the other hand, the conjugate operator

L∗ of the operator L can be expressed as a sum of a C∞ regular operator

and an operator L′, whose symbol vanishes outside of V . Denote by R2

the paradifferential operator of lower order produced in the process of the

calculus of paradifferential operators, then for τ1 <
1

2
we have

|(S2u, u)| ≤ |(LS2u, u)| + |(R2u, u)|
= |(S2u, L

∗u)| + |(R2u, u)|
≤ |(S2u, L

′u)| + |(S2u,R1u)| + |(R2u, u)|
≤M(|u|20,V + ‖u‖2

−τ1). (4.18)

Hence Eq. (4.9) still holds. �
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Remark 4.1. If the nonlinearity of the equation Eq. (4.15) is weaker, then

the conclusion of Theorem 4.2 can be better. For instance, if Eq. (4.15)

is a quasilinear equation, then the conclusion of the theorem holds for

s > n/2+m+1, t ≤ 2s−n/2−m. Moreover, if Eq. (4.15) is semilinear, then

the conclusion of the theorem holds for s > n/2+m−1, t ≤ 2s−n/2−m+1.

From Theorem 4.2 we obtain the following theorem on extension of Hs

regularity of solutions to nonlinear equations.

Theorem 4.4. Assume that Eq. (4.15) is a hyperbolic equation with respect

to xn, u is its Hs(Ω) solution with s >
n

2
+m + 2, Ω ∩ {xn > 0} locates

in the determinacy region of Ω− = Ω ∩ {xn < 0}. If u ∈ Ht with t > s in

xn < 0, then u ∈ Ht in the whole domain Ω.

Proof. Taking s1 = min{2s − n/2 −m − 1, t}, for any point x0 in Ω ∩
{xn > 0} and any direction ξ0 we consider the regularity of u at (x0, ξ0).

If (x0, ξ0) is not any characteristic point of Eq. (4.15), then the equation

is microlocally elliptic, so that we know u ∈ H2s−n/2−m−1 by using the

regularity theorem for elliptic equation. This implies u ∈ Hs1(x0, ξ0). If

(x0, ξ0) is a characteristics point of Eq. (4.15), then Theorem 4.2 implies

u ∈ Hs1(x0, ξ0). Since ξ0 can be any direction in Rnξ , then u ∈ Hs1(x0).

Due to the arbitrariness of x0 we know u ∈ Hs1(Ω). Replacing s by s1, we

can further improve the regularity of u by using the same method. Finally,

we obtain u ∈ Hs(Ω). �

The reflection of singularities is also extensively studied. The difficulty

is that the original paralinearization does not work in the domain with

boundary. The concept of tangential paralinearization and the correspond-

ing calculus was established in [122]. In this case both the description of

singularities and the reduction of the equation in tangential direction and

in normal direction of the boundary should be treated by using different

method. The problem of singularity reflection of nonlinear equation in the

case when the bicharacteristics bearing singularities transversally intersects

boundary is discussed in [122], while in the case when the bicharacteristics

is tangential to the boundary is discussed in [145].
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4.2 Propagation of conormal singularities for

nonlinear equations

In Section 4.1 we discussed the propagation of singularities described by

wave front sets for fully nonlinear equations. Like the semilinear equation

case, in the framework of wave front sets one can only study the propagation

of singularities with order no more that 2s for general nonlinear equations.

Hence in the sequel we will discuss the propagation of conormal singularities

for fully nonlinear equations. As mentioned in Chapter 3, the description

of conormal singularities of a given distribution u depends on a variety of

submanifolds S . The regularities of u on the normal direction and the

tangential direction of submanifolds in S are different. If u is a solution

of a given partial differential equation, S is a hypersurface bearing some

singularities of u, then S must be a characteristics of the equation. Since

the equation is fully nonlinear, the characteristic hypersurface S itself may

also be singular in some sense. In accordance, the statement as well as

the proof of the related propositions will be more complicated. In this

section we will mainly discuss the propagation of single conormal wave for

nonlinear hyperbolic equations.

Again assume that Ω is a domain in Rn, intersecting with x = 0.

F (x, u(x), · · · , ∂αu(x), · · · )|α|≤m = 0 (4.19)

in a nonlinear equation given in Ω. Let u be the Hs+m solution with

s > n/2. Denote by u(α) the derivative ∂αu(x), and make the linearized

operator P for the nonlinear operator F at u as

P =
∑

|α|≤m

∂F

∂u(α)
(x, u(x), · · · )∂αx . (4.20)

Assume that for given u the operator P is strictly hyperbolic with respect

to xn, and assume that Ω is included in the determinacy region of Ω− =

Ω ∩ Rn−. Denote x′ = (x2, · · · , xn−1), and assume that S : x1 = φ(x′, xn)

is a characteristic surface of Eq. (4.19), then we are going to confirm that

the conormal regularity of u in Ω− implies its conormal regularity in the

whole region Ω.

Theorem 4.5. Assume that s >
n

2
+

7

2
, σ >

n

2
+

3

2
, u ∈ Hs+m(Ω)

is a solution of Eq. (4.19), S is an Hσ regular characteristic surface. If

S ∈ C∞ and u ∈ Hs+m,∞(S) in Ω−, then S is C∞ in the whole Ω and

u ∈ Hs+m,∞(S).
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The proof of this theorem will be proceeded by several Lemmas. First,

to overcome the difficulty to give a proper definition of conormal singu-

larity we make a coordinate transformation χ to straighten S to x1 = 0.

Since in the new coordinate system the conormal singularity is well defined,

then the solution of the original equation is regarded as a composition of a

distribution u with a specific conormal singularity and a non-smooth coordi-

nate transformation. When we make paralinearization for nonlinear partial

differential equations such a composition also plays important role. The

composition is called paracomposition, which was established in [3]. The

main results on paracomposition will be briefly described in Appendix of

this book. By using the theory of paradifferential operators and paracom-

position we establish a differential equation in the new coordinate system

for the distribution χ∗u, then by using the bootstrap way to improve the

regularity of χ and χ∗u repeatedly, and finally obtain the required result.

Let x′ = (x2, · · · , xn−1) and let x1 = φ(x′, xn) be the characteristic

surface of (4.15), then φ satisfies the equation

∂φ

∂xn
= λ(φ, x′, xn, u(x), · · · ,−1,∇x′φ), (4.21)

where λ(x1, x
′, u, · · · , ξ1, ξ′) is a real root of the equation

∑

|α|=m

∂F

∂u(α)
(x, u, · · · )ξα = 0 (4.22)

with respect to ξn.

Denote the original coordinates by (x̄1, · · · , x̄n), we introduce an Hs

homeomorphism χ:

x̄1 = x1 + φ(x′, xn), x̄
′ = x′, x̄n = xn. (4.23)

Then the equation of the characteristic surface S in the new coordinate

system is x1 = 0. The function v(φ(x′, xn), x′, xn) can be regarded as the

value of v ◦ χ on x1 = 0.

Lemma 4.4. Assume that s >
n

2
+

7

2
, σ >

n

2
+

3

2
, u ∈ Hs+m(Ω), φ

satisfies Eq. (4.21), then φ ∈ Hs−1/2. Furthermore, if χ∗u ∈ Hs+m,k, then

φ ∈ Hs+m−1/2.

Proof. First let us derive the paralinearized equation. When Eq. (4.21)

is regarded as a nonlinear partial differential equation for φ, the function

u(x1, x
′xn) should be regarded as a given function. Since u is only Hs+m

regular, then in the process of paralinearization for Eq. (4.21) we must

consider the influence of nonlineararity and nonsmoothness simultaneously.
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Without loss generality we assume σ < s − 1/2, because the conclu-

sion of the lemma automatically holds otherwise. Since χ ∈ Hσ , then the

imbedding theorem implies u(α) ◦ χ ∈ Cσ−n/2, (∂x1u
(α)) ◦ χ ∈ Cσ1 , where

σ1 = min(s−n/2−1, σ−n/2). From the rule of paracomposition Eq. (A.32)

we know that for any function v ∈ Hs′ with s′ > n/2 + 1,

v ◦ χ = χ∗v + Tv′◦χχ+R, R ∈ Hσ+σ1 . (4.24)

Therefore,

u(α)(φ, x′, xn) = u(α) ◦ χ
∣∣
x1=0

= χ∗u(α)
∣∣
x1=0

+ (T(∂x1u
(α))◦χχ)x1=0 +R1

∣∣
x1=0

= χ∗u(α)
∣∣
x1=0

+ T(∂x1u
(α))(φ,x′,xn)φ+R1

∣∣
x1=0

+Q1φ, (4.25)

where Q1 is a σ1-regular operator. Furthermore, the trace theorem implies

R1

∣∣
x1=0

∈ Hσ+σ1−1/2, then

u(α)(φ, x′, xn) ∈ H(σ).

Similarly,

(∂x1u
(α))(φ, x′, xn) = (χ∗∂x1u

(α))
∣∣
x1=0

+ T(∂2
x1
u(α))(φ,x′,xn)φ

+R2

∣∣
x1=0

+Q2φ,

where R2

∣∣
x1=0

∈ Hs−3/2, Q2 is a σ2-regular operator with σ2 = min(s −
n/2− 2, σ − n/2). Moreover, (χ∗∂x1u

(α))
∣∣
x1=0

∈ Hs−3/2, then

(∂x1u
(α))(φ, x′, xn) ∈ Hmin(s−3/2,σ) ⊂ Hσ−1. (4.26)

Paralinearizing the right-hand side of Eq. (4.21), we have

λ(φ, x′, xn, u
(α);−1, φx′) = T ∂λ

∂φφ
+
∑

T ∂λ

∂u(α)
u(α)(φ, x′, xn) +T ∂λ

∂ξ′
φx′ +R3,

(4.27)

where R3 ∈ H2(σ−1)−(n−1)/2. By using Eq. (4.25) T ∂λ

∂u(α)
u(α)(φ, x′, xn) can

be written as

T ∂λ

∂u(α)
T∂x1u

(α)φ+ T ∂λ

∂u(α)
(χ∗u(α)

∣∣
x1=0

+R1

∣∣
x1=0

+Q1φ)

= T ∂λ

∂u(α)
·∂x1u

(α)φ+R4 +R5, (4.28)

where

R4 = T ∂λ

∂u(α)
(χ∗u(α)

∣∣
x1=0

+R1

∣∣
x1=0

+Q1φ) ∈ Hmin(s−1/2,σ+σ1−1/2),
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and R5 is the remainder produced in the composition of paraproduct, so

that is an H2σ−(n+1)/2 function. Applying all these estimates in the equa-

tion of φ, we have

φxn = T ∂λ
∂ξ′
φx′ + TAφ+R6, (4.29)

where
∂λ

∂ξ′
, A ∈ Hσ−1, R6 is the sum of R3, R4, R5. Therefore, denoting

θ = min

(
2(σ − 1) − n− 1

2
, s− 1

2
, σ + σ1 −

1

2

)

= min

(
2σ − n

2
− 3

2
, s− 1

2

)
,

hence φ ∈ Hθ. Indeed, because σ − 1 is the regularity index of
∂λ

∂ξ′
and

A, and n− 1 is the number of independent variables in Eq. (4.29), we have

σ > n/2 + 3/2, i.e. (σ − 1) − (n − 1)/2 > 1, then from Theorem 4.3 we

know that the Hθ regularity propagates along the bicharacteristic strip of

Eq. (4.29). Therefore, φ is an Hθ function in t > 0. Now if θ = s − 1/2,

then the conclusion in the first part has been proved. Otherwise, we may

repeat the process with replacing σ by θ to improve the regularity of φ

successively, and finally reach φ ∈ Hs−1/2.

If χ∗u has higher regularity, φ can also be more regular. Let σ = s−1/2,

in order to obtain the conclusion of this lemma, we only have to prove that

φ ∈ Hs+k−1/2 and χ∗u ∈ Hr+m,k+1 imply φ ∈ Hs+k+1/2.

The remains of the proof is similar to the first part. Since χ is an Hσ+k

transformation, then the regularity of the remainders should be

R ∈ Hσ+k+θ with θ = min(σ + k − n/2, s− n/2− 1),

R1

∣∣
x1=0

+Q1φ ∈ Hσ+k+(s−n/2−1)−1/2 ⊂ Hs+k+1/2,

R2

∣∣
x1=0

+Q2φ ∈ Hσ+k+(s−n/2−2)−1/2 ⊂ Hs+k+1/2.

To obtain better regularity of χ∗u(α) and χ∗∂x1u
(α) we use the theorem of

superposition of paracomposition and paradifferential operator (see Theo-

rem A.28 in Appendix) to obtain

χ∗u(α) = T`(α)χ∗u+Rαu, (4.30)

where T`(α) ∈ Σ
|α|
σ+k−n/2−1, Rα is a (σ+k−n/2−1−|α|) regular operator,

then

χ∗u(α) ∈ Hs+m−|α|,k+1 ⊂ Hs,k+1,

χ∗∂x1u
(α) ∈ Hs−1,k+1.



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

Propagation of singularities for fully nonlinear equations 105

Then we have

χ∗u(α)
∣∣
x1=0

∈ Hs+k+1/2, (χ∗∂x1u
(α))
∣∣
x1=0

∈ Hs+k−1/2,

u(α)(φ, x′, xn) ∈ Hs+k+1/2, ∂x1u
(α)(φ, x′, xn) ∈ Hs+k−1/2.

On the other hand, the remainders produced in the process of paralineariza-

tion satisfy

R3 ∈ H2(σ+k−1)−(n−1)/2,

R4 ∈ Hs+k+1/2,

R5 ∈ Hs+k+(σ+k+(n−1)/2).

Then from σ = s − 1/2 > n/2 + 3 we know R3 + R4 + R5 ∈ Hs+k+1/2.

According to Theorem 4.3 we have φ ∈ Hs+k+1/2. As mentioned above, we

are then led to the second conclusion of the theorem by induction. �

Lemma 4.4 implies that the better regularity of χ∗u implies better reg-

ularity of φ. Next we look for the paradifferential equation satisfying by

χ∗u to get more regularity of χ∗u.

Lemma 4.5. Assume s > n/2 + 7/2, σ = s − 1/2, φ ∈ Hs+k−1/2, u ∈
Hs+m, χ∗u ∈ Hs+m,k, then χ∗u satisfies

Tp∗χ
∗u = R, (4.31)

where p∗ = p∗m + p∗m−1, p
∗
m−j is the symbol of a differential operator of

order m− j with coefficients in Cm−j−n/2−1,k, R ∈ Hs+1,k+1.

Proof. As indicated in Lemma 4.4, χ∗u ∈ Hs+m,k implies

χ∗u(α) ∈ Hs,k, then by using Theorem A.26 in Appendix the term

χ∗(F (x, u, · · · , u(α), · · · )) can be paralinearized as
∑

α

T ∂F

∂u(α)
χ∗u(α) +R1 = 0, (4.32)

where R1 ∈ H(s−1/2)+(s−n/2−1),k ⊂ Hs+1,k+1, The argument of
∂F

∂u(α)
is

u(α) ◦ χ = χ∗u(α) + T∇(u(α))◦χχ = R2 ∈ Hs−1/2,k.

In the left-hand side of Eq. (4.32), for the terms with |α| ≤ m− 2, we have

∂F

∂u(α)
∈ Hs−1/2,k ⊂ Cs−(n+1)/2,k.
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Then Theorem A.14 in Appendix implies

T ∂F

∂u(α)
χ∗u(α) ∈ Hs+m−|α|,k ⊂ Hs+1,k+1.

For the terms with |α| = m or m− 1 in the left-hand side of Eq. (4.32)

we write χ∗u(α) as T`(α)χ∗u + Rαu, where `(α) ∈ Σ
|α|
σ+k−1/2−1, Rα is a

(σ + k − n/2 − 1 − |α|) regular operator with σ = s + k − 1/2. From

u ∈ Hs+m we know Rσu ∈ Hs+1,k+1. Moreover, denoting by `
(α)
j the

homogeneous terms of degree j, we have

T`(α)χ∗u− T
`
(α)
m
χ∗u+ T

`
(α)
m−1

χ∗u ∈ Hs+m,k ⊂ Hs+1,k+1,

which can be regarded as reminder. Hence, Eq. (4.32) can be written as
∑

|α|=m
T ∂F

∂u(α)
T
`
(α)
m
χ∗u+

∑

|α|=m
T ∂F

∂u(α)
T
`
(α)
m−1

χ∗u+
∑

|α|=m−1

T ∂F

∂u(α)
T
`
(α)
m−1

χ∗u = R2,

(4.33)

where R2 ∈ Hs+1,k+1. Since the coefficients of `
(α)
m belongs to

Cs+k−(n+3)/2, the coefficients of `
(α)
m−1 belongs to Cs+k−(n+5)/2, and

∂F

∂u(α)
∈ Cs−(n+1)/2,k, then according to the property of paradifferential

operators we have

T ∂F

∂u(α)
T
`
(α)
m
χ∗u = T ∂F

∂u(α)
`
(α)
m
χ∗u+R3,

T ∂F

∂u(α)
T
`
(α)
m−1

χ∗u = T ∂F

∂u(α) `
(α)
m−1

χ∗u+R4

with R3, R4 ∈ Hs+1,k+1. Substituting all these into Eq. (4.33) we obtain

the required Eq. (4.31). �

According to the above treatment the problem is reduced to the prop-

agation of conormal singularities with respect to the surface x1 = 0 for the

solution of Eq. (4.31). Then we can use the method in the proof of Theorem

3.7. Denote by V1, V2, · · · , Vn the operators x1∂x1 , ∂x2 , · · · , ∂xn , then Tp∗

can be written as the linear combination of the identity I and Vi, · · · , Vn.

Lemma 4.6. Under the assumptions of Lemma 4.5

Tp∗ =
n∑

j=1

TBjVj + TA +Q, (4.34)

where TBj and TA are paradifferential operators with symbols being polyno-

mials of degree m− 1, which belong to Cs−(n+5)/2,k+1 and Cs−(n+7)/2,k+1

for the variable x respectively, the reminder Q is a continuous map from

Hs′+m,k′ to Hs′+s−(n+5)/2,k′ with k′ ≤ k + 1 being a nonnegative integer

and s′ being any real number.
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Proof. Since the symbol p∗m vanishes on x1 = 0, then it can be written

as

p∗m = ax1ξ
m
1 +

∑

k<m,k+|α|+h=m

bk,α,hξ
k
1 ξ

′αξhn. (4.35)

Write Tp∗m as

Tp∗m = Tαx1D
m
1 +

∑
Tbk,α,h

D1D
α
x′Dh

n

= Tα(x1D
m
1 ) +

∑
Tbk,α,h

D1D
α
x′Dh

n + (Tαx1 − Tax1)D
m
1 ,

and incorporate Tp∗−p∗m into TA and Q, then due to a ∈ Cs−(n+3)/2,k ⊂
Cs−(n+5)/2,k+1 we know Tax1 − Tax1 is a continuous map from Hs′+m,k′

to Hs′+s−(n+5)/2,k′ . Moreover, notice that bk,α,h is also a Cs−(n+3)/2,k

function like a, we obtain Eq. (4.34). �

Lemma 4.7. Assume that Bj(j = 1, · · · , n), A are paradifferential opera-

tors introduced in Lemma 4.6 with homogeneous symbols of degree m − 1,

which are Cρ+1,k′ and Cρ,k
′

(ρ > 0) functions of x respectively. Denote

P =

n∑

j=1

TBjVj + TA, then for any integer k and multi-index I, satisfying

1 ≤ |I | ≤ k ≤ k′ , the following relation holds

[V I , P ] =
∑

|J|≤|I|
TBJ ,jVjV

J +RI . (4.36)

Proof. Let k = 1, denote A =
∑
aα∂

α
x and TA =

∑
Taα∂

α
x , then

[VI , TA] =
∑

[VI , Taα ]∂αx +
∑

Vaα [VI , ∂
α
x ]

=
∑

(TVIaα +RI,α)∂αx +
∑

TaαHI,α,

where RI,α is a continuous map from Hs+1,k1 to Hs+1+ρ,k1 as k1 ≤ k′, HI,α

is a differential operator of order m− 1, then [VI , TA] can be incorporated

into RI in the right-hand side of Eq. (4.36). On the other hand,

[VI , TBjVj ] = [VI , TBj ]Vj

=
∑

|α|=m−1

(TVI ,bj,α +RI,j,α)∂αx Vj +
∑

Tbj,αHI,j,αVj

=
∑

|α|=m−1

(TVI ,bj,α∂
α
x + Tbj,αHI,j,α)Vj +

∑
RI,j,α∂

α
xVj . (4.37)

Since the coefficients of Bj are Cρ+1,k′ functions, then for k1 ≤ k′−1, RI,j,α
is a continuous map fromHs+1,k1−1 to Hs+1,k1 , then the second term in the
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right-hand side of Eq. (4.37) is a continuous map from Hs+m,k1 to Hs+1,k1 .

Meanwhile, the coefficients of Vj in the first term of the right-hand side of

Eq. (4.37) is a paradifferential operator with symbol
∑

((VIbj,α)ξα + bj,αhI,j,α),

which belongs to Cρ+1,k′+1 with respect to x. Hence Eq. (4.36) hold as

k = 1.

In the case k > 1, the proof can be proceeded by induction. The process

of the proof is similar to that for Theorem 3.7. By carefully checking the

regularity of all coefficients in the related equalities we found the conclusion

of the lemma can be derived from the theory of paradifferential operators.

The details are omitted here. �

Proof of Theorem 4.5. First we indicate that χ∗u ∈ Hs+m,k+1 under

the assumptions of Lemma 4.5. Indeed, for any multi-index I with |I | =

k + 1, by acting V I on the both sides of Eq. (4.31) we have

Tp∗V
Iχ∗u+ [V I , Tp∗ ]χ

∗u = V IR. (4.38)

Applying Lemma 4.7 and taking k′ = k+ 1 and ρ = s− n/2− 7/2 we have

Tp∗V
Iχ∗u = V IR−

∑

|J|≤k−1

TBJ ,jVjV
Jχ∗u−RIχ∗u. (4.39)

From the lemma we know R ∈ Hs+1,k+1, then V IR ∈ Hs+1. Moreover,

according to Lemma 4.7 we know RI is a continuous map from Hs+m,k

to Hs+1,0, then RIχ∗u ∈ Hs+1, and
∑

|J|≤k−1

TBJ,jVjV
Jχ∗u also belongs

to Hs+1. Hence the right-hand side of Eq. (4.39) is an Hs+1 function.

Therefore, regarding Eq. (4.39) as a system of paradifferential equations for

V Iχ∗u with |I | ≤ k+1, each equation in the system has the same principal

part Tp∗ . Therefore, by using Theorem 4.2 on propagation of singularities

for paradifferential equations we can derive from V Iχ∗u ∈ Hs+m in xn < 0

that V Iχ∗u ∈ Hs+m in xn > 0 is also true. This means χ∗u ∈ Hs+m,k+1.

Based on the above conclusion and Lemma 4.4 we can alternatively

improve the regularity of φ and the tangential regularity of χ∗u on x1 = 0.

Hence we have φ ∈ H∞ and χ∗u ∈ Hs+m,∞(x1 = 0). Hence S is a C∞

smooth surface, and the space Hs+m,∞(S) of conormal distributions is well

defined. Furthermore, by using the basic theorem of paracomposition we

have (see Theorem A.26 in Appendix)

u ◦ χ = χ∗u+ Tu′◦χχ+R, (4.40)
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where R ∈ H∞ as χ ∈ H∞. Hence u ∈ Hs+m,∞(S), and the conclusion of

Theorem 4.5 is obtained. �

The problem on interaction of conormal singularities of solutions to fully

nonlinear equations is more complicated, because it is generally hard to

prove the characteristic surfaces bearing singularities are C∞. Then one can

only inductively define tangential vector fields and the corresponding space

of conormal distributions. For the case of interaction of two characteristic

surfaces bearing conormal singularities we refer readers to [4].
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Chapter 5

Propagation of strong singularities for

nonlinear equations

In the previous chapters, we discuss the propagation of singularities of solu-

tions to nonlinear partial differential equations, in order to let all nonlinear

functions be well defined we always require that the solutions are Hs func-

tions at least. When ∂ku appears in nonlinear functions as arguments the

requirement will be u ∈ Hs+k. Hence the singularities of solutions under

discussion are rather weak. However, in practice stronger singularities are

also the object of our study, and are even more important in many cases.

For instance, shocks, rarefaction waves and contact discontinuities in gas

dynamics, are main nonlinear waves, which people are concerned with. In

material sciences the crack of material gives the strong singularity of dis-

placement, which is often the focus of the related discussions. Therefore,

in this and next chapter we are going to pay more attention on analysis of

strong singularities.

Different from the study of propagation of weak singularities, in the

discussion of propagation of strong singularities we generally have to con-

sider the existence of solution and the description of singularities together.

Therefore, the description of the singularities of solutions is often related

to the construction of solutions with specific singularity structure.

Generally we distinguish the singularity structure in multidimensional

case as fan-shaped structure and flower-shaped structure. The fan-shaped

structure is an one-dimensional like structure with multidimensional pertur-

bation, while the flower-shaped structure is essentially multidimensional. In

Sections 5.1 and 5.2 we discuss two sample problems for semilinear hyper-

bolic equations corresponding to these two different structure. In Sections

5.3 and 5.4 we turn to discuss the cases for quasilinear equations, which

are closely related to gas dynamics and other applied sciences. Due to the

rapid development and greatly plentiful results in this area we only give

111
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a survey on the topics and introduce corresponding references to readers

there.

5.1 Solutions with fan-shaped singularity structure of semi-

linear equations

In this section we are going to study the solutions with fan-shaped singu-

larity structure. The character of such a structure is one-dimensional like

structure with multidimensional perturbation.

Consider a Cauchy problem of a hyperbolic equation with initial data

having discontinuity on a submanifold σ of codimension 1 on the initial

plane, the solution of the Cauchy problem may also have discontinuity on

some surfaces issuing from σ. For semilinear equations these surfaces are

characteristics, while for quasilinear equations or fully nonlinear equations

singularities can propagate along more general surfaces. In any case, all

the surfaces carrying singularities issuing from the given submanifold σ

on the initial plane like a fan with ridge σ, so that is called fan-shaped

structure. Since the regularity of the solutions on different directions of

the surfaces bearing discontinuity are quite different, it is generally not

suitable to describe the singularities of those solutions by using wave front

sets. Conversely, the conormal distributions or piecewise smooth functions

may give good description of singularity structure.

Consider the following strictly hyperbolic equations with respect to t:

Pu ≡


A1∂t +A2∂x +

n∑

j=3

Aj∂yj


u = F (t, x, y, u), (5.1)

where A1, · · · , An are 3 × 3 symmetric matrix, F and all coefficients are

C∞ smooth. Assume that the initial data are given on t = 0, which has

discontinuity of first class on a submanifold σ ⊂ {t = 0} of dimention n−2.

Denote Σ1,Σ2,Σ3 are characteristic surfaces issuing from σ, we have the

following theorem:

Theorem 5.1. There is a unique piecewise smooth solution u of the Cauchy

problem, which only has discontinuity of first class on Σi (i = 1, 2, 3).

The proof will be carried out by using several lemmas. Assume that Σ1 (Σ2

resp.) is the right (left resp.) characteristic surfaces issuing from σ, while

Σ3 is the characteristic surface in the middle. According to the property

of finite propagation speed for hyperbolic equations we can determine the
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solution of the hyperbolic equation (5.1) in the right side of Σ1 and the

left side of Σ2. Therefore, the problem is reduced to a Goursat problem.

By using the equation and the initial data, the jump of the solution u and

the derivatives of u on σ can be determined, so that the boundary data on

Σ1,Σ2 of u can be determined. Finally, by constructing a series of estimates

and discretizing the derivatives with respect to y we can derive the existence

of solution with assigned singularity structure.

First let us straighten the characteristic surfaces. Assume that the equa-

tion of Σi is x = ψi(t, y) (i = 1, 2, 3), satisfying

ψ2(t, y) < ψ3(t, y) < ψ1(t, y),

∂tψ2(t, y) < ∂tψ3(t, y) < ∂tψ1(t, y). (5.2)

Lemma 5.1. There is a C∞ reversible transformation, which transforms

Σ1,Σ2,Σ3 into x− t = 0, x+ t = 0, x = 0 respectively.

Proof. Since in the discussion of this lemma the coordinates y are param-

eters and are always unchanged, we will omit y for the notational simplicity.

First, the transformation



x′ = x+

1

2
(ψ1(t, y) + ψ2(t, y)),

t′ =
1

2
(ψ1(t, y) − ψ2(t, y)),

(5.3)

can transform Σ1,Σ2 into x′− t′ = 0, x′ + t′ = 0. Without loss of generality

we assume that the equations of Σ1,Σ2 are x′ − t′ = 0 and x′ + t′ = 0. It

means that we may assume ψ1(t, y) ≡ t, ψ2(t, y) ≡ −t. Moreover, Eq. (5.2)

implies |∂tψ3(t, y)| < 1.

Let

x′ =
1√
2
(t+ x), t′ =

1√
2
(t− x).

Σ1,Σ2,Σ3 are transformed to t′ = 0, x′ = 0 and

F (t′, x′, y′) ≡ 1√
2
(x′ − t′) − ψ3

(
1√
2
(t′ + x′), y

)
= 0. (5.4)

Since
∂F

∂x′
=

1√
2
(1 − ∂tψ3) > 0, then the equation of Σ3 can be written as

x′ = g(t′, y). Making another transformation

t′′ = t′ x′′ =
t′

g(t′, y)
x′,
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then the three characteristic surfaces are transformed to t′′ = 0, x′′ = 0 and

t′′ = x′′. Finally, the transformation

t̄ =
1√
2
(t′′ + x′′), x̄ =

1√
2
(−t′′ + x′′)

let the three characteristic surface become t̄ = x̄, t̄ = −x̄ and x̄ = 0. �

Remark. It is not difficult to combine all above transformations into one

transformation, but we prefer to write all details to show the process of

constructing the transformation.

Again denote the variables by t, x instead of t̄, x̄, by virtue of above

lemma Eq. (5.1) has new form as

X`u` +
3∑

i=1

n∑

j=1

b`ij∂yjui = f` (` = 1, 2, 3), (5.5)

whereX` = ∂t+λ`∂x. In addition, λ` satisfy: λ1 = 1 on Σ1(x = t), λ2 = −1

on Σ2(x = −t) and λ3 = 0 on Σ3(x = 0). The solution in the region right

to Σ1 and the region lift to Σ2 can be regarded as known.

Lemma 5.2. The jump of u and its all derivatives on Σ` can be determined

by using its data on t = 0 and Eq. (5.5).

Proof. For any function w defined in t ≥ 0, we denote by [w]`,0 the jump

of w on Σ` at t = 0. For any function w0 define on t = 0 we denote by [w0]0
the jump of w0 at x = 0. Next we indicate that all jumps [Xα∂βy u`]`′,0 can

be determined by induction.

First, on γ : t = x = 0 the differential operator ∂/∂y is tangential to γ

and all characteristic surfaces Σ`, then the differentiation with respect to y

will not cause any difficulty. Hence in the following discussion we can only

consider the case β = 0.

Consider the case α = 0. Notice that X` is transversal to Σ`′ , as ` 6= `′.
Then Eq. (5.5) gives [u`]`′,0 = 0, as ` 6= `′. Furthermore,

[u`]`,0 = [u0
` ]0. (5.6)

Now assume that all [Xαu`]`′,0 with |α| ≤ m are known, we are going to

determine [Xαu`]`′,0 with |α| ≤ m+ 1. To this end we write [Xαu`]`′,0 as

[Xα1Xiu`]`′,0, (5.7)

where |α1| = m. Obviously, in the case i = `, by using Eq. (5.5) the

expression (5.7) can be reduced to the case when only m vector fields in
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Xα1 acting on u. Hence it can be determined by the initial data according

to the hypothesis of induction.

In the case i 6= ` and ` 6= `′, we notice that any vector field among three

vector fields X1, X2, X3 is a linear combination of other two, then writing

any factor in Xα1Xi by the linear combination of X` and X`′ we obtain

[Xα1Xiu`]`′,0 = [aXm+1
`′ u`]`′,0 + [Xα2X`u`]`′,0 + known,

where “known” means the terms, which can be determined by initial data.

Since X`′ is tangential to Σ`′ , then all terms in the right-hand side of above

equality are known in fact.

The remaining case is i 6= ` and ` = `′. For instance, for ` = 1 we have

[Xα1Xiu1]1,0 = (Xα1Xiu1)t=0,x=+0 − (Xα1Xiu1)t=0,x=−0

−[Xα1Xiu1]2,0 − [Xα1Xiu1]3,0.

The first term in the right-hand side can be determined by the initial data,

while the second and the third terms are known according to above discus-

sion for other two cases. �

Lemma 5.3. All derivatives of u along Σ1,Σ2 can be determined by using

the initial data and Eq. (5.5).

Proof. By using the jumps of u and its all derivatives on characteristic

surfaces at the origin we can determine the jumps of them on whole charac-

teristic surfaces. Next we will also prove them by induction. As the proof

of Lemma 5.2 we do not need to consider the derivatives with respect to y.

First, Eq. (5.1) shows that the derivatives of u1, u3 in he direction

transversal to Σ2 are bounded, then

[u1]Σ2 = [u3]Σ2 = 0.

By the same reason

[u2]Σ1 = [u3]Σ1 = 0.

Consider the equations in Eq. (5.5) corresponding to ` = 1 on both sides of

Σ1, making substraction gives

X1[u1]Σ1 +
∑

b11j∂yj [u1]Σ1 = f1(u|Σ+
1
) − f1(u|Σ−

1
), (5.8)

where f1 is a known function. Obviously, u|Σ+
1

is known, and u|Σ−
1

=

u|Σ+
1
− [u]Σ1 , Hence Eq. (5.8) can be regarded as a differential equation

of [u1]Σ1 . Since the initial data of [u1]Σ1 at σ is known, then the value

of [u1]Σ1 on Σ1 can be determined by solving the differential equation.

Similarly, [u2]Σ2 can be obtained.
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Now if we know all [Xαu`]Σ1,2 with ` = 1, 2, 3 and |α| ≤ m, then for

` = 1, 2 and `′ = 1, 2, 3

[X`X
αu`′ ]Σ`

= X`[X
αu`′ ]Σ`

are also known. From Eq. (5.5) itself we know that for ` = 1, 2

[X3X
αu3]Σ`

=
[
Xα

(∑
b3ij∂yjui

)]
Σ`

+ [[X3, X
α]u3]Σ`

,

which can be regarded as known by using the hypothesis of the induction.

Since the jumps [X`X
αui]Σ′

`
with `, `′, i being different from each other

can always be expressed as linear combination of such jumps with ` = i or

` = `′. Hence we only have to estimate [X1X
αu2]Σ2 and [X2X

αu1]Σ1 . On

both sides of Σ1 by acting X2X
α on the first equation of Eq. (5.5), we have

X1[X2X
αu1]Σ1 +

∑
b′j∂xj [X2X

αu1]Σ1 = known (5.9)

by direct computations. Regarding Eq. (5.9) as a differential equation

for [X2X
αu1]Σ1 , whose initial data on σ has been determined accord-

ing to Lemma 5.2, we obtain the quantity on the surface Σ1. Similarly,

[X1X
αu2]Σ2 can also be determined. Hence we obtain all [Xαu`]Σ1,2 for

` = 1, 2, 3 and any α satisfying |α| = m+ 1. �

Next we are going to establish the energy estimates for the solution to

the Goursat problem of Eq. (5.5), which can lead us to the existence of

solution directly. To this end we introduce some Sobolev spaces, which are

powerful in treating the characteristic boundary value problems of hyper-

bolic equations. Let ∂s,s
′

u denote ∂s∂s
′

τ u, where ∂τ means the tangential

derivatives and ∂ means the regular derivatives without any restriction.

Define

‖u‖s,s′ =


 ∑

r≤s,r′≤s′
‖∂r,r′u‖2




1/2

,

‖u‖Bs =
∑

2r≤s
‖u‖r,s−2r,

‖u‖B̂s =
∑

2r≤s
‖u‖r+1,s−2r−1.

The above norm describes such a property of functions: the increase of

regularity of u of order 1 in non-tangential direction should be compensated

by the loss of its regularity of order 2 in tangential direction. For the

Sobolev spaces Bs and B̂s the following proposition holds.

Lemma 5.4. For s > n, the spaces Bs and B̂s are invariant under non-

linear composition.
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Proof. According to the Sobolev embedding theorem Hs,s′ ⊂ L∞ if s ≥
1, s+ s′ > n/2. Hence for s > n we have Bs ⊂ L∞. Besides, H0,s ∩L∞ is

invariant under nonlinear composition for s > n/2. It is easy to verify that

Hr,s−2r is invariant under nonlinear composition for r > 1/2, r+(s−2r) >

n/2. Hence Bs and B̂s
′

are invariant under nonlinear composition. �

Lemma 5.5. Let Ωτ be the domain |x| < t, t ≤ τ , Σiτ be the surface

Σi ∩ {t ≤ τ}. If u is a solution of Eq. (5.5), then for s > n

‖u3‖Bs(Ωτ ) + ‖u1,2‖B̂s(Ωτ ) ≤ C
∑

`≤s
‖∂`u‖Hs−`(Σ1τ∪Σ2τ ). (5.10)

Proof. In the domain Ω we introduce the transformation x → −x, which

can fold the domain Ω to Ω+, bounded by Σ1 and Σ3. Now let

ui+3(t, x, y) = ui(t,−x, y) (i = 1, 2, 3),

we obtain a differential system of U = (u1, · · · , u6)
T

ĀU +
∑

B̄j∂yjU = F, (5.11)

where

Ā = diag(X1, X2, X3, X
′
1, X

′
2, X

′
3),

X ′
i = ∂t − λi(t,−x, y)∂x (i = 1, 2, 3),

the expressions of B̄j , F can also be obtained form Eq. (5.5) by direct

computations. As for the boundary conditions, the value of all components

of U and its derivatives on Σ1 can be determined by using Lemma 5.3, and

the conditions on Σ3 are

u4 − u1 = 0, u5 − u2 = 0. (5.12)

The method to derive the energy estimates is classical. Denote the upper

bound of Ωτ by πτ , by multiplying U on Eq. (5.11) and integrating on Ω+
τ

we have ∫

πτ

U2dxdy ≤
∫

Ω+
τ

(U2 + F 2)dτdxdy +
1√
2

∫

Σ1τ

U2dS

+

∫

Σ3τ

(u2
2 − u2

1 + u2
4 − u2

5)dS. (5.13)

The last integral vanishes due to Eq. (5.12). Then we obtain
∫

πτ

U2dxdy ≤ C

(∫

Ω+
τ

F 2dτdxdy +

∫

Σ1τ

U2dS

)
(5.14)
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by using Gronwall inequality.

Since ∂t, x∂x, ∂yj are tangential operators to Σ3, then we can act these

operators on the boundary conditions shown in Eq. (5.12). By using the

same method as above we obtain∫

πτ

(∂αt (x∂x)
β∂γyU)2dxdy ≤ C

(∫

Ω+
τ

F 2
1 dτdxdy +

∫

σ1τ

(∂αt (x∂x)
β∂γyU)2dS

)
,

(5.15)

where F1 satisfies
∫

Ω+
τ

F 2
1 dtdxdy ≤ C(‖F‖2

0,s + ‖U‖2
0,s).

Hence we have

‖∂0,sU‖2
πτ

≤ C(‖F‖2
H0,s(Ω+

τ )
+ ‖U‖2

H0,s(Στ )).

Since X1, X
′
1, X2, X

′
2 are transversal to Σ3, then

‖∂1,s−1u1,2,4,5‖2
πτ

+ ‖∂0,su3,6‖2
πτ

≤ C(‖F‖2
H0,s(Ω+

τ )
+ ‖U‖2

H0,s(Στ )). (5.16)

Next we are going to prove

‖∂r+1,s−2r−1u1,2,4,5‖2
πτ

+ ‖∂r,s−2ru3,6‖2
πτ

≤ C(‖F‖2
Bs(Ω+

τ )
+ ‖∂sU‖2

L2(Στ ))

(5.17)

for r ≥ 1 by induction. Obviously, the inequality is valid for r = 0 by

virtue of Eq. (5.16). Now we assume that Eq. (5.17) is valid for r satisfying

s/2 − 1 ≥ r ≥ 0 and prove its validity for r + 1. Indeed, for any multi-

index (α, β, γ) satisfying α + β + |γ| ≤ s − 2r − 2, by acting the operator

L = Xr+1
2 ∂αt (x∂x)

β∂γy on the third equation in Eq. (5.15) we obtain

X3Lu3 + [L,X3]u3 +
∑

(b33j∂yjLu3 + [L, b33j∂yj ]u3

+Lb31j∂yju1 + Lb32j∂yju2) = Lf3,

which can also be written as

X3Lu3 +
∑

b33j∂yjLu3 + aLu3 = g, (5.18)

where

‖g‖L2(Ω+
τ ) ≤ C(‖f3‖γ+1,s−2r−2 + ‖u1,2‖r+1,s−2r−1).

Hence by using the same method in deriving (5.14) we can obtain

‖Lu3‖2
πτ

≤ C(‖f3‖2
γ+1,s−2r−2 + ‖u1,2‖2

r+1,s−2r−1 + ‖∂r+1,s−2r−1u3‖2
Σ1,τ

),

which implies

‖∂r+1,s−2r−2u3,6‖2
πτ

≤ C(‖F‖2
Bs(Ω+

τ )
+ ‖∂sU‖2

Σ1τ
). (5.19)
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Similarly, by using the first and second equations in Eq. (5.5) we can control

‖∂r+2,s−2r−3u1,2,4,5‖2
πτ

by the right-hand side of (5.17). This means that

(5.17) with r replaced by r + 1 still holds. Therefore, (5.17) holds for any

r.

Finally, by using Lemma 5.4 the term ‖F‖Bs(Ω+
τ ) is controlled by

C‖U‖Bs(Ω+
τ ). (5.10) is thus established. �

The proof of Theorem 5.1

Rewrite Eq. (5.5) as




X̃1u1 +
∑

(Aj)12∂yju2 +
∑

(Aj)13∂yju3 = f1(u),

X̃2u2 +
∑

(Aj)21∂yju1 +
∑

(Aj)23∂yju3 = f2(u),

X̃3u3 +
∑

(Aj)31∂yju2 +
∑

(Aj)32∂yju3 = f3(u),

(5.20)

where X̃i = Xi +
∑

(Aj)ii∂yj , and
∑

means the summation for 3 ≤ j ≤ n.

Replacing the derivatives with respect to yj by difference quotient

L
(ik)
h uk(t, x, y) =

∑
(Aj)ik(t, x, y)

1

2h
(uk(t, x, y + hej) − uk(t, x, y − hej)),

Eq. (5.5) becomes




X̃1u1 + L
(12)
h u2 + L

(13)
h u3 = f1(u),

X̃2u2 + L
(21)
h u1 + L

(23)
h u3 = f2(u),

X̃3u3 + L
(31)
h u1 + L(32)u2 = f3(u).

(5.21)

Besides, we can also make difference quotient for the boundary condition

Eq. (5.12) to establish a Goursat problem of Eq. (5.21). The existence of the

Goursat problem can be established by using characteristic method. Since

Likh + (Lkih )∗ is uniformly bounded with respect to h, then the solutions

to the Goursat problem has a uniform energy estimate with respect to h.

Therefore, we can choose a subsequence of solutions, which is convergent

as h→ 0. The limit satisfies the estimate Eq. (5.10). �

Theorem 5.2. Under the assumptions of Theorem 5.1, if the initial data

is smooth at the point P ∈ σ, then the solution is smooth on the bicharac-

teristics of Σi passing through P .

Proof. Let us consider the case i = 1. By using a suitable transformation

of variables and unknown functions, Eq. (5.1) can be written as

n∑

j=1

Bj
∂V

∂zj
= G(V ), (5.22)
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where z1 = 0 is the image of Σ1, B1 = diag(0, B′
1) with B′

1 being an

(m − 1) × (m − 1) non-singular matrix. Denote (V2, · · · , Vm) by V ′, then

V = (V1, V
′) and Eq. (5.22) can be written as





`1V1 = G1 −
m∑

k=2

`kVk,

n∑

j=1

B′
j

∂V ′

∂zj
= G′ − h′V1,

(5.23)

where `k(k ≥ 2), h′ are differential operators defined on z1 = 0, `1 =
n∑

j=2

(Bj)11
∂

∂zj
.

The symbol matrix of Eq. (5.22) is p(z, ζ) = det |∑Bjζj |. Since the

equation of N∗(Σ1) is z1 = 0, ζ2 = · · · = ζn = 0, then by using the special

form of B1 we have

∂p

∂ζ1
= 0,

∂p

∂ζj
= (Bj)11 det |B′

1|.

In accordance, the bicharacteristics L1 issuing from P with initial direction

(1, 0, · · · , 0) is the integral curve of the vector field `1 =
n∑

j=2

(Bj)11
∂

∂zj
.

By using Eq. (5.23) and the C∞ regularity of V at P ∈ σ, we obtain

the C∞ regularity of V along L1. Indeed, V is the solution of Eq. (5.23),

and B′
1 is a non-singular matrix, then the normal derivative of V ′ can be

expressed by using V and its tangential derivatives. The fact means V ′ is

C0 on x1 = 0. Furthermore, from the first equation in Eq. (5.23) and the

regularity of V1 at P we know V1 is C0 along L1. Then we can improve the

regularity of V continuously by induction. That is, assume that V is Ck

on L1, then V ′ is Ck+1 on L1 by using the second equation. Furthermore,

from the first equation in Eq. (5.23) and the regularity of V1 at P we know

V1 is Ck+1 along L1. Therefore, we know V = (V1, V
′) in C∞ along L1 by

induction. �

Theorems 5.1 and 5.2 indicate the following theorem on interaction of

singularities.

Theorem 5.3. Assume that u is a solution of Eq. (5.1), Σ1,Σ2 are two

characteristic surfaces separated from each other in t < 0 and intersect at

a space-like curve γ in t > 0, then the following conclusions hold.

(1) If u has discontinuity of first class only on Σ1 as t < 0, then the

discontinuity will propagate to t > 0 along Σ1.
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(2) If u has discontinuity of first class only on Σ1 and Σ2 as t < 0,

then besides the propagation of discontinuity of u along Σ1 and Σ2, the

singularity of u may also appear on the characteristic surface Σ3 issuing

from γ.

In fact, since γ is a space-like curve, then we can make a space-like

surface Π passing γ. By flattening Π to a plane we obtain a Cauchy prob-

lem of hyperbolic equation with discontinuous initial data, which has been

discussed in Theorem 5.1, so that the conclusion of Theorem 5.3 can be

obtained from Theorem 5.1 directly.

The discussion in this section indicates that in the framework of piece-

wise smooth functions when two characteristic surfaces Σ1,Σ2 bearing

strong singularity intersect transversally, besides the propagation of sin-

gularity along these two surfaces, some extra singularity may appear due

to interaction, which can propagate along a new characteristic surface Σ3.

Certainly, such an interaction phenomenon does not occur for 2×2 system.

As for n× n system with n > 3, we could not flatten all characteristics by

a coordinate transformation. In this case, conormal distributions can be

applied to describe singularity of solutions. Here we introduce a result in

[104] as follows.

Consider a Cauchy problem




∂tu+

n∑

i=1

Ai(t, x)∂xiu = F (t, x, u),

u
∣∣
t=0

= g(x),

(5.24)

where g(x) has singularity on σ with codimension 1. Let Ω be an open set

in Rn+1
+ , which is contained in the determinacy domain of Ω ∩ {t = 0}.

Denote by ΩT ⊂ Rn+1
+ the domain Ω ∩ {t < T}, and denote by H0,m(ΩT )

the conormal distributions as defined in Chapter 3. Then we have

Theorem 5.4. If m > (n+ 5)/2, g ∈ L∞(Rn)∩H0,m(Rn), then there is a

unique solution u in ΩT . Moreover, u ∈ L∞(ΩT ) ∩H0,m(ΩT ).

The theorem indicates the singularity of the initial data of u on σ will

propagate along all characteristic surfaces issuing from σ. Readers may

refer [104] for the proof of the theorem.
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5.2 Solutions with flower-shaped singularity structure of

semilinear equations

In this section we are going to study the solutions with flower-shaped sin-

gularity structure. In this case singularities of solutions propagate from a

point on the initial plane to outside, so that the surfaces (or lines) bear-

ing singularities like a flower with a vertex at the given point. Since such

a structure cannot be obtained by just adding a perturbation to an one-

dimensional wave structure in multidimensional space, it is also called es-

sentially multidimensional wave structure.

Let us discuss a specific Cauchy problem for a semilinear wave equation

to understand flower-shaped singularity structure. The problem is
{

�u = f(t, x, y, u),

u(0, x, y) = 0, ut(0, x, y) = ψ(x, y),
(5.25)

where � = ∂tt−∂xx−∂yy, f(t, x, y, u) is a C∞ function of their arguments,

and may also be written as f(u) for simplicity. Assume that ψ(x, y) takes

four different constants in four quadrants, i.e.

ψi(x, y) = ci, in i-th quadrants. (5.26)

Such a problem is also called two dimensional Riemann problem for

the semilinear wave equation. The name comes from the multidimensional

Riemann problem for the system of gas dynamics. Indeed, the multidi-

mensional Riemann problem for the system of gas dynamics is much more

complicated, because the corresponding system is a quasilinear system.

Theorem 5.5. For small T0 > 0 there is a C0 solution u of Eq. (5.25)

in 0 ≤ t ≤ T0,−∞ < x < ∞,−∞ < y < ∞, which is C∞ outside the

characteristic surfaces x = ±t, y = ±t and t2 = x2 + y2. u is a conormal

distribution with respect to all these surfaces. Moreover, u actually has

singularity on these surfaces.

In order to prove the theorem we first give an outline of the proof. As-

sume that v is a solution of linear wave equation with the same initial data

as shown in Eq. (5.26), E is the inverse of wave operator taking homoge-

neous initial condition, then the solution u of Eq. (5.26) satisfies

u = v +Ef(t, x, y, u). (5.27)

If we can find a suitable space B, such that the following facts hold:

(1) v ∈ B,
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(2) Ef(t, x, y, u) ∈ B, if u ∈ B,

(3) For small T , the map u→ Ef(t, x, y, u) is a contractive map in some

sense.

Then the existence of the solution of Cauchy problem Eq. (5.25) can be

established via iteration. Meanwhile, the space B gives the singularity

structure of the solution.

Let us first observe, where the singularity of the solution u could ap-

pear. The wave front set of the initial data ψ(x, y) is (x, 0; 0, 1), (0, y; 1, 0)

and (0, 0, ; ξ, η) in R2
xy × R2

ξη . The projection of all bicharacteristic strips

corresponding those wave front set on the space (t, x, y) is

x = ±t, y = ±t, t2 = x2 + y2. (5.28)

Hence we will construct the space B, so that any function in B has conormal

regularity with respect to the characteristic surfaces in (5.28).

Denote Σ1 = {x = t}, Σ2 = {y = t}, Σ3 = {x = −t}, Σ4 = {y = −t},
Σ5 = {t2 = x2 + y2}, S = {Σ1, · · · ,Σ5}. Denote `i = Σi ∩Σ5(i = 1, 2, 3, 4),

`5 = Σ1 ∩Σ2, `6 = Σ2 ∩Σ3, `7 = Σ3 ∩Σ4, `8 = Σ4 ∩Σ1. Assume that {ωj}
is an open conical covering of R3

+, satisfying the following conditions.

(1) Each ωj is contained in a cone with vertex angle less than π/10,

(2) `j ⊂ ωj , `j ∩ ωj′ = ∅, if j, j′ ≤ 8 and j 6= j′,
(3) When j > 8, ωj intersects at most one surface in S, while for j ≤ 8

each ωj intersect two surfaces in S.

Then in any conical neighborhood ωj we can find a complete basis of tan-

gential vector fields M1, · · · ,M` with respect to S. For instance, among all

characteristic surfaces Σi with 1 ≤ i ≤ 8, only Σ1 and Σ5 appear in ω1,

then the basis in ω1 can be chosen as

M0 = t∂t + x∂x + y∂y,

M1 = t∂x + x∂t, (5.29)

M2 = y(∂t + ∂x) + (t− x)∂y .

The choice of the complete basis in ω2, ω3, ω4 is the same as that in ω1. For

ω5, the surfaces Σ1 and Σ2 appear there, so that the complete basis can be

chosen as

M0 = t∂t + x∂x + y∂y,

M3 = (x − y)∂t + (t− y)∂x + (x − t)∂y, (5.30)

N = t(∂t + ∂x + ∂y).

The choice of the complete basis in ω6, ω7, ω8 is the same as that in ω5.

When j > 8, ωj only intersects one surface in S, then the choice of the
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complete basis is easier (see Chapter 3). In the sequel we often take ω1

and ω5 as two typical neighborhoods to derive related estimates, because

for other conical neighborhoods, the situation is similar or even simpler.

-

6

�
�

�
���

y

t

x

Σ4
Σ2

Σ3

Σ1

Σ5

`5`1

Figure 5.1. Flower-shaped singularity structure for a semilinear equation.

Construct a partition of unity
∑
χi ≡ 1 subordinated to the open coni-

cal covering {ωj}, so that each χi is a homogeneous function of degree 0. In

each conical neighborhood ωj , if {M1, · · · ,M`} is the basis of vector fields

tangential to S, then we can define H0,k(ωi) as

{u; Mα1
1 Mα2

2 · · ·Mα`

` (χju) ∈ L2(ωj ∩ CT )},
where CT is the domain (t − T )2 > x2 + y2. Correspondingly, the space

H0,k can be defined as

{u; χiu ∈ H0,k(ωi) for each i}.
Take L∞ ∩H0,k as the space B, we have the following lemma.

Lemma 5.6. The solution v of the linear wave equation satisfying the ini-

tial condition Eq. (5.26) belongs to B.

Proof. The solution v can be expressed by using Poisson formula as

v =
1

2π

∫

r≤t

ψ(ξ, η)√
t2 − (x− ξ)2 − (y − η)2

dξdη, (5.31)
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where r = ((x − ξ)2 + (y − η)2)1/2. Substituting the value of ψ(x, y) into

Eq. (5.31) gives more detailed expression. Due to the symmetry we only

write the expression in x ≥ 0, y ≥ 0.

v =





c1t, if x > t, y > t,
t

2
(c1 + c2) +

x

2
(c1 − c2), if 0 < x < t, y > t,

t

2
(c1 + c4) +

y

2
(c2 − c4), if 0 < y < t, x > t,

t

2
(c2 + c4) +

x

2
(c1 − c2) +

y

2
(c1 − c4),

if 0 < x < t, 0 < y < t, t2 < x2 + y2,
t

2
(c2 + c4) +

x

2
(c1 − c2) +

y

2
(c1 − c4) +

c1 + c3 − c2 − c4
2π

J(t, x, y),

if 0 < x < t, 0 < y < t, x2 + y2 < t2,

(5.32)

where

J(t, x, y) =

∫ t

√
x2+y2

t√
t2 − r2

(π
2
− sin−1 x

r
− sin−1 y

r

)
rdr.

It is obvious that v ∈ L∞. From the expression of v we know that v is a

piecewise linear function outside the cone x2 + y2 = t2. It is continuous on

all characteristic surfaces and is C∞ differentiable up to those characteristic

surfaces. The only thing we have to give a careful analysis is the property

of v in the inner side of the characteristic cone x2 + y2 = t2. The property

is determined by the function J(t, x, y).

Denote J1(x, y) = J(1, x, y), it can be written as
∫ 0

x−
√

1−y2

∫ 0

y−
√

1−(x−ξ)2

dξdη√
1 − (x− ξ)2 − (y − η)2

.

Then

∂J1

∂x
=
π

2
− sin−1 y√

1 − x2
,

∂J1

∂y
=
π

2
− sin−1 x√

1 − y2
,

∂2J1

∂x∂y
=

−1√
1− x2 − y2

.

In order to compute all derivatives of J(t, x, y) we introduce the following

lemma.
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Lemma 5.7. Let M denote any vector field in the basis (5.29), then for

any multi-index α we have

MαJ = aJ +
∑

|β|<|α|
bβM

βJx +
∑

|β|<|α|
cβM

βJy, (5.33)

where a,bβ,cβ are homogeneous functions of degree 0.

Temporarily leave the proof of Lemma 5.7 aside, we continue the proof

of Lemma 5.6. Direct computation gives

M0Jx = M1Jx = 0,

M2Jx = −(t2 − x2 − y2)1/2/(t+ x),

M0Jy = 0,

M1Jy = t(t2 − x2 − y2)1/2/(t2 − y2),

M2Jy = y(t2 − x2 − y2)1/2/(t2 − y2).

Since t+x 6= 0 and t2−y2 6= 0 in ω1, and all M1Jx,M1Jy are homogeneous

functions of degree 0, then all of them are locally L2 integrable. Moreover,

in view of

M0(t
2 − x2 − y2) = 2(t2 − x2 − y2),

M1(t
2 − x2 − y2) = 0,

M2(t
2 − x2 − y2) = 0,

then continuously acting the operator Mα on MiJx,MiJy always gives a

homogeneous function of degree 0. This implies Jx, Jy are conormal distri-

bution.

From the expression of J we also know MαJ ∈ L2
loc(ω1) for any α.

Similar discussion can be proceeded for other points on the characteristic

cone. Hence J(t, x, y) ∈ H0,k, so that v ∈ H0,k can be easily obtained.

Lemma 5.6 is thus proved. �

Proof of Lemma 5.7. Let us prove Eq. (5.32) by induction. The equality

is obvious for |α| = 1. Now assume the equality is valid for |α| = k, then

for α1 satisfying |α1| = k + 1, we denote Mα
1 = MαM̃ . Hence

Mα
1 J = Mα(aJ + bJx + cJy)

=
∑

|β|≤|α|
Cβα((Mβa)(Mα−βJ) + (Mβb)(Mα−βJx) + (Mβc)(Mα−βJy)).
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According to the assumption of induction, substitutingMα−βJ in the above

equality by Eq. (5.32) gives us an expression of Mα1J like a linear combi-

nation of right-hand side of Eq. (5.32) and the order of the operators acting

on Jx or Jy is no more than k. Hence Eq. (5.32) is valid for all k. �

Next we are going to indicate Ef ∈ B. To this end we should compute

the commutator of Mα and E.

Lemma 5.8. If w is a function supported on t ≥ 0, M satisfies [�,M ] =

c0M with c0 being a constant, then

MEw = E(M + c0)w. (5.34)

Proof.

�MEw = M�Ew + c0�Ew

= (M + c0)w = �E(M + c0)w.

Then, by using the uniqueness of solution to Cauchy problem of the wave

operator, we know MEw is equal to E(M + c0). �

We indicate here that the basis of tangential vector fields in ω1 satisfies

the commutate relations as

[M0,�] = 2�, [M1,�] = 0, [M2,�] = 0. (5.35)

Then Lemma 5.8 can be applied to estimate Ef(u) in ω1. However, in ω5

we have

[N,�] = −2∂t(∂t + ∂x + ∂y),

which cannot be expressed as a linear combination of � and the vector fields

(5.30). Fortunately, there is not any characteristic direction in ω5, then we

can find some remidy to establish the necessary estimates for Ef(u).

Lemma 5.9. Assume that T0 is sufficiently small, u ∈ L∞ ∩H0,k(S,CT0),

and ‖u‖H0,k(S,CT0) ≤ G, then Ef(u) is also in L∞ ∩ H0,k(S,CT0) and

‖Ef(u)‖H0,k(S,CT0) ≤ G.

Proof. The boundedness of Ef(u) can be obtained from its explicit ex-

pression. In fact,

|Ef(u)| ≤ 1

2π

∫ t

0

∫

r≤t−τ

|f(u(τ, ξ, η))|√
(t− τ)2 − (x− ξ)2 − (y − η)2

dτdξdη

≤ C

∫ t

0

∫

r≤t−τ

∫ 2π

0

r√
(t− τ)2 − r2

dθdτdr

≤ C ′
∫ t

0

−
√

(t− τ)2 − r2
∣∣t−τ
0

dτ ≤ C ′′.
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To prove the conormal regularity of Ef(u), we use the open covering and re-

lated partition of unity as mentioned above. Write Ef(u) as
∑
E(χjf(u)),

we only have to prove E(χif(u)) ∈ H0,k for each i, and in fact we only

have to consider the case i = 1, 5.

First let us consider E(χ1f(u)), and estimate ‖MαE(χ1f(u))‖L(ωj) for

each j. Since Mα = Mα0
0 Mα1

1 Mα2
2 in ω1, then by using Lemma 5.9 we have

Mα(Eχ1f(u)) = E((M0 + 2)α0Mα1
1 Mα2

2 (χ1f(u))

= E
∑

|β|≤|α|
gβM

β0χ1M
β1u · · ·Mβ`u

for |α| ≤ k, where gβ and Mβ0χ1 are bounded. As indicated in Lemma

3.13, we have Mβiu ∈ L2k/|βi|, and

‖Mβ
i u‖L2k/|βi|(ω1∩CT0) ≤ C‖u‖H0,k(ω1∩CT0 ),

then

‖gβMβ0χ1M
β1u · · ·Mβ`u‖2

L2(ω1∩CT0 )

≤ C
∏̀

i=1

‖Mβ
i u‖2

L2k/|βi|(ω1∩CT0 )

≤ C‖u‖2`
H0,k(ω1∩CT0 ) ≤ CG2`. (5.36)

Combining it with the energy estimate satisfied by the operator E

‖Ef‖2
H1(CT0) ≤ CT0‖f‖2

L2(CT0),

we obtain

‖Mα(Eχ1f(u))‖L2(CT0) ≤ ‖Mα(Eχ1f(u))‖H1(CT0) ≤ C(G)T
1
2
0 . (5.37)

When j 6= 1, the basis of tangential vector field in ωj can be expressed

as linear combination of M0,M1,M2. For instance, the basis in ω2 is

M0, M
′
1 = t∂y + y∂t, M

′
2 = x(∂t + ∂y) + (t− y)∂x,

which can be written as

M ′
1 =

t

t− x
M2 −

y

t− x
M1, M ′

2 =
x

t− x
M2 +

t− x− y

t− x
M1.

Similarly, in ω3 the basis of tangential vector field is

M0, M ′′
1 = −t∂x − x∂t = −M1,

M ′′
2 = y(∂t − ∂x) + (t+ x)∂y =

t+ x

t− x
M2 −

2y

t− x
M1,
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and in ω5 the basis of tangential vector field is

M0, M3 = M1 −M2,

N =
t

y2 + x2 − t2
((y + x− t)M0 + (y + x− t)M1 + (y − x− t)M2).

In view of t − x 6= 0 in ω2, ω3 and t2 − x2 − y2 6= 0 in ω5, we can derive

E(χ1f(u)) ∈ H0,k by using the argument for the domain ω1 as did above.

Next let us consider the conormal regularity of E(χ5f(u)).

In ω5 we can write Mα0
0 Mα1

3 Nα2E(χ5f(u)) as
∑

α2+β0+β1≤|α|
Nα2E(hβM

β0

0 Mβ1

3 u).

For α2 = 1, since E is a linear bounded operator from L2 to H1, then

E(hβM
β0

0 Mβ1

3 u) ∈ H1 and Nα2E(hβM
β0

0 Mβ1

3 u) ∈ L2.

In the case α2 > 1, we use the equality

2(t− x)(t− y)� = (M2
0 −M0) −

(
M2

3 −M0 −
t− x− y

t
N

)

−2(x+ y − t)

(
NM0

t
− N

t

)
+ (t2 − x2 − y2)

(
N

t2
− N2

t2

)
. (5.38)

It implies

N2 = a0(t− x)(t− y)� + a1M
2
0 + a2M

2
3 + a3NM0 + b1M0 + b2N, (5.39)

where ai, bi are homogeneous functions of degree 0 and bounded in ω5.

Hence, by denoting α2 = α′
2 +2 and using Eq. (5.39), Nα2E(hβM

β0

0 Mβ1

3 u)

can be written as

Nα′
2a4M

α0
0 Mα1

2 χ5f(u) +
∑

Nα′′
2E(hαM

α0
0 Mα1

2 u),

where |α′
2| = |α2| − 2, α′′

2 < α, |a4| = |a0(t− x)(t − y)| ≤ CT 2
0 . Continuing

this process and applying Eq. (5.39) repeatedly the power of N can be

reduced to 0 or 1. Hence by applying the conclusion on the case α2 = 1 we

obtain

Mα0
0 Mα1

3 Nα2E(χ5f(u)) ∈ L2(ω5). (5.40)

For j 6= 5, we can also construct the basis of tangential vector fields in

ωj by using of the linear combination of M0,M3, N , and then confirm

E(χ5f(u)) ∈ H0,k and corresponding energy estimate

‖E(χ5f(u))‖H0,k(CT0 ) ≤ C(G)T
1/2
0 . (5.41)

We emphasize here once more that in the above proof χi = χ1 and χi =

χ5 are two typical cases. As for other cases, the proof of the estimate

‖E(χif(u))‖H0,k(CT0 ) ≤ C(G)T
1/2
0 is similar or even simpler. �
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Lemma 5.10. The map F [u] = v+Ef(u) is a contract map in L∞∩H0,k.

Proof. By using the expression of E (Poisson integral), we know

‖F [u]− F [w]‖L∞ = ‖E(f(u) − f(w))‖L∞ ≤ CT0‖f(u) − f(w)‖L∞

≤ CT0‖f ′‖L∞‖u− w‖L∞ ≤ 1

2
‖u− w‖L∞ . (5.42)

In order to estimate the H0,k norm of F [u] − F [w], we use

‖F [u]− F [w]‖H0,k =
∑

i

∑

|α|≤k
‖Mα(Eχi(f(u) − f(w)))‖2

L2 . (5.43)

Like what we did above, it is enough to consider the cases i = 1, 5. In

the case i = 1 the basis of tangential vector fields can be chosen as (5.29),

while in the case i = 5 the basis of tangential vector fields can be chosen

as (5.30).

According to Eq. (5.32)∑

|α|≤k
‖Mα(Eχ1(f(u) − f(w)))‖L2(CT0 )

≤ C
∑

|α|≤k
‖EMα(χ1(f(u) − f(w)))‖L2(CT0 )

≤ CT
1/2
0

∑

|α|≤k
‖Mα(f(u) − f(w))‖L2(CT0)

Besides, direct computation gives

‖Mα(f(u) − f(w))‖L2

≤
∑

`≤k
(‖f (`)(u) − f (`)(w)‖L∞‖Mα

1 u · · ·Mα`u‖L2

+‖f (`)(w)‖L∞‖Mα1w · · ·Mα`(u− w)‖L2)

≤ C‖u− w‖L∞∩H0,k .

Hence

‖E(χ1(f(u) − f(w)))‖H0,k ≤ CT
1/2
0 ‖u− w‖L∞∩H0,k . (5.44)

The proof for the case i = 5 is similar to that case in the proof of Lemma

5.9. By using Eq. (5.39) we can decrease the power of N in the expression

Mα0
0 Mα1

3 Nα2E(χ5(f(u) − f(w))),

so that the power of N will be 0 or 1 finally. Notice that the operators

M0,M3 can commutate with the operator E, then the energy estimate

Eq. (5.36) implies

‖E(χ5(f(u) − f(w)))‖H0,k ≤ CT
1/2
0 ‖u− w‖L∞∩H0,k . (5.45)

Combining with Eq. (5.44) we obtain the contraction of the map E for

sufficiently small T0. �
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Proof of Theorem 5.5. Define the sequence {uk} by

u0 = v, uk+1 = v +Ef(uk). (5.46)

Lemma 5.6 and Lemma 5.9 show that the sequence {uk} is well-defined.

Lemma 5.10 implies the convergence of the sequence in L∞ ∩ H0,k, and

whose limit u is the solution of the problem (4.25) with the assigned conor-

mal regularity. The contraction of the operator F gives the uniqueness of

the problem (4.25).

Finally, we show that the singularity of u actually appear on all char-

acteristic surfaces in (5.28). We will confirm it by showing that on these

surfaces the possible singularity of Ef(u) is weaker than the singularity of

v.

On Σi (1 ≤ i ≤ 4), the function v is continuous, and its derivatives

of first order is discontinuous, hence the second derivatives of v have sin-

gularity like δ function supported on Σi, so that v is not in H2
loc. For the

surface Σ5, v and its first derivatives are continuous on Σ5, while the second

derivatives of v goes to infinity like d1/2 with d being the distance from the

surface Σ5, hence v is not in H2
loc near Σ5 either. On the other hand, since

f(u) ∈ L∞, then Ef(u) ∈ H2
loc. This means that the singularity of v is

stronger than that of Ef(u), so that v and v+Ef(u) have singularity with

same strength. This is the conclusion given in Theorem 5.5. �

Remark. The above method can also be applied to study the solution

with flower-shaped singularities of general semilinear hyperbolic equations.

However, in the case when the characteristic surfaces are not plane or cone,

hence one may have to introduce some transformations to straighten sur-

faces and treat many lower order terms (see [40]). Besides, if the initial

data of u itself has discontinuity then the solution u in t > 0 will also have

stronger singularity.

5.3 Solutions with strong singularities of quasilinear equa-

tions (1-d case)

Comparing to the case for semilinear equation the study of the solutions

with strong singularities for quasilinear equations is more complicated. The

main reason is that the characteristics of equations depends on the unknown

solutions. The fact has been emphasized before, when the solutions with

weak singularities of quasilinear solutions are discussed in Chapter 4.



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

132 Analysis of Singularities for Partial Differential Equations

Let us start with the scalar quasilinear equation of first order.

∂u

∂t
+ u

∂u

∂x
= 0. (5.47)

The problem on propagation of weak singularities of solutions to this equa-

tion can be discussed by using classical method or by using paradifferential

operators. However, the propagation of strong singularities must be con-

sidered, because even a smooth solution of Eq. (5.47) may produce strong

singularities. To see it we consider the Cauchy problem of Eq. (5.47) with

the initial data

u(0, x) = ψ(x). (5.48)

In a domain, where the solution u is C1 regular, u takes constant on each

characteristics
dx

dt
= u. It is easy to see, if (0, ξ1), (0, ξ2) are two points on

x-axis satisfying ξ1 < ξ2, and the function ψ satisfies ψ(ξ1) > ψ(ξ2), then

the characteristics issued from the points (0, ξ1) and (0, ξ2) must intersect

somewhere. Indeed, these two characteristics are

x = ξ1 + ψ(ξ1)t, x = ξ2 + ψ(ξ2)t, (5.49)

which will intersect at the point P with coordinates(
ξ2 − ξ1

ψ(ξ1) − ψ(ξ2)
,
ψ(ξ1)ξ2 − ξ1ψ(ξ2)

ψ(ξ1) − ψ(ξ2)

)
. Since a continuous function u(t, x)

cannot take two different values at a point P , then the solution u must

have discontinuity before t <
ξ2 − ξ1

ψ(ξ1) − ψ(ξ2)
. Therefore, it is inevitable

to study the solutions with discontinuity, if one wants to study Cauchy

problem (5.47), (5.48) in a domain where t can be large.

For the solution u of Eq. (5.47), if u has jump on a curve Γ, which

is transversal to x-axis, then
∂u

∂x
is a δ function supported on Γ. In this

case, the wave front set of u and
∂u

∂x
can appear at a same point x with

opposite direction. Then u
∂u

∂x
in Eq. (5.11) is not well defined according to

the regular definition of product of distributions. A reasonable treatment

is to study the equation

ut +

(
u2

2

)

x

= 0 (5.50)

instead of Eq. (5.47). Equation (5.50) is called equation with the form of

conservation laws. For any C1 solution, it is equivalent to the equation

Eq. (5.47). Meanwhile, for any L∞ function u, its square u2 is well defined
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in classical way, then

(
u2

2

)

x

can be defined by the derivatives of distribu-

tions, so that the solution of Eq. (5.50) is well defined in the framework of

distributions. Based on the form Eq. (5.50), if u satisfies
∫∫ (

uφt +
u2

2
φx

)
dxdt = 0 (5.51)

for any C∞
0 function φ, then u is called weak solution of Eq. (5.50). In

accordance, if u satisfies
∫∫

t≥0

(
uφt +

u2

2
φx

)
dxdt+

∫

t=0

u0φdx = 0 (5.52)

for any finitely supported C∞(t ≥ 0) function φ, then u is called weak

solution of Cauchy problem of Eq. (5.50) with initial data

u(0, x) = u0(x). (5.53)

Obviously, when u ∈ C1, the weak solution u is the solution of Eq. (5.47)

with Eq. (5.53) in classical sense.

For more general equation of conservation laws

ut + (f(u))x = 0, (5.54)

the weak solution of its Cauchy problem with initial data

u(0, x) = u0(x) (5.55)

can be defined by
∫∫

t≥0

(uφt + f(u)φx)dxdt+

∫

t=0

u0φdx = 0. (5.56)

When u has jump on the curve Γ : x = x(t), the conditions satisfying by

the jump can be derived by using integral by parts. Indeed, let [u], [f(u)]

denote the jump of u, f(u) on Γ, then for any C∞ function φ
∫

Γ

−φ[u]dx+ φ[f(u)]dt = 0.

Hence at any point on Γ we have

s[u] = [f(u)], (5.57)

where [u] = ur − u` = u(t, x(t) + 0)− u(t, x(t)− 0), [f(u)] = f(ur)− f(u`),

s is the slope
dx

dt
of Γ. The curve Γ with the slope s is called shock, while

Eq. (5.57) is called Rankine-Hugoniot condition.
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The slope of characteristics of Eq. (5.54) is
dx

dt
= f ′(u). When f ′′ 6= 0,

one generally has s 6= ur, s 6= u` if ur 6= u`. Therefore, the slope of shock is

generally different from the slope of the characteristics on both sides of the

shock. Such a phenomenon is different from the linear or semilinear case.

It is also different from the propagation of weaker singularities.

An important fact is that for a given quasilinear equation one can give

many different forms of conservation law corresponding to it. For instance,

besides Eq. (5.50) we can also write
(
u2

2

)
t+

(
u3

3

)

x

= 0, (5.58)

which is equivalent to Eq. (5.50) for C1 solutions. However, in the study

of weak solutions the Rinkine-Hugoniot condition for Eq. (5.58) is

s
1

2
[u2] +

1

3
[u3] = 0, (5.59)

which is different from Eq. (5.57). Therefore, in the study of weak solutions

Eq. (5.50) is not equivalent to Eq. (5.58). In practice, we have to choose

a suitable form of conservation laws. Fortunately, many partial differen-

tial equations are derived from physics, we may choose a right form, which

describes the conservation laws in physics. Therefore, the form of conser-

vation laws for a given differential system has been determined generally

by its physical background.

In the study of discontinuous solutions for a given quasilinear equation

one may also meet the difficulty on non-uniqueness. For instance, consider

the Cauchy problem of Eq. (5.50) with the initial data

u(0, x) =

{
−1 x < 0,

1 x > 0.
(5.60)

It is easy to check that the function

u1(t, x) =

{
−1 x < 0,

1 x > 0
(5.61)

satisfies Eq. (5.50) and the initial condition (5.60) outside x = 0. Mean-

while, on x = 0 the solution satisfies the Rankine-Hugoniot condition. Be-

sides, the function

u(t, x) =





−1 x < −t,
x/t − t < x < t,

1 x > t

(5.62)
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also satisfies Eq. (5.50) in t > 0 and the initial condition (5.60) on t = 0. In

fact, one can also write infinitely many functions with discontinuity, which

satisfies Rankine-Hugoniot conditions on the lines bearing discontinuity,

and satisfies the equation and initial condition outside these lines. There-

fore, it is necessary to find a criterion to single out one weak solution to

the Cauchy problem. Such a criterion is called entropy condition, under

which the unique admissible weak solution is called entropy solution. For

Eq. (5.50) the entropy condition is

u(t, x+ a) − u(t, x)

a
≤ E

t
, ∀ a > 0, t > 0, (5.63)

where E is independent of x, t, a. For Eq. (5.54) with f ′′(u) > 0, such a

condition is also equivalent to that all characteristics issued from any point

on shocks must be downward.

For quasilinear hyperbolic systems of conservation laws the entropy con-

dition is also related to the distribution of characteristics. Next we restrict

ourselves to the case of strictly hyperbolic systems.

Consider a hyperbolic system of conservation laws

∂u

∂t
+
∂f(u)

∂x
= 0 (5.64)

in domain Ω ⊂ R2, where u, f(u) are vector functions with N components,

f(u) are C∞ functions of u. The matrix f ′(u) has N real eigenvalues

different from each other λ1(u) < · · · < λN (u). Denote by λi(u) the i-th

eigenvalue, by ri(u) the corresponding right eigenvector and by `i(u) the

corresponding left eigenvector. If ∇λk · rk 6= 0, then the k-th eigenvalue

is called genuinely nonlinear. Otherwise, if ∇λk · rk ≡ 0, then the k-th

eigenvalue is called linearly degenerate.

Definition 5.1. If C∞ function w(u) satisfies

〈rk(u),∇w(u)〉 = 0, (5.65)

then w(u) is called k-th Riemann invariant. If in some domain the

Riemann invariant is constant, then the corresponding solution u is called

k-th simple wave. Moreover, if the simple wave is a function of
x− x0

t− t0
,

then u is called centered simple wave.

Definition 5.2. If Γ is a smooth curve in Ω, the function u satisfies

Eq. (5.64) on Ω \ Γ. u has jump on Γ. At any point on Γ the slope of

Γ and the value ur, u` of u on both sides of Γ satisfy

f(ur) − f(u`) = s(ur − u`) (5.66)
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and

λk−1(u`) < s < λk(u`), λk(ur) < s < λk+1(ur), (5.67)

then Γ is called k-th shock. The conditions (5.66), (5.67) are called

Rankine-Hugoniot condition and entropy condition respectively.

Definition 5.3. Assume that Γ is a smooth curve in Ω, the function u

satisfies Eq. (5.64) on Ω \ Γ and has jump on Γ. Meanwhile, Γ is also

characteristics corresponding to λk(ur) and λk(u`), then Γ is called k-th

contact discontinuity.

We notice that the k-th contact discontinuity will appear only for the

case when the k-th eigenvalue is linearly degenerate, and the k-th shock

and k-th simple wave as defined in Definitions 5.1 and 5.2 will appear only

for the case when the k-th eigenvalue is genuinely nonlinear.

Consider the Cauchy problem of Eq. (5.64). If the initial data has jump,

then the solution may also has jump. Particularly, when the initial data

are taken as

u(0, x) =

{
u` x < 0

ur x > 0,
(5.68)

then the corresponding Cauchy problem is called Riemann problem. For

such a Riemann problem we have the following result (see [84]).

Theorem 5.6. Assume that the system Eq. (5.64) is strictly hyperbolic,

its characteristics are genuinely nonlinear or linearly degenerate, |ur − u`|
is sufficiently small, then in a neighborhood of the origin there is a unique

entropy solution, which depends on x/t, and contains at most N nonlinear

waves (shocks, centered waves and contact discontinuity). The solution is

constant between these nonlinear waves.

We notice that the contact discontinuity itself is characteristics, where

the solution has discontinuity. The front and the back of the center wave

are also characteristics, where solution is continuous, and its derivatives

have discontinuity. Therefore, from the viewpoint of singularity analysis

the above theorem indicates that the strong singularity of the initial data

will propagate along shocks and characteristics into the domain t > 0. The

path of propagation of singularities forms a fan-shaped figure.

When the initial data are taken as more general functions with jump

like

u(0, x) =

{
u−(x) x− < x < 0

u+(x) x+ > x > 0,
(5.69)
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we may consider the system Eq. (5.54) in the domain

T (δ) = {(t, x);x− +At ≤ x ≤ x+ −At},
where A > sup(|λk(u)|). For such Cauchy problems with discontinuous

initial data the following local existence theorem holds.

Theorem 5.7. Assume that the system Eq. (5.64) is strictly hyperbolic,

its characteristics are genuinely nonlinear or linearly degenerate, the func-

tions u−(x), u+(x) ∈ C2,1, and |u−(0) − u+(0)| is sufficiently small, then

there is δ0 > 0, such that the Cauchy problem admits an L∞ unique en-

tropy solution in T (δ0). The solution contains at most N nonlinear waves

(shocks, centered waves and contact discontinuity). The solution is C2,1

smooth between these nonlinear waves.

For the proof of the theorem we refer readers to [88].

Based on the above local results it is possible to study the global prop-

erty of solutions including the propagation of nonlinear waves. However,

since in most cases the results on description of singularities are related to

the existence of solutions with given singularities, there is not a general re-

sult on propagation of strong singularities for quasilinear equation like that

on propagation of weak singularities. Here we will not list specific results

on it, and prefer to turn to the discussion on multidimensional case.

5.4 Solutions with strong singulari ties of quasilinear equa-

tions (m-d case)

5.4.1 Fan-shaped singularity structure

The system of conservation laws in multidimensional space can be written

as

∂u

∂t
+

n∑

i=1

∂Fi(u)

∂xi
= 0, (5.70)

where n is the dimension of the space dimension. As we did in Section 3

we will only introduce some results on the existence and the propagation

of singularities of solutions and refer readers to related references for their

proof.

In [92] A.Majda started the study of weak solutions to multidimensional

system of conservation laws with fan-shaped wave structure. He considered

the Cauchy problems of Eq. (5.70) with initial data

u(0, x) = u0(x), (5.71)
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where u0(x) has jump on a curve Γ on the initial plane t = 0, and proved

the following theorem.

Theorem 5.8. Assume that the coefficients of (5.70), and the initial data

(5.71) satisfy:

(1) The system (5.70) is strictly hyperbolic, Fi(u) are C∞ functions of

their argument, and there is a positive symmetric matrix A0(u), such that

all A0(u)F
′
i (u) are symmetric.

(2) u0−(x),u0+(x) belong to Hs+1 on the both sides of Γ with integer

s > 2[
n

2
] + 7.

(3) Denote by α the parameter of the curve Γ, whose equation σ(α) ∈
Hs+1 and satisfies

−σ(α)(u0+(α)−u0−(α))+
∑

ni(α)(Fi(u0+(α))−Fi(u0−(α))) = 0, (5.72)

and the compatibility conditions up to (s− 1) order on Γ. Moreover, there

is an integer p, such that

λp(u0−(α)) > σ(α) > λp(u0+(α)),

λp+1(u0+(α)) > σ(α) > λp−1(u0−(α)).

(4) For any point on Γ, the initial problem with constant coefficients

defined by (u0+(α), u0−(α), σ(α)) is uniformly stable.

Then for sufficiently small T , in the domain 0 < t < T there is an Hs+1

surface S and Hs functions u−(t, x), u+(t, x), satisfying (5.70), (5.71) and

Rankine-Hugoniot conditions and entropy condition on S.

In the statement of the above theorem the compatibility conditions means

that the derivatives of u± on the both sides of Γ satisfy the equalities derived

from differentiation of Rankine-Hugoniot conditions. Besides, in [92] the

Cauchy problem with discontinuous data is treated as a free boundary value

problem, and the shock front is the free boundary, which is to be determined

together with the solution. In the free boundary value problem the Rankine-

Hugoniot conditions give a differential relation of σ and the solution u± on

both sides. An important fact is that the relation is an elliptic differential

system for σ. Meanwhile, as a boundary value problem for the original

system of conservation laws the uniform stability condition amounts to the

usual Lopatinski condition for initial boundary value problems of hyperbolic

systems. These crucial points enable us to establish suitable estimates

dominating the variation of the solution with a shock front. Then the

estimates directly lead us to the stability of the solution to the linearized
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problem and the existence of the local solution of the nonlinear problem

near the curve Γ.

Theorem 5.8 indicates that under suitable assumptions the singularity

in the initial data will only propagate along a shock front issued from Γ.

Furthermore, for the propagation of singularity (or regularity) along shock

front we proved in [34]

Theorem 5.9. Assume that u is a solution with shock front S of the system

(5.70) in Ω, which is located in the determinacy domain of Ω− = Ω ∩ {t <
0}. Let s > 1/2, assume that in Ω the shock front S is an Hs+1 surface,

and u± ∈ Hs in the both sides of S. Then S ∈ C∞ and u± ∈ C∞ in Ω−
imply S ∈ C∞ and u± ∈ C∞ in the whole Ω.

Under some other restrictions on the initial data one can find a solu-

tion to the Cauchy problem containing a single multidimensional centered

rarefaction wave. For the convenience of presentation we assume that the

space-dimension is 2, and denote (x1, x2) by (x, y). Then Eqs. (5.70) and

(5.71) become




∂u

∂t
+
∂f(u)

∂x
+
∂g(u)

∂y
= 0.

u(0, x, y) = u0(x, y).
(5.73)

For the Cauchy problem (5.73), we assume that the system is strictly hyper-

bolic, λ(u, η) is the eigenvalue of f ′(u)+ηg′(u), and the system is genuinely

nonlinear with respect to the eigenvalue. Assume that the initial data of u

has discontinuity on the curve Γ, then by using the value of u on the left

side and the right side of Γ we can determine two characteristic surfaces

π± : x = ψ±(t, y) issuing from Γ. The centered rarefaction wave is such a

solution u(t, x, y), which is continuous on t ≥ 0 except Γ, differentiable on

t > 0 except π±, satisfying the system (5.73) in t > 0 and satisfying the

initial data on t = 0. Since π± is characteristic, then on π± the following

relation holds:

(ψ±)t(t, y) = λ(u±(t, ψ±(t, y), y),−(ψ±)y(t, y)). (5.74)

Moreover, there are a set of characteristic surfaces s(t, x, y) = const. passing

through Γ, such that u(t, x, y) takes different limit as (t, x, y) tends to Γ

along different characteristic surface. All characteristic surfaces issuing

from Γ likes a fan with a front surface π+ and a back surface π−. The front

surface and the back surface are unknown and has to be determined with

the solution together, hence they can also be regarded as free boundaries.
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Different from the shock front solution case the front and the back of the

centered rarefaction wave are characteristics.

According to the character of u, we can write u as H(s(t, x, y), t, x, y),

where s(t, x, y) satisfies

(st +A1sx +A2sy)H
′
s = 0, (5.75)

and ∇s is unbounded near Γ. Equation (5.75) means that H ′
s is the right

eigenvector r of the matrix A1sx +A2sy. Therefore, the solution h(s, y) of

the initial value problem

dh

ds
= r(h,−φ′0(y)), h(0, y) = u+

0 (φ0(y), y), (5.76)

satisfies H(s, 0, 0, y) = h(0, y).

From the above description of the centered rarefaction wave we see

that in order to find a centered rarefaction wave to connect the solution

u−(t, x, y) and u+(t, x, y), the initial data should admit a function s(y),

such that

h(s(y), y) = u0−(φ0(y), y). (5.77)

It is also called compatibility condition. Furthermore, If one can compute

the values of all k-th derivatives of u(t, x, y) in piecewise smooth domains

near Γ by applying (5.73) and the compatibility condition (5.77), such that

these values can determine an approximate solution satisfying (5.73) with

error O(tk+1), then we say the compatibility condition of k-th order is

satisfied.

Theorem 5.10. For the Cauchy problem (5.73) and a given real number

s > 0, assume that the coefficients and the initial data satisfy the following

conditions.

(1) f(u), g(u) are C∞ functions of their argument. Equation (5.71) is

strictly hyperbolic system, and there is a positive symmetric matrix A0(u),

such that A0(u)f
′(u), A0(u)g

′(u) are symmetric.

(2) u0−(x, y) (u0+(x, y) resp.) belongs to Hk in the domain left (right

resp.) to Γ, where k is a suitably integer larger than s.

(3) k-th compatibility condition on Γ satisfied, where d is a positive

number determined by the coefficients of Eq. (5.73).

Then there is a solution of the Cauchy problem with a centered rarefac-

tion wave in a neighborhood of Γ. The solution belongs to Hs outside Γ

and the front and back characteristic surfaces of the centered wave.
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Slightly change the statement of the theorem we can obtain the conclu-

sion for the corresponding problem in the space (t, x1, · · · , xn).
The proof of Theorem 5.10 can be found in [5]. In the proof the au-

thor applied a suitable weighted Sobolev space to measure the regularity

of approximate solutions and the Nash-Moser iterative scheme to avoid the

“derivative loss” in the process of iteration. This theorem means that under

suitable conditions the singularity of the initial data will propagate with

weaker strength along two characteristic surfaces issuing from Γ.

For the Cauchy problem (5.73), the initial data may also only have

weak singularity on a curve Γ, for instance, the initial data are continuous

but their derivatives of some order are discontinuous. In this case, the

singularity will propagate along characteristic surfaces issuing from Γ. Such

waves carrying weak singularities are called sound waves. The existence

and propagation of sound waves were analyzed in [105].

The more difficult case in studying Cauchy problem of multi-

dimensional system of conservation laws with discontinuous initial data

is the case of contact discontinuity, which is a characteristic surface formed

by stream lines. Different from the centered rarefaction wave case the so-

lution on this characteristic surface is also discontinuous. On the other

hand, different from the shock front case the uniform Kreiss-Lopatinskii

condition on the boundary is not satisfied. In other words, in the study of

multidimensional contact discontinuities one has to deal with the difficul-

ties appearing in both the shock front case and the rarefaction wave case.

J-F.Coulombel and P.Secchi studied the vortex sheets case for multidimen-

sional system of conservation laws in [58], where the contact discontinuity

is also called compressible vortex sheet. For the Cauchy problem of Eu-

ler system they proved the existence of solution with contact discontinuity

under an additional “supersonic condition”. The details can be found in

[58].

When the initial data do not satisfy the restrictions given in the above

three special cases the solution to the multidimensional systems under con-

sideration may contain more nonlinear waves, like two shocks [102], [107],

one shock and one rarefaction wave [86], one shock and one sound wave [42],

two sound waves [52] etc. General data with discontinuity on a smooth

curve may develop all three kinds of nonlinear waves (shock, rarefaction

wave and contact discontinuity). Although the main difficulties in the three

individual cases have been overcome, so far the result in most general cases

has not been established yet. Obviously, such a result is significant and is

anticipated.
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Fan-shaped wave structures appear in many other problems of multi-

dimensional hyperbolic systems. In [36] the author studied the reflection

of a moving shock hitting a smooth wall. If the moving shock is a planar

shock and the wall is a convex surface, then near the touch point the local

existence of the solution describing the reflection of the shock is proved.

However, the reflection phenomena will be greatly complicated when time

goes on: various irregular reflection of shocks may happen (e.g. see [17],

[48]).

The interaction of shocks was discussed in [103]. For 2 × 2 quasilin-

ear hyperbolic system the interaction of shock waves will only produce two

new shocks. The situation can be explained as each shock runs across

another one and propagates further. But for the system with more than

two equations (and unknown functions) the interaction of two shocks may

produce more singularities. Generally, the problem can be reduced to a

Cauchy problem with discontinuous data, and then treated as a correspond-

ing Cauchy problem.

An interesting and important problem in gas dynamics is the study of

supersonic flow past a wedge. For a steady supersonic flow past a three-

dimensional wedge, when the attack angle and the vertex angle of the wedge

are well controlled (for instance, the sum of the attack angle and the vertex

angle is less than a critical value), an attached shock front at the edge of the

wedge will be formed. The physical problem to determine the location of

the shock front and the flow behind the shock can be reduced to a boundary

value problem in a domain between the attached shock front and the surface

of the wedge. The shock front is the free boundary for this boundary

value problem. The local existence of the solution with the attached shock

front was proved in [39]. The global existence of such solutions and the

propagation of shock fronts were given in [148].

5.4.2 Flower-shaped singularity structure

It should be emphasized that in the multidimensional space many compli-

cated wave structure are not 1-D like structure with M-D perturbations.

Such structures are essentially multidimensional. Based on the progress

in the study of various multidimensional problems with fan-shaped wave

structure people are enable to pay more attention to the study of the es-

sentially multidimensional problems.

A good example of the essentially multidimensional problem for quasi-

linear hyperbolic systems is the problem on supersonic flow past a pointed
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body. Like the problem on supersonic flow past a wedge, when the vertex

angle of the pointed body is less than a critical value, the shock front is

attached at the tip of the body, forming a bigger conical surface. Obvi-

ously, such a shock front is not a perturbation of a plane shock, and the

state between the shock and the surface of the body is not a perturbation

of a constant state either. Here the shock front and the surface of the body

are two conical surfaces issuing from a single point – the tip of the conical

body. Hence such a wave structure is flower-shaped wave structure.

We notice that the boundary of the domain has strong singularity at the

tip, which causes new difficulty in seeking the solution.

In [45] the author gives a proof of the existence of shock front solution

near the tip. The problem is first approximated by the straight version of

the original problem, i.e. the pointed body is replaced by a conical body

with straight generating lines, and the coming flow is assumed to be con-

stant. Then the second approximation is applied to treat the perturbation

of the straight version of the problem.

Let (R, θ, z) be the regular cylindrical coordinates, r = R/z, and the

surface of a conical body is described by r = b(z, θ). The main result

obtained in [45] is

Theorem 5.11. Assume that b(z, θ) is a small perturbation of a constant

b0, which satisfying

‖b(0, θ) − b0‖Ck1 ≤ ε0,

∂kZb(0, θ) = 0 for 1 ≤ k ≤ k2,

where k1, k2 are integer determined by the conical surface and the data of

the problem. Assume that a supersonic flow parallel to the z-axis comes

from infinity with speed q = q∞ satisfying q∞ > a∞ ( = (
γp∞
ρ∞

)
1
2 ), where

p∞, ρ∞ are the pressure and the density at infinity respectively. Besides, b0
is less than a critical value b∗ determined by q∞, p∞, ρ∞. Then the problem

of the supersonic flow past the pointed body admits a local weak entropy

solution with a pointed shock front attached at the origin.

The result on the existence of the solution with its shock front structure near

the tip of the body enable us to study global existence and the asymptotic

behavior of the flow behind the shock waves (see [55], [90], [139] etc.).

From the viewpoint of singularity propagation the phenomenon de-

scribed in the above theorem can be understood in the following way: the

singularity of the boundary of the domain produces strong singularity of
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the solution, and the assigned singularity structure describes the manner

of propagation of singularities.

In the study of unsteady compressible flow the flower-shaped wave struc-

ture appears more frequently. For instance, consider two-dimensional Rie-

mann problem, which is a Cauchy problem of the two-dimensional system

of conservation laws

∂u

∂t
+
∂f(u)

∂x
+
∂g(u)

∂y
= 0 (5.78)

with piecewise constant initial data, which takes different constants in dif-

ferent angular domains. Since both the system (5.78) and the initial data

are invariant under the dilation of coordinates

t→ αt, x → αx, y → αy,

then we may consider the solution of 5.78) with the form

u(t, x, y) = v(x/t, y/t),

which is called self-similar solution. Obviously, if v(ξ, η) has some singular-

ity on a curve γ : g(ξ, η) = 0, then in the space (t, x, y) we can find a curve

generating from the origin and gradually grows up keeping its shape resem-

ble to γ. Hence v has a flower-shaped wave structure. In general, a d+1

dimensional unsteady problem (1 time-dimension plus d space-dimensions)

may produce a d-dimensional problem in self-similar coordinate system in-

dependent of t. Hence the latter is usually called pseudo-steady prob-

lem.

Far away from the origin the influence of the origin vanishes, so that the

Cauchy problem is one space-dimensional, which can be solved by using the

theory of one-dimensional system of conservation laws. In accordance, for

a given two-dimensional Riemann problem one may have many nonlinear

waves (formed by straight characteristics) coming from infinity in different

directions, and these nonlinear waves will interact when they meet together.

The plentiful phenomena of interaction of these waves lead to the great com-

plexity of the nonlinear wave structure either in the self-similar coordinates

or in the original physical coordinates.

Like the setting of the Riemann problems we can also consider some

initial boundary value problems, which are invariant under dilation of time

coordinate and space coordinates. Such problems are called initial bound-

ary value problems of Riemann type. Many physical problems can be

derived in such a way, that the initial data take different constants in dif-

ferent sectors, while some sectors are solid, where no flow could go into.
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For instance, we can take initial data as follows. The whole plane is

separated by the rays θ = θ0 (0 < θ0 < π/2), θ = π/2 and θ = −π
to three sectors. The sector −π < θ < θ0 are solid and no gas can go

into. Meanwhile, the gas is assumed to take different constant states in

θ0 < θ < π/2 and π/2 < θ < π. Moreover, the flow parameters in both

sides of θ = π/2 can determine a single plane shock moving forward to the

ramp θ = θ0. Then, the initial boundary value problem with such data can

be regarded as a moving planar shock with constant speed hits a ramp at

t = 0. Such a problem is called “shock reflection by a ramp”.

The problem “shock reflection by a ramp” is a typical problem in non-

linear hyperbolic system with great important effect in physics. It offers

many possibility of complicated wave structure including regular reflection,

Mach reflection and other kind irregular reflection. All these structures are

self-similar in (t, x, y) space, so that are flower shaped. For this problem

we refer readers to [17], [47], [48], [57] and references therein.

Like the above setting one can also discuss other initial boundary value

problems of Riemann type. For instance, in the above example, if the flow

parameters on the both side of θ = π/2 can determine a single rarefaction

wave moving forward to the ramp, then we obtain a problem “reflection of

rarefaction wave by a ramp”. Similarly, if θ0 < 0 we can obtain the problem

“shock diffraction by a convex angle”. In the latter case there may not be

any reflected shock, but there is a sonic wave propagating from the origin

to infinity.

Another interesting Riemann type initial boundary value problem is

“damp collapse”. Assume that there is a reservoir having wedge shape

filled with static water. By using the polar system to describe the plane

R2, we may assume that the damp of the reservoir is θ = ±θ0, and the water

is stored in the domain −θ0 ≤ θ ≤ θ0. If at the time t = 0 the damp of

the reservoir suddenly collapses, then the water floods out of the reservoir.

By taking the hight of the water as the unknown function, which satisfies

the 2-d shallow water equation. The front of the water is the singularity of

the height function. Since the shallow water equation has much similarity

with the Euler equation in gas dynamics, the above problem can also be

understood as the problem of expansion of gas into vacuum. Such a problem

is first put forward by [129]. Recently, [91] gives a proof of the existence

of solution to the problem and described the singularity structure of the

solution.
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Chapter 6

Formation of shocks for quasilinear

hyperbolic equations

As indicated in the previous chapters, singularities of solutions for linear

partial differential equations propagate along the whole characteristics, and

the weak singularities of solutions for nonlinear equation also propagate

along characteristics like this. However, the evolution of a smooth solu-

tion of a quasilinear equation may produce new strong singularities. How

does strong singularity grows out from a smooth solution? The process

of the formation of singularities is obviously an interesting and important

problem, which is the main object in this Chapter.

6.1 The case of scalar equation

6.1.1 Two mechanism of blow-up of smooth solutions

It is a characteristic phenomenon for nonlinear equation, that a smooth

solution may develop singularities. The phenomenon of forming singulari-

ties from a smooth solution is called blow-up of the solution. There are

basically two mechanism of the formation of singularities. One is that the

value of the solution tends to infinity, the other is that the derivative of the

solution tends to infinity though the value of the solution is bounded. To

explain such phenomena we introduce two examples for scalar equations.

Consider the Cauchy problem of a semilinear equation of first order





∂u

∂t
+
∂u

∂x
= u2,

u(0, x) = u0(x),
(6.1)

where u0(x) is a smooth function. It is easy to know that for small t there

is a smooth solution of the problem (6.1). The solution can be expressed

147
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explicitly as

u(t, x) =
u0(x− t)

1 − tu0(x− t)
. (6.2)

Obviously, if the initial data u0 is positive at a point ξ, then along the

characteristics x − t = ξ, the solution u(t, x) increases as t increases, and

the solution does not make sense as t = 1/u0(ξ). Therefore, on the (t, x)

plane there is a curve defined by tu0(x − t) = 1, above which the solution

does not exist. Taking M = maxu0(ξ). If M > 0, the global smooth

solution of the problem (6.1) exists only for t < M−1. Such a mechanism

of blow-up of smooth solution is similar to the blow-up of solution to the

ordinary differential equation
dy

dx
= y2, so that is called ode mechanism.

Another mechanism can be figure out from the Cauchy problem of a

quasilinear equation. Consider




∂u

∂t
+
∂f(u)

∂x
= 0,

u(0, x) = u0(x),
(6.3)

where f(u),u0(x) are smooth functions. Then near t = 0 the problem (6.3)

can be solved by using the characteristic method. Since the solution u

takes constant in each characteristics, then u(t, x) must be bounded, as

u0(x) is bounded. However, if f ′′(u) > 0 and u0(x) is decreasing, then the

derivative of u will go to infinity as t increases.

Indeed, by taking derivatives with respect to x for (6.3), we have

∂ux
∂t

+ f ′(u)
∂ux
∂x

= −f ′′(u)u2
x.

Denote by d/dt the differentiating along the characteristics x = x(t), we

have

dux
dt

= −f ′′(u)u2
x.

By integrating we obtain

1

ux
−
(

1

ux

)

0

=

∫ t

0

f ′′(u)dτ,

then

ux(t, x(t)) =
u′0(x(0))

1 + u′0(x(0))
∫ t
0
f ′′(u)dτ

. (6.4)

Obviously, if f ′′(u) > 0, u′0(x(0)) < 0, then the denominator of (6.4) de-

creases, as t increases. The value |ux| can even increase infinitely along the



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

Formation of shocks for quasilinear hyperbolic equations 149

characteristics. Hence under the assumption f ′′(u) > 0, if u′0(ξ) < 0, then

there is a t(ξ), such that along the curve γ the derivative of u tends to

infinity as t→ t(ξ). Denote t∗ = min{t(ξ)}, we find that the global smooth

solution of the Cauchy problem (6.3) exists as t < t∗. Corresponding to t∗,
there is a characteristics γ : x = x(t), such that the derivative of u tends to

infinity as t→ t∗. Denote x∗ = x(t∗), the point (t∗, x∗) gives the time and

location of blow-up of the solution u. The mechanism of blow-up, which let

all characteristics squeeze together to produce the infinity of derivatives,

is called geometric mechanism. Since the characteristics of semilinar

equations does not depend on solutions, then geometric mechanism does

not appear for semilinear equations. While for quasilinear equations or

fully nonlinear equations both mechanism of blow-up are possible.

It is worth indicating that for Cauchy problem (6.3) the case, when

the solution itself and its derivatives of first order are bounded but the

derivatives of second order blow up, is impossible. Indeed, by differentiating

Eq. (6.3) with respect to x twice we obtain

∂uxx
∂t

+ f ′(u)
∂uxx
∂x

+ 3f ′′(u)uxuxx = −f (3)(u)u3
x. (6.5)

Obviously, this is a linear equation of uxx. If u and ux are continuous

and bounded, then all coefficients and the right hand side are bounded.

Therefore, the initial boundedness of uxx ensure its boundedness for all

time.

Although the above discussion is doing for scalar nonlinear differential

equations of first order, people believe that for differential equations of

higher order or for systems there are also these two mechanism of blow-up

mainly. If the equation is m-th order, then the ode mechanism corresponds

to the case when the solution or its derivatives of order lower than m tend

to infinity. Conversely, the geometry mechanism corresponds to the case

when all derivatives of order lower than m is bounded and the derivatives of

orderm goes to infinity. In this chapter we are more interested in discussing

geometric mechanism, particularly, the method to construct a solution with

singularity in a neighborhood of the blow-up point.

6.1.2 Formation of a shock

The above discussion indicates that the smooth solution of Eq. (6.3) will

blow up at the point P (t∗, x∗). More precisely, we can prove that the

a shock is produced from P , whose strength increases gradually starting

from zero. Next we are going to construct a solution u(t, x), which is a
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C1 solution for t < t∗, but with discontinuity on a curve L starting from

P . The value of u(t, x) on both sides of L satisfies the Rankine-Hugoniot

condition. To this end we first give the construction of u(t, x), then give

the precise theorem and its proof.

Denote g(y) = f ′(u0(y)), the family of the characteristic lines can be

expressed by

x = y + tg(y). (6.6)

Denote by y(t, x) the point of the intersection of the characteristics passing

(t, x) with x-axis, then

x = y(t, x) + tg(y(t, x)). (6.7)

For small t the function y(t, x) can be uniquely determined by the implicit

theorem, hence the solution of Eq. (6.3) is

u(t, x) = u0(y(t, x)) (6.8)

for small t. When g′(y) < 0, the family of characteristics forms an envelop

Γ as t increases. The envelop Γ is determined by Eq. (6.6) and

1 + tg′(y) = 0. (6.9)

Equation (6.9) gives t = −1/g′(y), then the coordinates of the tangential

point of the envelop with the corresponding characteristics is (−1/g′(y), y−
g(y)/g′(y)). The maximum of −1/g′(y) corresponds to the cusp of the

envelop. Without loss of generality we only consider the case there is only

one cusp on the envelop. Hence we assume that there is a y0, such that

(y − y0)g
′′(y) > 0. (6.10)

Obviously, under the assumption (6.10), 1/g′(y) takes minimum t0 at y0.

In accordance, (t0, y0 + t0g(y0)) is the cusp of the envelop.

When t > t0, Eq. (6.9) has two roots y = η−(t) and y = η+(t)

(η−(t) < y0 < η+(t)). Correspondingly, two branches of Γ are (t, x∓(t))

with x∓(t) = η∓(t) + tg(η∓(t)). Denote by G the domain between these

two branches, then G = {x+(t) < x < x−(t), t > t0}. Outside G

the characteristics corresponding to point (t, x) is unique, then the so-

lution u can be expressed by Eq. (6.8). However, there are three roots

y−(t, x) < yc(t, x) < y+(t, x) for each point (t, x) in G. This means that

when the foot of a characteristic line moves from −∞ to ∞, each point (t, x)

in G is swept by the characteristics three times. Therefore, the solution in

G cannot be expressed only by Eq. (6.8).
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Figure 6.1. Characteristics and their envelope near the cusp

Denote

Ω+ = {t ≥ t0, x > x+(t)},

Ω− = {t ≥ t0, x < x−(t)},

we can define

u±(t, x) = u0(y±(t, x))

in Ω±. Obviously, both u±(t, x) are well defined in G = Ω− ∩ Ω+. Making

an initial value problem



φ′(t) =

f(u+(t, φ(t))) − f(u−(t, φ(t)))

u+(t, φ(t)) − u−(t, φ(t))
,

φ(t0) = x0.

(6.11)

If we can prove that there is a unique solution φ(t) of Eq. (6.11) in G, and

φ(t) satisfies x−(t) < φ(t) < x+(t), then we can define

u(t, x) =

{
u+(t, x), x > φ(t),

u−(t, x), x < φ(t),
(6.12)

which is the weak solution of (6.3). Indeed, Eq. (6.11) is nothing but the

Rankine-Hugoniot condition of any shock. Moreover, since the direction of

characteristics on both sides of Γ is downward, then the entropy condition
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is also satisfied. Therefore, the theorem of existence of solution to (6.3) can

be expressed as follows.

Theorem 6.1. Assume that f(u) ∈ C∞, u0(y) ∈ Cp(p ≥ 4), and g(y) =

f(u0(y)) satisfies

g′(y0) < 0, (y − y0)g
′′(y) > 0, g(3)(y0) > 0,

then by denoting

t0 = − 1

g′(y0)
, x0 = y0 + t0g(y0),

the problem (6.11) has C1 solution in t ≥ t0, which belongs to Cp in

(t0,+∞). Correspondingly, (6.12) is the weak solution of (6.3) with a shock

starting from (t0, x0).

To simplify the computation of the proof of Theorem 6.1 we assume

y0 = g(y0) = 0, g′(y0) = −1, g(3)(y0) = 6. (6.13)

Then the condition Eq. (6.10) is yg′′(y) > 0, and Eq. (6.13) gives t0 =

−1, x0 = 0. Denoting τ = t − 1, then we have to construct the solution in

a neighborhood (τ, x) = (0, 0). Next we will extend the function

F (t, x) =
f(u0(y+(t, x))) − f(u0(y−(t, x)))

u0(y+(t, x)) − u0(y−(t, x))
,

and then prove there is a solution of
dφ

dt
= F (t, φ(t)) satisfying φ(t0) = 0

and the curve x = φ(t) locates in G. The conclusion is obtained by several

lemmas.

Lemma 6.1. η± is Cp−3 function of
√
τ . In a neighborhood of τ = 0 there

are estimates

η± ∼ ±
√
τ

3
, x± ∼ ∓ 2√

3
τ

3
2 . (6.14)

Proof. It is enough to study η+, x+. When t > t0, η+ ∈ Cp−1 is obvious.

To discuss its differentiability at τ = 0, we notice g′(η)− g′(0) = 1− 1

t
. By

using g′′(0) = 0 we have

η2

∫ 1

0

g(3)(θη)(1 − θ)dθ = 1 − 1

t
.

Denote

h(η, τ) = η

(∫ 1

0

g(3)(θη)(1 − θ)dθ

) 1
2

−
√

τ

1 + τ
,
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then η+(t) satisfies h(η, τ) = 0. In view of h(0, 0) = 0, ∂ηh(0, 0) =
√

3, we

know η ∈ Cp−3 from the implicit function theorem, and obtain the first

estimate in (6.14). Moreover, by virtue of

x+(t) = η+(t) + tg(η+(t)) = t(g(η+(t)) − g′(η+(t))η+(t)),

and the estimate in the neighborhood of τ = 0

g(η+(t)) − g′(η+(t))η+(t) = −1

3
g(3)(0)(η+(t))3 +O(τ2)

= −2(η+(t))2 +O(τ2),

we obtain the estimate on x+(t). �

It should be noticed that 1 + tg′(y) < 0 in the interval (η−(t), η+(t)),

then y±(t, x), as the function determined by

F (t, x, y) ≡ y + tg(y) − x = 0,

satisfies

dy

dx
= −Fx

Fy
= − 1

Fy
> 0,

then y±(t, x) is a monotone increasing function of x. Let

ỹ−(t, x) =





y−(t, x+(t)), if x ≤ x+(t),

y−(t, x), if x+(t) ≤ x ≤ x−(t),

η−(t), if x ≥ x−(t),

ỹ+(t, x) =





y+(t, x−(t)), if x ≥ x−(t),

y+(t, x), if x+(t) ≤ x ≤ x−(t),

η+(t), if x ≤ x+(t),

then ỹ± is a continuous function defined in t ≥ t0, satisfying ỹ± = y± in G.

Lemma 6.2. For ỹ±(t, x) the following estimates hold: (1)

ỹ−(t, x) = O(
√
τ), ỹ+(t, x) = O(

√
τ). (6.15)

(2) There is C > 0 , such that

x(ỹ−(t, x) + ỹ+(t, x)) ≥ −Cτ |x|. (6.16)
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Proof. In view of

0 ≤ η+(t) ≤ ỹ+(t, x) ≤ y+(t, x−(t)),

then the estimate Eq. (6.15) holds, provided z ≡ y+(t, x−(t)) = O(
√
τ ).

Notice that z satisfies

z + tg(z) = x−(t) = η−(t) + tg(η−(t)),

1 + tg′(η−(t)) = 0,

then

g(z) − g(η−(t)) = (z − η−(t))g′(η−(t)).

By using Taylor’s expansion we have

g′′(η−(t)) + (z − η−(t))

∫ 1

0

(1 − θ)2g(3)(η−(t) + θ(z − η−(t)))dθ = 0,

where g′′(η−(t)) = 6η−(t) +O(τ). Meanwhile,
∫ 1

0

(1 − θ)2g(3)(η−(t) + θ(z − η−(t)))dθ ∼ 2.

Then z − η−(t) ∼ 3η−(t), which leads to Eq. (6.15).

To prove Eq. (6.16) we only have to prove

ỹ+(t, 0) + ỹ−(t, 0) = O(τ), (6.17)

because ỹ+(t, x) + ỹ−(t, x) is a monotone increase function of x. Denote

ξ±(t) = ỹ±(t, 0), it satisfies

0 = ξ + tg(ξ) = ξ(τg′(0) +
t

2
ξ2
∫ 1

0

(1 − θ)2g(3)(θξ)dθ),

then

ξ± = ±
√

2τ

t
∫ 1

0 (1 − θ)2g(3)(θξ±)dθ
.

Therefore, ξ± ∼ ±√
τ , and ξ+(t) + ξ−(t) = O(τ) �

Denote a(x, y) =
f(u0(x)) − f(u0(y))

u0(x) − u0(y)
, the problem (6.11) can also be

written as {
φ′(t) = a(y+(t, φ(t)), y−(t, φ(t))),

φ(t0) = x0.
(6.18)

Lemma 6.3. Assume that a(x, y) is a bounded Cp function, monotone

decreasing with respect to x, and satisfies

a(x, y) = −1

2
(x+ y) + b(x, y), (6.19)

where b(x, y) = O(x2 + y2).
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Proof. Since a(x, y) is symmetric with respect to x and y, and

a(y, y) = f ′(u0(y)) = g(y) = −y +O(y2),

then a(x, y) can be written as a(x, y) = −1

2
(x+ y) + b(x, y) with b(x, y) =

O(x2 + y2). Moreover, writing a(x, y) as

a(x, y) =

∫ 1

0

f ′(u0(x) + θ(u0(y) − u0(x)))dθ,

and differentiating with respect to x, we obtain

∂xa(x, y) =

∫ 1

0

(1 − θ)u′0(x)f
′′(u0(x) + θ(u0(y) − u0(x)))dθ.

By virtue of f ′′ > 0, u′0 < 0, we have ∂xa(x, y) < 0, then a(x, y) is monotone

decreasing with respect to x. �

Lemma 6.4. Equation (6.18) admits a unique solution φ(t) ∈ C1[t0,+∞)∩
Cp(t0,+∞), satisfying

φ(t) = O((t − t0)
2)

and

x+(t) < φ(t) < x−(t) if t > t0. (6.20)

Proof. Consider the problem
{
φ′(t) = a(ỹ+(t, φ(t))), ỹ−(t, φ(t))),

φ(t0) = x0.
(6.21)

Since the function (t, x) 7→ a(ỹ+(t, x), ỹ−(t, φ(t)) is continuous and

bounded, then according to Piano’s theorem the problem admits a solu-

tion in C1[t0,+∞). Moreover,

d

dt
(φ(t)2) = 2φ(t)φ′(t)

= 2φ(t)a(ỹ+(t, φ(t)), ỹ−(t, φ(t))). (6.22)

By using Eq. (6.19) it can be rewritten as

d

dt
(φ(t)2) = −φ(t)(ỹ+(t, φ(t)) + ỹ−(t, φ(t))) +O(τ)φ(t). (6.23)

According to Lemma 6.2 we know

d

dt
(φ(t)2) ≤ Cτ |φ|,
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and then by integrating

|φ(t)| ≤ C

4
τ2.

Therefore, by using the estimate for x±(t) in Lemma 6.1 we know that

there is t1 > t0, such that

x+(t) < φ(t) < x−(t)

holds in (t0, t1). Besides, by using the monotonicity of a(x, y) with respect

to x, we have

a(ỹ+(t, x−(t)), ỹ−(t, x−(t))) = a(ỹ+(t, x−(t)), η−(t))

< a(η−(t), η−(t)) = g(η−(t)) = x′(t).

Similarly,

x′(t) < a(ỹ+(t, x+(t)), ỹ−(t, x−(t))).

Therefore, x = φ(t) will never intersect with x = x+(t), so that Eq. (6.21)

holds. Furthermore,

a(ỹ+(t, φ(t)), ỹ−(t, φ(t))) = a(ỹ+(t, φ(t)), ỹ−(t, φ(t))).

Then φ(t) also satisfies Eq. (6.18). Since y± is Cp smooth, then φ(t) is also

Cp smooth, so that the solution of (6.18) is unique.

As we mentioned above, when the solution φ(t) in G is obtained, the

weak solution of Eq. (6.3) can be defined by using Eq. (6.12). Hence The-

orem 6.1 is also proved. �

6.1.3 Estimates of the solution in the neighborhood of the

starting point of shock

Next we are going to establish precise estimates in the neighborhood of the

starting point (t0, x0) of the shock. This is also the basis of our further

discussion.

First let us discuss the estimates of y±(t, x) in the neighborhood of

(t0, x0). Let

s =
√
τ , λ =

x

s3
, µ =

y

s
, v = (τ3 + x2)1/3, (6.24)

we have the following lemma.

Lemma 6.5.

y± = s

(
±1 +

λ

2
− g(4)(0)

48
s

)
+O(s3 + sλ2), (6.25)

2

3
v ≤ y± ≤ 3

2
v. (6.26)
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Proof. Both y±(t, x) satisfy Eq. (6.6), by denoting

h(y) =

∫ 1

0

(1 − θ)2

2
g(3)(θy)dθ − 1,

then h ∈ Cp−3, h(0) = 0. By using the property of the derivatives of g(y),

we have

g(y) = −y + y3(h(y) + 1),

then Eq. (6.6) becomes

y + t(−y + y3 + h(y)y3) = x.

Substituting Eq. (6.24) into it gives

F (s, λ, µ) ≡ (1 + s2)µ3 − µ+ (1 + s2)µ3h(sµ) − λ = 0. (6.27)

There are three roots of Eq. (6.27) as (s, λ) = (0, 0). Since ∂µF (0, 0, µ±) =

2, then the implicit theorem implies µ± can be solved as a Cp−1 function

of s, λ. Therefore, one can write µ± as the form ±1 + as+ bλ+O(s2 + λ2)

with

a = µs = −Fs
Fµ

= −1

2
µ4h′(0) =

1

48
g(4)(0),

b = µλ = −Fλ
Fµ

=
1

2
.

Then Eq. (6.25) is obtained.

To prove Eq. (6.26), we consider the estimate of y+. Denote

T =
τ

v2
, X =

x

v3
, Y =

y

v
,

Eq. (6.27) can be written as

F (τ, T,X, Y ) ≡ X + TY − (1 + τ)Y 3(h(vY ) + 1) = 0. (6.28)

Here we have to imply that Y ∈
(

2

3
,
3

2

)
, and it is enough to imply that

Y ∈ (
3

4
,
4

3
) for v = 0. Notice that Eq. (6.28) can be reduced to

F0(Y ) ≡ Y 3 − TY −X = 0 (6.29)

for v = 0. Obviously, T 3 +X2 = 1 implies T +X ≥ 1. Notice that

F0(0) ≤ 0, F ′
0(0) + F0(0) = −T −X < 0,

then F0 is negative for small Y , so that F0(Y ) = 0 has at least one positive

root. In view of F0(Y ) < 0 for small positive Y , then the number of positive
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roots of F0(Y ) = 0 must be 3, if it is larger than 1. But in this case the

number of positive roots of F ′
0(Y ) = 0 will be 2. This is impossible, because

F ′
0 = 3Y 2 − T , whose roots must be one positive and one negative. The

contradiction indicates that the positive root of F0(Y ) = 0 is unique.

Based on the uniqueness of the positive root, one can estimate the bound

of the positive root Y0. Since

F0

(
4

3

)
=

64

27
− 4

3
T −X >

64

27
− 4

3
− 1 > 0,

then Y0 <
4

3
. On the other hand,

F0

(
3

4

)
=

27

64
− 3

4
T −X <

27

64
− 3

4
(T +X) < 0,

then Y0 >
3

4
. Combining the above discussions, we know that for small

positive τ the root of Eq. (6.28) locates in

(
2

3
,
3

2

)
. Hence (6.25) holds.

�

By using above lemmas we can prove the following estimates of the weak

solution near the starting point of shock.

Theorem 6.2. In the neighborhood of (t0, x0), the weak solution u(t, x)

satisfies



|u(t, x) − u(t0, x0)| ≤ C0((t− t0)
3 + (x− x0)

2)1/6,

|∂tu(t, x)| ≤ C0((t− t0)
3 + (x− x0)

2)−1/6,

|∂xu(t, x)| ≤ C0((t− t0)
3 + (x− x0)

2)−1/3,

|∂xxu(t, x)| ≤ C0((t− t0)
3 + (x− x0)

2)−5/6.

(6.30)

Proof. In the neighborhood of (t0, x0) the solution u(t, x) is defined by

Eq. (6.12). When x > φ(t),

|u(t, x) − u(t0, x0)| = |u0(y+(t, x)) − u0(y+(t0, x0))| ≤ C0|y+(t, x)|,
then Eq. (6.27) implies Eq. (6.30). In order to obtain estimates of the

derivatives of the solution, we derive estimates for the derivatives of y+(t, x).

Obviously,

∂xy+(t, x) =
1

1 + tg′(y+(t, x))
. (6.31)

According to the assumption on g(y), we have

1 + tg′(y+(t, x)) = 1 + t(−1 + 3y2
+(t, x)) +O((τ3 + x2)1/2)

= 3y2
+(t, x) − τ +O((τ3 + x2)1/2) ≥ 1

2
(3y2

+(t, x) − τ). (6.32)
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For sufficiently small τ ,

3y2
+(t, x) − τ ≥ 4

3
(τ3 + x2)1/3 − τ ≥ c(τ3 + x2)1/2,

Hence

|∂x(u0(y+(t, x))| ≤ |u′0| · |∂xy+(t, x)| ≤ C0(τ
3 + x2)−1/3. (6.33)

Similarly, by using

∂ty+(t, x) = − g(y+(t, x))

1 + tg′(y+(t, x))
(6.34)

and Eq. (6.25) we know

|g(y+(t, x))| ≤ C|y+(t, x)| ≤ C
√
τ ,

and obtain the third estimate in (6.30). Finally,

|∂xxu0(y+(t, x))| ≤ |u′′0 · (∂xy+(t, x))2| + |u′0 · (∂xxy+(t, x))|

≤ C

(
(τ3 + x2)−1/3 +

∣∣ tg
′′∂xy+

(1 + tg′)2
∣∣
)
.

For the second term in the right hand side one can use g′′(0) = 0 and (6.31),

(6.32) to obtain

∣∣ tg
′′∂xy+

(1 + tg′)2
∣∣ ≤ C(τ3 + x2)−5/6.

Hence the forth estimate of Eq. (6.30) is obtained. �

6.2 The case of system

The formation of shocks for systems of conservation laws is more com-

plicated than that for scalar equation. Next we are going to discuss the

formation of shocks for Euler system in gas dynamics. We will mainly dis-

cuss the planar isentropic and irrotational flow, which ia a 2 × 2 system.

From the discussion here readers can figure out the new difficulty arisen in

the system case. Since near the point where shock forms the strength of

the shock is weak, then the equation of isentropic and irrotational flow is

a good approximation of the Euler equation. In the last section we give a

conclusion on formation of shocks for the full Euler system. The result gives

a more precise description of shock formation in the real gas dynamics.
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6.2.1 Background and conclusion

The system describing the planar irrotational flow is{
(a2 − u2)ux − uv(uy + vx) + (a2 − v2)vy = 0,

uy = vx,
(6.35)

where (u, v) is velocity, a is sonic speed, which equals (γργ−1)1/2 with γ

being the adiabatic exponent. a, u, v satisfies a Bernoulli’s relation

1

2
(u2 + v2) +

a2

γ − 1
= const. (6.36)

Assume that there is a uniform flow coming from infinity. The direction

of the velocity is parallel to x-axis, which is considered as a rigid wall as

x < 0. The velocity (u, v) is assumed as supersonic, i.e. (u, v) = (q0, 0)

with q0 > a0. Assume that the flow locates above the rigid wall, which

is bending up starting from the origin. Then the gas is compressed and a

shock will be formed due to the compression.

The Rankine-Hugoniot conditions on shocks for (6.35) is

[u] + σ[v] = 0, σ[ρu] − [σv] = 0. (6.37)

Then any state (u, v, ρ), which can be connected with a given state

(u0, v0, ρ0), has to satisfy

(ρu− ρ0u0)(u− u0) + (ρv − ρ0v0)(v − v0) = 0. (6.38)

Denote θ = arctan(v/u), q =
√
u2 + v2, Eq. (6.38) becomes

cos(θ − θ0) =
ρq2 + ρ0q

2
0

(ρ+ ρ0)q0q
. (6.39)

Equation (6.38) or Eq. (6.39) is called shock polar equation.

Let us first construct the compressible simple waves by using the char-

acteristic method. The characteristic direction of Eq. (6.35) is

λ± =
uv ± a

√
u2 + v2 − a2

u2 − a2
. (6.40)

The Riemann invariants of Eq. (6.35) is

r = θ + F (q), s = θ − F (q), (6.41)

where F (q) =

∫ √
q2 − a2

aq
dq. By using the Riemann invariants Eq. (6.35)

can be reduced to 



∂s

∂x
+ λ+

∂s

∂y
= 0,

∂r

∂x
+ λ−

∂r

∂y
= 0.

(6.42)
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Hence r (s resp.) is a constant on λ− (λ+ resp.) characteristics. If the

flow comes from left and locates above the wall, then from any point in

the domain, where the smooth solution exists, there is a characteristics of

first class comes from x < 0. Therefore, r ≡ const. in the whole domain

above the wall, and all second characteristics of second class are straight

lines. Meanwhile, (u, v) are constants on each characteristics of second

class. Such a solution is called simple wave of second class. The image

of the whole domain of the simple wave under the map

T : (x, y) 7→ (u, v) = (u(x, y), v(x, y))

is an epicycloidal on (u, v) plane{
u = a∗(cosµ(ω − ω∗) cosω + µ−1 sinµ(ω − ω∗) sinω),

v = a∗(cosµ(ω − ω∗) sinω − µ−1 sinµ(ω − ω∗) cosω),
(6.43)

where µ = (
γ − 1

γ + 1
)

1
2 , a∗ is the critical sonic speed, both a∗ and ω∗ are

determined by the incoming flow.

Assume that the equation of the wall is y = f(x), which is 0 for x < 0,

and satisfies f ′(x) > 0, f ′′(x) > 0 for x > 0. This means that the wall is

convex downward. Since the direction of the velocity of the flow should

be parallel to the wall at the surface of the wall, then for any x̄ ≥ 0, the

direction of the velocity at (x̄, f(x̄)) is u : v = 1 : f ′(x̄), hence we have

f(x̄) =
cosµ(ω − ω∗) sinω − µ−1 sinµ(ω − ω∗) cosω

cosµ(ω − ω∗) cosω + µ−1 sinµ(ω − ω∗) sinω
.

Direct computations indicate that the derivative of the right hand side with

respect to ω is positive, so that ω is a monotone increasing function of x̄

due to f ′′(x) > 0. On (x, y) plane the characteristics corresponding to the

parameter ω is{
x = x̄+ t cos(ω − π/2) (= x̄+ t sinω),

y = f(x̄) + t sin(ω − π/2) (= f(x̄) + t cosω).
(6.44)

Obviously, if x̄1 > x̄2, then the slope of the corresponding characteristics

satisfies tan(ω1 − π/2) > tan(ω2 − π/2). Hence these two characteristics

must intersect at some point P on the upper half plane. Hence the domain

of the smooth solution cannot be extended to the point P , so that the

solution must blow up before arriving P .

Like the discussion in Section 6.1 we can determine the starting point

of the shock by making the envelop of characteristics. The envelop of the

family (6.44) is

∆ ≡
∣∣∣∣
(
xx̄ xt
yx̄ yt

)∣∣∣∣ = 0 (6.45)
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Substituting Eq. (6.44) into it gives

∆ ≡ cosω − tω′ + f ′ sinω.

Therefore, on the envelop we have t =
1

ω′ (f
′ sinω+cosω), and the equation

of the envelop with parameter x̄ is


x = x̄− 1

ω′ (f
′ sinω + cosω) sinω,

y = f(x̄) +
1

ω′ (f
′ sinω + cosω) cosω.

(6.46)

Substituting ω, ω′ as functions of x̄ into the first equation of Eq. (6.46) and

denoting the result by h(x̄), we have

h′(x̄) = 0, h′′(x̄) > 0

at some point x̄ = x̄0. This means that the coordinate of the points on the

envelop takes minimum at x̄0. The fact implies that (x̄0, ȳ0) is the cusp of

the envelop.

The main conclusion in this section is

Theorem 6.3. Assume that f ′(x) satisfies the above assumptions, so that

the family of characteristics of second class of the system (6.35) forms an

envelop with cusp (x0, y0), then in a neighborhood Ω of (x0, y0) there is an

entropy solution of (6.35), which contains a shock Γ : y = φ(x) starting

from (x0, y0). The solution (u, v) is continuous on Ω \ Γ, and satisfies the

following estimates



φ(x) = y0 + α(x − x0) +O((x − x0)
2),

r(x, y) = O((x − x0)
3/2),

s(x, y) = s(x0, y0) +O((x − x0)
3 + (y − y0 − α(x − x0)

2)1/6),

(6.47)

where α is the slope of the characteristics of second class passing through

the cusp (x0, y0).

The outline of the proof is as follows. As mentioned above, the solution

in x < x0 is a simple wave, in which (u, v) takes constant on each character-

istics (6.46) determined by Eq. (6.42). For x > x0, the solution is singular,

which will be constructed by an iterative scheme. Let r(0)(x, y) be a con-

stant, substituting it into Eq. (6.41) gives an equation for s. By solving s we

obtain s(0)(x, y), and then obtain the location of an approximate shock by

using r(0) and s(0). Successively determine approximate solutions in both

sides of the approximate shock as update the location of the approximate

shock, we can establish a sequence {r(ν)(x, y)} and {s(ν)(x, y)}. Then the

limit of the sequence gives the required solution with a shock starting from

(x0, y0). Next we will prove that the sequence of approximate solutions can

be well defined and the sequence is convergent.
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6.2.2 The property of the first approximate solution

Since our discussion is proceeded in a neighborhood of the starting point

(x0, y0) of shock, we may assume that the characteristics of second class

in {x = 0, y ≥ 0} cover all neighborhood of (x0, y0). Hence we only need

to consider an initial value problem of (6.42). Besides, to simplify the

computations we can take the starting point as the origin, and take the

second characteristics passing the starting point as x-axis. Moreover, the

initial line is placed on x = −1, the Riemann invariant r is assumed to be

0 as x < 0.

The first step in to construct s(0)(x, y). In its smooth domain, s(0)(x, y)

satisfies

∂xs(x, y) + λ+∂ys(x, y) = 0, (6.48)

s(−1, y) = s0(y). (6.49)

Since the weak solution depends on the form of the conservation laws cor-

responding to Eq. (6.48), and different form of conservation laws leads to

different Rankine-Hugoniot conditions, then we have to choose a suitable

one, which coincide with Eq. (6.37). Denote the inverse function of F (q)

by G, we have

q = G

(
r − s

2

)
, G′(F (q)) = aq(q2 − a2)−1/2.

Moreover, let

e(u, v) = u− av(q2 − a2)−1/2

= q cos θ − aq sin θ(q2 − a2)−1/2

= 2G

(
r − s

2

)
sin

r + s

2
,

then

eλ+ = v = au(q2 − a2)−1/2

= aq cos θ(q2 − a2)−1/2 + q sin θ

= −2G

(
r − s

2

)
cos

r + s

2
.

Multiplying Eq. (6.48) by e and taking r = 0 we obtain(
G
(
−s

2

)
sin

s

2

)
x

+
(
−G

(
−s

2

)
cos

s

2

)
y

= 0, (6.50)

which is the form of conservation law to look for s(0)(x, y). In accordance,

the shock condition is

σ = − [2G(−s/2) cos s/2]

[2G(−s/2) sin s/2]
. (6.51)
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Obviously, the numerator and the denominator are [u] and [v] respectively,

as r = 0.

The property of the solution s(0)(x, y) of (6.48), (6.49) can be obtained

by using the result in Section 6.1. To have it we denote

m = G(−s/2) sin(s/2), f(m) = G(−s/2) cos(s/2).

Since the inverse s(m) of m(s) exists, then f(m) = [G(−s/2) cos

(s/2)]s=h(m) is also well defined. Hence (6.48), (6.49) can be written as{
mx + (f(m))y = 0,

m(−1, y) = m(s0(y)).
(6.52)

By applying Theorems 6.1 and 6.2 we obtain the existence and estimate

of m(x, y) and y = φ(x). In accordance, the estimates Eq. (6.30) hold for

s(0)(x, y).

To avoid the trouble caused by the change of the location of approximate

shocks, we will fix it onto the x-axis by a coordinate transformation. For

instance, if the approximate shock is y = φ(ν)(x) for x ≥ 0 in ν−th step,

then the transformation is

E(ν) : x1 = x, y1 =

{
y − φ(ν)(x), if x ≥ 0,

y, if − 1 ≤ x ≤ 0.
(6.53)

Denote

σ(ν) =

{
(φ(ν))′, if x ≥ 0,

0, if − 1 ≤ x ≤ 0.

Again denote the new coordinates by (x, y), then s(0)(x, y) satisfies{
∂xs

(0)(x, y) + (λ+ − σ(0))∂ys
(0)(x, y) = 0,

s(0)(−1, y) = s0(y).
(6.54)

Denote by y = η±(x, a, b) the characteristics passing from (a, b) correspond-

ing to ±b > 0. Denote η0 = η(−1, a, b), and denote the function y±(t, x)

in the previous section by z±(a, b). Let g(z) = λ+(s0(z)), then we have

g(0) = g′′(0) = 0 and g′(0) = −1. Besides, to simplify the computations

we also assume g(3)(0) = −6.

Lemma 6.6. In the neighborhood of the origin the characteristics of

Eq. (6.54) will not intersect with x-axis. Moreover, the following estimates

for the points on the characteristics hold

±η±(0, a, b) =
√
a+O(a) +O1(|b|1/3), (6.55)

±(η±(x, a, b) − b) =
√
a(a− x) +O1(|b|1/3(a− x)) +O(a(a − x)), (6.56)

where O1(|b|1/3) means a positive number no more than O(|b|1/3).



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

Formation of shocks for quasilinear hyperbolic equations 165

Proof. Let us only consider the case b > 0 and denote η+ by η, then

η(x, a, b) + φ(x) = η0 + (x+ 1)g(η0). (6.57)

Taking x = a gives

b+ φ(a) = η0 + (a+ 1)g(η0),

then

b− η(x, a, b) = φ(x) − φ(a) + (a− x)g(η0).

φ(x) = O(x2) implies φ(x) − φ(a) = O(a(a − x)), then

b− η(x, a, b) = −η0(a− x) +O(η3
0(a− x) + a(a− x)). (6.58)

Notice

η0 = z+(a, b) = z+(a, 0) + b∂bz+(a, θb), θ ∈ (0, 1),

and apply the estimates (6.25), (6.31), we have

η0 = a1/2 + b1/3b2/3(a3 + b2)−1/3 +O(a) = a1/2 + cb1/3 +O(a), (6.59)

where c is a bounded positive number. This is the estimate (6.55). Substi-

tuting it into Eq. (6.58) leads to Eq. (6.56). �

Lemma 6.7. Denote I =

∫ a

0

(−λ+s · s(0)y )(x, η(x, a, b))dx, the integrand is

positive, and the integral satisfies

|I | ≤ log
3

2
+ C

√
a. (6.60)

Proof. s(0) is constant on characteristics of second class, then

s(0)(x, η(x, a, b)) = s(0)(−1, η0) = s0(η0),

∂ys
(0)(x, η(x, a, b)) · η0 = s′0(η0) · η0b.

Equation (6.58) implies ηb = η0b(1 + (x + 1)g′(η0)), then

∂ys
(0)(x, η(x, a, b)) =

s′0(η0)

1 + (x+ 1)g′(η0)
,

λ+s · s(0)y = ∂b(λ+(s(0)(x, η(x, a, b)))) · η−1
b

= g′(η0) · η0b · η−1
b =

g′(η0)

1 + (x+ 1)g′(η0)
.

In view of the property of g′, we know the fraction is negative identically.

This is the first conclusion of the lemma.
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Furthermore,

|I | = −
∫ a

0

g′(η0)

1 + (1 + x)g′(η0)
dx

= − log
1 + (1 + a)g′(η0)

1 + g′(η0)
.

Denote η̃0 = η(−1, a, 0), we have η0 > η̃0 for b > 0, then g′(η0) ≥ g′(η̃0)
and

− log
1 + (1 + a)g′(η0)

1 + g′(η0)
≤ − log

1 + (1 + a)g′(η̃0)

1 + g′(η̃0)
.

Since η̃0 =
√
a+O(a), then

1 + g′(η̃0) = 1 +

(
−1 +

1

2
g(3)(0)η̃2

0 +O(a3/2)

)
= 3a+O(a3/2),

1 + (a+ 1)g′(η̃0) = 2a+O(a3/2),

− log
1 + (1 + a)g′(η̃0)

1 + g′(η̃0)
= − log

(
2

3
(1 +O(a1/2))

)
.

Hence we obtain I ≤ log
3

2
+ C

√
a. �

Remark If ζ(x, a, b) is a function satisfying

|ζ(x, a, b) − η(x, a, b)| ≤ Ca(a− x), (6.61)

then the following estimate
∣∣∣∣
∫ a

0

(λ+s · s(0)y )(x, ζ(x, a, b))dx

∣∣∣∣ ≤ log
3

2
+ C

√
a. (6.62)

We leave the proof to readers.

Lemma 6.8. If a > 0, a, |b| are sufficiently small, then on the character-

istics y = η(x, a, b)

x3 + y2 ≥ 5

16
(a3 + b2). (6.63)

Proof. Let us only consider the case b > 0. Equation (6.56) implies

η(x, a, b) − b =
√
a(a− x) +O(a(a − x)) +O1(b

1
3 (a− x)). (6.64)

When b = 0, Eq. (6.64) becomes

η(x, a, 0) ≥ √
a(a− x) +O(a(a− x)),
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then there is a constant C, such that

η(x, a, b) − b ≥ η(x, a, 0) − Ca(a− x).

Hence for small a we have

η(x, a, b) ≥ b+

√
3

2

√
a(a− x),

which implies

x3 + y2 ≥ b3 +
3

4
a(a− x)2 + x3.

Since
3

4
a(a− x)2 + x3 takes minimum at x =

a

2
, then

x3 + y2 ≥ b3 +
5

16
a3 ≥ 5

16
(a3 + b2).

�

The characteristics of first class run across the shock. Then in order to

estimate approximate solution r(ν)(x, y) we have to carefully analyze the

relations of jumps of all flow parameters on the shock.

Lemma 6.9. For θ, q defined as above, we have

[θ] = k[F (q)], (6.65)

where k is a smooth function of θ−, θ+, q−, q+, which has limit −1, as [q] →
0.

Proof. Equation (6.52) implies

sin2 θ = 1 − ((ρ+q
2
+ + ρ−q2−)2

(ρ+ + ρ−)q+q−)2

= − (q2+ − q2−)(ρ2
+(q2+ − q2−) + q2−(ρ2

+ − ρ2
−))

((ρ+ + ρ−)q+q−)2

= − (q+ + q−)2(ρ2
+ + q2−(ρ2

+ − ρ2
−)/(q2+ − q2−))

((ρ+ + ρ−)q+q−)2
[q]2

[F (q)]2
[F (q)]2.

When [q] → 0, the coefficient of [F (q)]2 tends to

−
4q2(ρ2 + q2

ρ

q

dρ

dq
)

4ρ2q2(F ′(q))2
= −

(ρ2 + ρq
dρ

dq
)

4ρ2q2(F ′(q))2
.

Bernoulli’s relation gives

qdq + γργ−2dρ = 0.
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Then
dρ

dq
= −ρq/a2, and

−ρ
2 + ρqdρ/dq

ρ2q2F ′(q)2
= − ρ2 − ρ2q2a−2

ρ2q2(q2 − a2)a−2q−2
= 1.

Due to sin[θ] ∼ [θ], we obtain Eq. (6.65), where |k| has limit 1, as [q] tends

to 0. Notice that [θ] and [q] take different sign, [q] and [F (q)] take same

sign, then [θ] and [F (q)] take different sign. Hence k → −1, as [q] → 0. �

Lemma 6.10. Assume r− = 0 on the lift side of shock, then

r+ = f(s+, s−)[s]3, (6.66)

where f(s+, s−) is a smooth function of its arguments.

Proof. From Lemma 6.9 we have

[θ] = (1 + h(θ+, θ−, q+, q−)[F (q)])[F (q)]. (6.67)

Exchange plus sign with minus sign, we have

h(θ−, θ+, q−, q+) = −h(θ+, θ−, q+, q−),

then h vanishes for [θ] = [q] = 0, so that Eq. (6.67) can be written as

[θ] = (1 + h1[F (q)]2)[F (q)]

or

[θ]2 = (1 + h2[F (q)]2)[F (q)]2,

where h1 and h2 are suitable smooth functions, and vanishes as [θ] = [q] = 0.

By substituting the expression of r and s, we have

[s+ r]2 = (1 +
h2

4
[s− r]2)[s− r]2.

Hence

r+([s− r] + r+) =
1

16
h2[s− r]4 (6.68)

due to r− = 0. Denote z =
r+

[s− r]
, then z satisfies

z(1 + z) =
1

16
h2[s− r]2. (6.69)

Lemma 6.9 implies

z = −1

2
[θ + F (q)]/[F (q)] → 0

Then the root of Eq. (6.69) is

z = −1

2
+

1

2

√
1 +

1

4
h2[s− r]2,

so that r+ = h3[s − r]3, where h3 is smooth. Now let w = r+/[s]
3, then

[s− r] = [s] − w[s]3, and Eq. (6.68) gives

w − h3(w[s]3, s+, s−)(1 − w[s]2)3 = 0. (6.70)

Obviously, the derivative of the left hand side with respect to w is 1 for

[s] = 0. Then by using the implicit function theorem w can be solved as a

smooth function of s+ and s−. �
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6.2.3 Estimates and convergence of the sequence of approx-

imate solutions

Based on the above preparation we can establish the sequence of approxi-

mate solutions {r(ν)(x, y), s(ν)(x, y)}. Let Ω = Ω0∪Ω+∪Ω− be the domain

of definition of the sequence, where

Ω0 = {(x, y); −1 ≤ x ≤ 0,−ε ≤ y ≤ ε},
Ω+ = {(x, y); 0 ≤ x ≤ η, 0 ≤ y ≤ ε− x},

Ω− = {(x, y); 0 ≤ x ≤ η,−ε+ x ≤ y ≤ 0},
and η,ε are small numbers.

For the first term of the sequence, r(0)(x, y) = 0, s(0)(x, y) is determined

by Eq. (6.54). For ν ≥ 0, σ(ν), r(ν+1), s(ν+1) can be defined by induction as

follows:

σ(ν) = − [G((r(ν) − s(ν))/2) cos(r(ν) + s(ν))/2]

[G((r(ν) − s(ν))/2) sin(r(ν) + s(ν))/2]
. (6.71)





∂xr
(ν+1)(x, y) + (λ

(ν)
− − σ(ν))∂yr

ν+1)(x, y) = 0,

∂xs
(ν+1)(x, y) + (λ

(ν)
+ − σ(ν))∂ys

ν+1)(x, y) = 0,

r(ν+1)(−1, y) = 0, s(ν+1)(−1, y) = s0(y),

(6.72)

where λ
(ν)
± = λ±(r(ν), s(ν)).

We confirm that σ(ν), r(ν+1), s(ν+1) are well defined by Eq. (6.71) and

Eq. (6.72). To indicate it we are going to prove the following propositions.

F
(ν)
1 :





1) s(ν) = s(0) in Ω0 ∪ Ω+,

2) s(ν) ∈ C1(Ω̄− \ (0, 0)),

3) |s(ν)(x, y) − s(0)(x, y)| ≤ Cx,

4) |∂y(s(ν) − s(0))(x, y)| ≤ C(x3 + y2)−1/6.

F
(ν)
2 :





1) r(ν) = 0 in Ω0 ∪ Ω+,

2) r(ν) ∈ C1(Ω̄− \ (0, 0)),

3) |r(ν)(x, y)| ≤ Cx3/2,

4) |∂yr(ν)| ≤ C(x3 + y2)1/2.

The constant C in the above two propositions is independent of ν. Ob-

viously, the propositions are valid for the index ν = 0, we now indicate

that the validity for index ν implies its validity for index ν + 1 by a set of

lemmas.

Lemma 6.11. If F
(ν)
1,2 holds, then

|σ(ν) − σ(0)| ≤ Cx. (6.73)
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Proof. Since r(ν), s(ν) are independent of ν in Ω+, then Eq. (6.71) can

be written as

σ(ν) = H(r, s)|r=r(ν),s=s(ν) , (6.74)

where

H(r, s) = − [G((r − s)/2) cos(r + s)/2]

[G((r − s)/2) sin(r + s)/2]
.

Hence

|σ(ν) − σ(0)| ≤ C(|r(ν)| + |s(ν) − s(0)|) ≤ Cx.
�

Denote by y = η(ν)(x, a, b) the characteristics of the second equation in

Eq. (6.72) passing through (a, b), then we have the following lwmma.

Lemma 6.12. If F
(ν)
1,2 holds, then

|η(ν)(x, a, b) − η(0)(x, a, b)| ≤ Ca(a− x). (6.75)

Proof. By virtue of b = η(ν)(a, a, b) we have

b− η(ν)(x, a, b) =

∫ a

x

(λ
(ν)
+ (α, η(ν)(α, a, b)) − σ(ν)(α))dα. (6.76)

To estimate η(ν)(x, a, b) we introduce another iterative process. Temporar-

ily fixed ν, and define

ζ0(x, a, b) = η(0)(x, a, b), (6.77)

ζn+1(x, a, b) = b−
∫ a

x

(λ
(ν)
+ (α, ζn(α, a, b)) − σ(ν)(α))dα. (6.78)

Since ζ0(x, a, b) satisfies

ζ0(x, a, b) = b−
∫ a

x

(λ
(0)
+ (α, ζ0(α, a, b)) − σ(0)(α))dα, (6.79)

then

ζn+1(x, a, b) − ζ0(x, a, b)

=

∫ a

x

(λ
(ν)
+ (α, ζn(α, a, b)) − λ

(0)
+ (α, ζ0(α, a, b)))dα −

∫ a

x

(σ(ν)(α)

−σ(0)(α))dα.

Now we prove that the limit of ζi(x, a, b) is η(ν)(x, a, b), which satisfies

Eq. (6.75). To this end we want to indicate that the inequality

|ζi(x, a, b) − ζ0(x, a, b)| ≤ Ca(x− a) (6.80)
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holds for all i. Indeed, if (6.80) holds for i = n, then

ζn+1(x, a, b) − ζ0(x, a, b)

=

∫ a

x

(λ
(0)
+ (α, ζn) − λ

(0)
+ (α, ζ0))dα+

∫ a

x

(λ
(ν)
+ (α, ζn) − λ

(0)
+ (α, ζn))dα

+

∫ a

x

(σ(ν)(α) − σ(0)(α))dα. (6.81)

According to the assumptions on F (ν) we have

|σ(ν)(α) − σ(0)(α)| ≤ Cα, (6.82)

|λ(ν)
+ (α, ζn) − λ

(0)
+ (α, ζn)|

≤ C‖∇λ‖L∞(|r(ν)(α, ζn)| + |s(ν)(α, ζn) − s(0)(α, ζn)|) ≤ Cα (6.83)

On the other hand,
∣∣∣∣
∫ a

x

(λ
(0)
+ (α, ζn) − λ

(0)
+ (α, ζ0))dα

∣∣∣∣

≤
∣∣∣∣
∫ a

x

(λ
(0)
+s · s(0)y )(α, (ζ0 + θ(ζn − ζ0)) · (ζn − ζ0)dα

∣∣∣∣ .

By using the assumption Eq. (6.80) with i = n, we know ζ0 + θ(ζn − ζ0)

satisfies Eq. (6.61), then the remark of Lemma 6.7 implies
∣∣∣∣
∫ a

x

(λ
(0)
+ (α, ζn) − λ

(0)
+ (α, ζ0))dα

∣∣∣∣ ≤
(

log
3

2
+ C

√
a

)
a(a− x). (6.84)

By substituting (6.82)–(6.84) into (6.81), we have Eq. (6.80) with i = n+1.

Hence (6.80) holds for any i.

Now we prove the convergence of ζn(α, a, b). In fact,

|ζn+1(x, a, b) − ζn(x, a, b)|

=

∣∣∣∣
∫ a

x

(λ
(ν)
+ (α, ζn) − λ

(ν)
+ (α, ζn−1))dα

∣∣∣∣

≤
∫ a

0

|∂yλ(ν)
+ (α, (ζn−1 + θ(ζn − ζn−1)))|dα · ‖ζn − ζn−1‖L∞ . (6.85)

The integral in the left side does not exceed
∫ a

0

|∂yλ(0)
+ (α, (ζn−1 + θ(ζn − ζn−1)))|dα

+

∫ a

0

|(∂yλ(ν)
+ − ∂yλ

(0)
+ )(α, (ζn−1 + θ(ζn − ζn−1)))|dα. (6.86)
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It is dominated by log
3

2
+ C

√
a according to the remark of Lemma 6.7.

Moreover, the assumption F
(ν)
1,2 implies

|∂yλ(ν)
+ − ∂yλ

(0)
+ | ≤ |λ(ν)

+r r
(ν)
y + λ

(ν)
+s s

(ν)
y − λ

(0)
+ss

(0)
y | ≤ C(α1/2 + α−1/2),

Then for small a
∫ a

0

|∂yλ(ν)
+ (α, (ζn−1 + θ(ζn − ζn−1)))|dα ≤ log

3

2
+ C

√
a ≤ 1

2
.

Substituting them into Eq. (6.85) we obtain the contraction of the sequence

{ζn}:

‖ζn+1 − ζn‖L∞ ≤ 1

2
‖ζn − ζn−1‖L∞ , (6.87)

hence {ζn} is convergent. Obviously, the limit of {ζn} is the unique solution

of Eq. (6.76). Meanwhile, the estimate Eq. (6.75) is obtained by taking limit

in Eq. (6.80). �

Remark 6.1. Combining Lemma 6.11 with Eq. (6.56) we have

η
(ν)
± (x, a, b) − b = ±(

√
a(a− x) +O1(|b|1/3(a− x))) +O(a(a− x)), (6.88)

which means that for a > 0, the λ± leftward characteristics issuing from

(a, b) can only leave Ω± at x = 0. The fact will be used in estimating the

derivatives of s(ν+1).

Lemma 6.13. Under the above assumptions F
(ν)
1,2

|(s(ν+1) − s(0))(x, y)| ≤ Cx, (6.89)

|r(ν+1)(x, y)| ≤ Cx3/2. (6.90)

Proof. Denote v(x, y) = (s(ν+1) − s(0))(x, y), then v satisfies
{
∂xv + (λ

(ν)
+ − σ(ν))∂yv = (−λ(ν)

+ + λ
(0)
+ + σ(ν) − σ(0))∂ys

(0),

v(0, y) = 0.
(6.91)

Integrating along the characteristics gives

|v(x, y)| ≤
∫ x

0

|(−λ(ν)
+ + λ

(0)
+ + σ(ν) − σ(0))(∂ys

(0))(α, η(α, a, b))|dα.

By using the assumptions F
(ν)
1,2 we know

|λ(ν)
+ − λ

(0)
+ | ≤ C‖∇λ‖L∞(‖r(ν)‖L∞ + ‖s(ν) − s(0)‖L∞) ≤ Cα.
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Besides, Theorem 6.2 indicates

|∂ys(0)(α, η(α, x, y))| ≤ C(α3 + η2)−1/3 ≤ Cα−1.

Combining with Lemma 6.10 we obtain

|v(x, y)| ≤ C

∫ x

0

α · α−1dα ≤ Cx.

Consider the estimate for r(ν+1). It vanishes in Ω0 ∪ Ω+. In Ω−, r(ν+1) is

determined by an initial boundary value problem of the equation

∂xr
(ν+1) + (λ

(ν)
− − σ(ν))∂yr

(ν+1) = 0. (6.92)

The initial condition on x = 0 is r(ν+1) = 0, while the boundary condition

on y = 0 is derived from the Rankine-Hugoniot conditions. Denote by

`− : y = η−(x, a, b) the λ− characteristics passing through (a, b). If the

curve intersects with x = 0 at (ξ, 0), then Lemma 6.9 implies

|r(ν+1)| ≤ C|[s(ν+1)]3|. (6.93)

On the other hand, Lemma 6.6 indicates [s(0)] ≤ Cx1/2. Hence combining

with the estimate (6.89) we have

[s(ν+1)] ≤ Cx1/2.

Substituting it into Eq. (6.93) implies the validity of Eq. (6.90) on y = 0.

Then integrating Eq. (6.92) along the λ− characteristics shows the validity

of Eq. (6.90) in the whole Ω−. �

Lemma 6.14. Under the above assumptions on F
(ν)
1,2

|∂x,y(s(ν+1) − s(0))(x, y)| ≤ C(x3 + y2)−1/6, (6.94)

|∂x,y(r(ν+1))(x, y)| ≤ C
√
x. (6.95)

Proof. Let v = ∂y(s
(ν+1) − s(0))(x, y), then it satisfies

∂xv + (λ
(ν)
+ − σ(ν))∂yv = (−λ(ν)

+ + λ
(0)
+ + σ(ν) − σ(0))s(0)yy

−∂yλ(ν)
+ v + ∂y(λ

(ν)
+ − λ

(0)
+ )s(0)y . (6.96)
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By using Theorem 6.2 we have
∣∣∣∣
∫ a

0

(−λ(ν)
+ + λ

(0)
+ + σ(ν) − σ(0))s(0)yy dα

∣∣∣∣

≤
∫ a

0

Cα(α3 + η2)−5/6dα

≤ Ca2(a3 + b2)−5/6 ≤ C(a3 + b2)−1/6.∣∣∣∣
∫
∂y(λ

(ν)
+ − λ

(0)
+ )s(0)y dα

∣∣∣∣

≤
∫

|(λ(ν)
+r r

(ν)
y + λ

(ν)
+s s

(ν)
y − λ

(0)
+ss

(0)
y )| · |s(0)y |dα

≤
∫

|(λ(ν)
+r r

(ν)
y + λ

(ν)
+s (s

(ν)
y − s(0)y + (λ

(ν)
+s − λ

(0)
+s)s

(0)
y | · |s(0)y |dα

≤ C

∫ a

0

|(α3 + η2)−1/6 + α−1/2 + α(α3 + η2)−1/3| · (α3 + η2)−1/3dα

≤ C

∫ a

0

α−1/2dα · (a3 + b2)−1/3 ≤ C(a3 + b2)−1/6.

Hence we established

|v| ≤
∫ a

0

g(α)|v|dα + h(a), (6.97)

where h(a) ≤ C(a3 + b2)−1/6. Besides, Lemma 6.7 implies
∫ a

0

g(α)dα ≤ log
3

2
+ C

√
a,

then for small a the estimate of the derivatives with respect to y in Eq. (6.94)

can be obtained. Similarly, we can establish the estimate of the derivatives

with respect to x.

Consider the estimate of derivatives of r(ν+1). From Eq. (6.66) we have

r(ν+1)(x) = f(s
(ν+1)
+ (x), s

(ν+1)
− (x))[s(ν+1)]3.

Taking derivatives with respect to x and applying the estimate (6.94) we

obtain

|r(ν+1)
x | ≤ C(3[s(ν+1)]2|[s(ν+1)

x ]| + [s(ν+1)]3(s
(ν+1)
−x + |s(ν+1)

+x ))

≤ C
√
x. (6.98)

As did before, by using the integration along λ− characteristics we can

establish the estimate of r
(ν+1)
x in the whole domain Ω.

Finally, in view of that |λ(ν)
− − σ(ν)| has positive lower bound, the esti-

mate of derivative of r(ν+1) with respect to y can also be obtained. �
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By using the conclusion of Lemma 6.11 to Lemma 6.14, we obtained the

validity of F
(ν)
1,2 for any ν by induction.

Proof of Theorem 6.3. The key point of the proof of Theorem 6.3 is to

establish the convergence of the sequence of {r(ν), s(ν)}. Next we are going

to give the estimates of |σ(ν) − σ(ν−1)|, |s(ν+1) − s(ν)|, |r(ν+1) − r(ν)| one by

one.

|σ(ν) − σ(ν−1)| ≤ 1

2
‖λ′+‖L∞‖s(ν) − s(ν−1)‖L∞(1 +O(x))

+C‖r(ν) − r(ν−1)‖L∞ , (6.99)

‖s(ν+1) − s(ν)‖L∞ ≤ 9

10
(‖r(ν) − r(ν−1)‖L∞ + ‖s(ν) − s(ν−1)‖L∞), (6.100)

‖r(ν+1) − r(ν)‖L∞ ≤ 1

20
(‖r(ν) − r(ν−1)‖L∞ + ‖s(ν) − s(ν−1)‖L∞), (6.101)

First, like Lemma 6.11 we have

|σ(ν) − σ(ν−1)| ≤ C(‖s(ν) − s(ν−1)‖L∞ + ‖r(ν) − r(ν−1)‖L∞). (6.102)

To establish more precise estimate we write

|σ(ν) − σ(ν−1)| = |H(r(ν), s(ν) −H(r(ν−1), s(ν−1)|
≤ C|r(ν) − r(ν−1)| + |H(0, s(ν)) −H(0, s(ν−1))|
+|(H(r(ν), s(ν)) −H(r(ν), s(ν−1))) − (H(0, s(ν)) −H(0, s(ν−1)))|. (6.103)

By using the notations of Eq. (6.52)

H(0, s(ν)) −H(0, s(ν−1)) =
[f(m)(s(ν))]

[m(s(ν))]
− [f(m)(s(ν−1))]

[m(s(ν−1))]

=

(
d

dm

[f(m)]

[m]

)

m=m∗

(
dm

ds

)

s=s∗
(s(ν) − s(ν−1))

=

(
[m]f ′(m) − [f(m)]

[m]2

)

m=m∗

(
dm

ds

)

s=s∗
(s(ν) − s(ν−1)),

where s∗ = s(ν−1) + θ(s(ν) − s(ν−1)), 0 ≤ θ ≤ 1,m∗ = m(s∗). Then

|H(0, s(ν)) −H(0, s(ν−1))|

≤ |1
2
f ′′(m0) +O([m])| ·

∣∣∣∣
dm

ds

∣∣∣∣ · |s(ν) − s(ν−1)|

=

(
1

2
λ′+(s0) +O(|s(ν) − s(0)|)

)
|s(ν) − s(ν−1)|,

Substituting it into Eq. (6.103) implies Eq. (6.99).



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

176 Analysis of Singularities for Partial Differential Equations

To prove Eq. (6.100), we denote v = s(ν+1) − s(ν), then v satisfies

∂xv + (λ
(ν)
+ − σ(ν))∂yv = (λ

(ν−1)
+ − λ

(ν)
+ + σ(ν) − σ(ν−1))∂ys

(ν).

Integrating along characteristics gives

|v| ≤
∫ a

0

|(λ(ν−1)
+ − λ

(ν)
+ + σ(ν) − σ(ν−1))∂y(s

(ν) − s(0))(α, η(α, a, b))|dα

+

∫ a

0

|(λ(ν−1)
+ − λ

(ν)
+ ) + (σ(ν) − σ(ν−1))∂ys

(0)(α, η(α, a, b)))|dα.(6.104)

Combining with Lemma 6.8 we obtain

|v| ≤
(

3

2
log

3

2
+ C

√
a

)
(‖r(ν) − r(ν−1)‖L∞ + ‖s(ν) − s(ν−1)‖L∞)

Due to
3

2
log

3

2
<

3

4
, then Eq. (6.100) holds, as a is small.

Finally, let v = r(ν+1) − r(ν), then v satisfies

∂xv + (λ
(ν)
− − σ(ν))∂yv = (λ

(ν−1)
− − λ

(ν)
− + σ(ν) − σ(ν−1))∂yr

(ν), (6.105)

and v = 0 on x = 0. Integrate it along λ− characteristics. If the leftward

characteristics first meet x-axis before it meet y-axis, then

|v| ≤ |r(ν+1)(x, 0−) − r(ν)(x, 0−)|

+

∫ a

x

|(λ(ν−1)
− − λ

(ν)
− )∂yr

(ν)(α, η(α, a, b))|dα

+

∫ a

x

|(σ(ν−1) − σ(ν))∂yr
(ν)(α, η(α, a, b))|dα. (6.106)

Otherwise, the first term in the right hand side of Eq. (6.106) does not

appear, and the lower bound of the integral should be 0. Due to |∂yr(ν)| ≤
C
√
a, the integral in Eq. (6.106) is dominated by

Ca3/2(‖r(ν) − r(ν−1)‖L∞ + ‖s(ν) − s(ν−1)‖L∞).

Moreover, Eq. (6.66) indicates

|r(ν+1)(x, 0−)− r(ν)(x, 0−)| ≤ C|[s(ν+1)]3 − [s(ν)]3| ≤ Ca‖s(ν+1) − s(ν)‖L∞ .

Combining all these facts we obtain

|(r(ν+1) − r(ν))(a, b)| ≤ Ca3/2(‖r(ν) − r(ν−1)‖L∞ + ‖s(ν) − s(ν−1)‖L∞)

+Ca‖s(ν+1) − s(ν)‖L∞ .

Therefore, (ref700) holds, as a is small.

By adding the estimates shown from Eq. (6.99) to Eq. (6.101) we obtain

‖r(ν+1) − r(ν)‖L∞ + ‖s(ν+1) − s(ν)‖L∞)

≤ 19

20
(‖r(ν) − r(ν−1)‖L∞ + ‖s(ν) − s(ν−1)‖L∞). (6.107)
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Then we obtain the convergence of the sequence {r(ν)(x, y), s(ν)(x, y)}. Cor-

respondingly, the convergence of {σ(ν)} is also obtained. Denote the limit

of these sequences by r(x, y), s(x, y), σ(x) respectively, then (r(x, y), s(x, y))

is continuous, and satisfies the corresponding integral equation. Further-

more, it is easy to verify that (r(x, y), s(x, y), σ(x)) satisfies the differential

system {
∂xr(x, y) + (λ− − σ)∂yr(x, y) = 0,

∂xs(x, y) + (λ+ − σ)∂ys(x, y) = 0,
(6.108)

as well as the Rankine-Hugoniot condition on y = φ(x), where φ(x) =∫ x

0

σ(α)dα. Returning to the original coordinates we obtain the weak so-

lution of Eq. (6.42). By taking the limit for the estimates satisfied by

{r(ν)(x, y), s(ν)(x, y)} and σ(ν)(x) we obtain the estimates in Theorem 6.3.

The main theorem in this section is thus proved. �

6.2.4 The case for full Euler system

If people wants to have a ore precise description on shock formation in gas

dynamics, they should study the full Euler system. For the two-dimensional

steady flow the system governing the flow is

∂

∂x




ρu

p+ ρu2

ρuv

ρuE + pu


+

∂

∂y




ρv

ρuv

p+ ρv2

ρvE + pv


 = 0, (6.109)

where (u, v), p, ρ represent components of velocity, pressure, density as

before, and E is energy respectively. For polytropic gas E = q2/2 + e, p =

A(S)ργ , where S is entropy, γ is adiabatic exponent, q2 = u2 + v2, e =

p/((γ − 1)ρ), A(S) = (γ − 1)ecv(S−S0) with cv being a constant.

From (6.109) we can derive a Bernoulli relation satisfied by flow param-

eters
1

2
(u2 + v2) +

γp

(γ − 1)ρ
= const. (6.110)

Let θ be the angle of velocity, θ = arctan v/u, then Eq. (6.109) can be

written as 



K(p, θ, S)
dp

d`+
+

dθ

d`+
= 0,

dS

d`0
= 0,

K(p, θ, S)
dp

d`−
− dθ

d`−
= 0,

(6.111)
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where
d

d`±,0
=

∂

∂x
+ λ±,0

∂

∂y
is directional derivative along the character-

istics `±,0, K(p, θ, S) =
1

ρq2 tanA
, A is the Mach angle,

λ± =
uv ±

√
q2 − a2

u2 − a2
, λ0 =

v

u
.

Like the discussion for the irrotational case we also introduce new un-

known functions z = θ − F (q), w = θ + F (q) with F (q) =

∫ √
q2 − a2

aq
dq,

which amount to Riemannian invariants in irrotational case. Then takes

the form 



dz

d`+
− d

dS

d`+
= 0,

dS

d`0
= 0,

dw

d`−
+ d

dS

d`−
= 0,

(6.112)

where d =
1

γ(γ − 1)A(s)

a
√
q2 − a2

q2
. According to the shock theory of

compressible flow ([46]), across λ+ shock the jump of z is the main part of

the jump of parameters of the flow, while the jump of w and S is only a

quantity of third order, comparing the strength of shock.

For the formation of shock we have:

Theorem 6.4. Assume that a uniform upstream flow with velocity (u0, 0)

moves above the wall y = f(x) from left to right, u0 > a0, f(x) satisfies{
f(x) ≡ 0, x ≤ 0,

f(x) > 0, f ′(x) > 0, f ′′(x) > 0, x > 0,

and the envelop of the family of characteristics `+ has a cusp at (x0, y0),

then the system Eq. (6.109) admits a solution, which is continuously dif-

ferentiable in x < x0 and has a shock Γ : y = φ(x) starting from the point

(x0, y0). In the neighborhood Ω of (x0, y0), the solution is also continuously

differentiable in Ω \ Γ. Besides, the solution satisfies Rankine-Hugoniot

condition and entropy conditions on Γ, and the following estimates in Ω

hold.





φ(x) = y0 + α(x− x0) +O((x − x0)
2),

w = w0 +O((x − x0)
3/2),

z = z0 + O((x − x0)
3 + (y − y0 − α(x − x0))

2)1/6,

S = S0 +O((x − x0)
3/2),

(6.113)
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where w0, z0, S0 are the value of the corresponding functions at the point

(x0, y0), α is the slope of the λ+ characteristics at this point.

The proof of the theorem can be found in [46]. As shown there, since

the system has three families of characteristics, then together with the

formation of shock, other weaker singularities of the solutions of Eq. (6.109)

may also propagate into the domain x > x0.
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Appendix A

Brief review on paradifferential

operators

In the discussion of various problems on nonlinear partial differential equa-

tions, a good method of linearization often plays crucial role. The situation

also likes this in the analysis of singularities for nonlinear equations. Based

on the diadic decompositions J.M.Bony established the theory of paralin-

earization and paradifferential operators, which is an powerful tool in the

study of propagation of singularities. The main reason is that in the pro-

cess of such linearizations people can pay more attentions on the singular

terms, while the remainders with higher regularity are often given up. Since

such a “give up” does not influence the analysis on the part containing the

main singularities of solutions, then a nonlinear problem can be reduced to

a linear problem, which is easier to be treated. Later, S.Alinhac also devel-

oped the theory of paracomposition, which can also be applied to describe

the propagation of conormal distributions. To the readers convenience we

shall give a brief review on the main results of the theory of paradifferential

operators without proof and more explanation. Readers can find those in

the references [3], [19].

A.1 Diadic decomposition

Denote by B(0, 1) ⊂ Rn the unit ball with center at the origin. By taking

κ > 1, we make a set of diadic rings:

Cj = {ξ ∈ Rn; κ−12j ≤ |ξ| ≤ κ2j+1}, (A.1)

where j is an integer, ξ = (ξ1, · · · , ξn), |ξ| = (
∑
ξ2j )

1/2, then

B(0, 1)
⋃(⋃∞

j=0 Cj

)
covers the whole Rn.

Theorem A.1. There are functions ψ(ξ), φ(ξ) ∈ C∞
0 , 0 ≤ ψ, φ ≤ 1, such

181



August 12, 2010 15:49 World Scientific Book - 9in x 6in singularities

182 Analysis of Singularities for Partial Differential Equations

that

(1) suppψ ⊂ B(0, 1), suppφ ⊂ C0,

(2) ψ(ξ) +
∑∞
j=0 φ(2−jξ) = 1, ∀ξ ∈ Rn,

(3) for any integer `,

ψ(ξ) +

`−1∑

j=0

φ(2−jξ) = ψ(2−`ξ), ∀ξ ∈ Rn.

Definition A.1. For any distribution u ∈ S ′(Rn), one can define its diadic

decomposition (or Littlewood-Paley decomposition):

u =

∞∑

j=−1

uj(x), (A.2)

where uj(x) is determined by

û−1 = ψ(ξ)û(ξ), ûj(ξ) = φ(2−jξ)û(ξ) (j ≥ 0).

ψ, φ are the functions given in Theorem A.1.

Theorem A.2. If u ∈ Hs(Rn) has a diadic decomposition, then there are

constants cj and C, such that

‖uj‖0 ≤ cj2
−jν , j = −1, 0, 1, · · · (A.3)

with



∞∑

j=−1

c2j




1/2

≤ C‖u‖s. (A.4)

Theorem A.3. For any real s, the following propositions are equivalent.

(1) u ∈ Hs(Rn),

(2) u can be decomposed as
∑∞
j=−1 uj(x), where uj satisfies

suppûj ⊂ B(0, κ2j), κ > 1,

‖uj‖0 ≤ 2−νcj ,
∞∑

j=−1

c2j <∞. (A.5)

(3) There is a positive integer m > s, such that u can be written as∑∞
j=−1 uj(x) with uj ∈ C∞, and for any |λ| ≤ m,

‖Dλuj‖0 ≤ cjλ · 2−js+j|λ|,
∞∑

j=−1

c2jλ <∞. (A.6)
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Theorem A.4. If ρ > 0 is not an integer, u ∈ Cρ(Rn) has a diadic de-

composition, then there is constant C, such that

‖uj‖L∞ ≤ C2−jν‖u‖Cρ , j = −1, 0, 1, · · · (A.7)

Theorem A.5. For any non-integer ρ > 0, the following propositions are

equivalent.

(1) u ∈ Cρ(Rn),

(2) u can be decomposed as
∑∞
j=−1 uj(x), where uj satisfies

suppûj ⊂ Cj , ‖uj‖L∞ ≤ C · 2−jρ,

(3) u can be decomposed as
∑∞
j=−1 uj(x), where uj satisfies

suppûj ⊂ B(0, κ2j) (κ > 1), ‖uj‖L∞ ≤ C · 2−jρ,

(4) there is a positive integer m > ρ, such that u can be written as∑∞
j=−1 uj(x) with uj ∈ C∞, and for any |λ| ≤ m,

‖Dλuj‖L∞ ≤ Cλ2
−jρ+j|λ|. (A.8)

When the index ρ in Theorem A.5 takes integer, the Hölder condition

should be replaced by the Zygmund condition, which is u ∈ L∞ and

|u(x+ y) + u(x− y) − 2u(x)| ≤M |y|, |y| > 0. (A.9)

Theorem A.6. The following propositions are equivalent.

(1) u ∈ L∞(Rn) and

sup
|y|>0

|y|−1 · |u(x+ y) + u(x− y) − 2u(x)| <∞,

(2) u can be decomposed as
∑∞
j=−1 uj(x), where uj satisfies

suppûj ⊂ Cj , ‖uj‖L∞ ≤ C · 2−j ,

(3) u can be decomposed as
∑∞
j=−1 uj(x), where uj satisfies

suppûj ⊂ B(0, κ2j) (κ > 1), ‖uj‖L∞ ≤ C · 2−j ,

(4) there is a positive integer m > ρ, such that u can be written as∑∞
j=−1 uj(x) with uj ∈ C∞, and for any |λ| ≤ m,

‖Dλuj‖L∞ ≤ Cλ2
−j+j|λ|. (A.10)
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By using the diadic decomposition one can also study the local or mi-

crolocal property of functions.

Theorem A.7. Assume that s, s′ are real numbers, s′ ≥ s, then the fol-

lowing statements are equivalent:

(1) u ∈ Hs
x0

∩Hs
(x0,ξ0)

,

(2) there exists φ(x) ∈ C∞
0 (Rn), which is 1 in a neighborhood of x0,

and for the given φ there is a conical neighborhood Γ, such that

φu =

∞∑

j=−1

vj +

∞∑

j=−1

v′j ,

where

‖vj‖0 ≤ cj2
−js, suppv̂j ⊂ Cj ,

‖v′j‖0 ≤ cj2
−js′ , suppv̂′j ⊂ Cj ⊂ Γc,

∑
c2j <∞.

Denote by Sku the partial sum

k−1∑

j=−1

uj of the diadic decomposition of

the function u, i.e.

Sku = ψ(D)u+
k−1∑

j=−1

φ(2−jD)u,

then Sku ∈ S (Rn). Meanwhile, if u ∈ Hs or u ∈ Cρ, Sku has limit u

in Hs or Cρ. Therefore, Sku is a smooth approximation of a non-smooth

function u. Moreover,

Theorem A.8. If u ∈ Hs with s > 0, then

‖Sku− u‖0 ≤ C · 2−ks‖u‖s. (A.11)

If u ∈ Cρ with ρ > 0, then

‖Sku− u‖L∞ ≤ C · 2−kρ‖u‖Cρ . (A.12)

Theorem A.9. If u ∈ Hs, suppu ⊂ F , then for any N > 0

‖2js(1 + 2jd(x, F ))Nuj(x)‖ ≤ cjN ,
∑

j

c2jN <∞, (A.13)

where d(x, F ) is the distance from x to F .
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A.2 Paradifferential operators and paralinearzation

Next we give the definition of paradifferential operators and paraproduct.

Paradifferential operators can be defined by using diadic composition, or

by a special integral of Fourier transformations. They can also be defined

as pseudodifferential operators of OpS0
1,1 class. In the sequel we use the

first method.

Definition A.2. Let the diadic decompositions of a(x), u(x) be a =∑
aj , u =

∑
uj respectively. For any integer N , define

Tau =

∞∑

q=N−1

q−N∑

p=−1

apuq, (A.14)

then Tau is called the paraproduct of u with a.

Theorem A.10. Assume that σ, s are real numbers, a ∈ L∞, then Ta is

an bounded operator Cσ → Cσ or Hs → Hs. Moreover, the norm of the

operator satisfies ‖Ta‖ ≤ C‖a‖L∞

The number N in Definition A.2 and the constant κ, the functions

φ, ψ introduced by the diadic decomposition may cause some difference of

Tau. When a ∈ Cρ, the difference is a bounded operator Cσ → Cσ+ρ or

Hs → Hs+ρ. Such operators are called ρ-regular operator.

Theorem A.11. Denote

r(a, u) = au− Tau− Tua, r′(a, u) = au− Tau, (A.15)

(1) If a ∈ Cρ(Rn), ρ > 0, u ∈ Cσ(Rn), then

(a) If σ ≥ 0, then ‖r(a, u)‖Cρ+σ ≤ C‖a‖Cρ‖u‖Cσ .

(b) If −ρ < σ < 0, then ‖r′(a, u)‖Cρ+σ ≤ C‖a‖Cρ‖u‖Cσ .

(c) If σ = 0, then ‖r′(a, u)‖Cρ+σ−ε ≤ C‖a‖Cρ‖u‖Cσ with ε being any

small positive number.

(2) If a ∈ Ht(Rn), t > n/2, u ∈ Hs(Rn), then

(a) If s ≥ n/2, then ‖r(a, u)‖t+s−n/2 ≤ C‖a‖s‖u‖s.
(b) If −t+ n/2 < s < n/2, then ‖r′(a, u)‖t+s−n/2 ≤ C‖a‖t‖u‖s.
(c) If s = n/2, then ‖r′(a, u)‖t−ε ≤ C‖a‖s‖u‖s with ε > 0 being any

small positive number.

Theorem A.12. Assume a ∈ Cρ(Rn), b ∈ Cρ(Rn), ρ > 0, then the opera-

tor TaTb − Tab is a ρ-regular operator, and ‖TaTb − Tab‖ ≤ C‖a‖Cρ‖b‖Cρ.
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Theorem A.13. Assume a ∈ Cρ(Rn), ρ > 0, then the conjugate operator

T ∗
σ of the operator Ta is Hs bounded. Moreover, the operator Ta − T ∗

a is a

bounded operator from Hs to Hs+ρ, satisfying ‖Ta − T ∗
a ‖ ≤ C‖a‖Cρ.

Theorem A.14. Assume a, b ∈ Cρ,k , ρ > 0, k is a non-negative integer,

then

(1) Ta is a linear continuous map Cσ,k → Cσ,k and Hs,k → Hs,k,

(2) R = TaTb − Tab is a linear continuous map Cσ,k → Cσ+ρ,k and

Hs,k → Hs+ρ,k.

Theorem A.15. Assume a ∈ Cρ(Rn), ρ > 0, v(x′) ∈ Cσ(Rn−1) (or

Hs(Rn−1), then

(Tav)xn=0 = T(a|xn=0)v +Rv, (A.16)

where v in the left-hand side is regular as a Cσ function independent of xn,

R is ρ-regular operator.

Theorem A.16. If a ∈ C |α|+ρ with ρ > 0, then the Leibniz formula for

paraproduct

Dα(Tau) =
∑

α′+α′′≤α

α!

α′!α′′!
TDα′aD

α′′

u (A.17)

holds.

On the commutator of paraproduct with mollifier the following theorem

holds.

Theorem A.17. Assume a ∈ Cρ(Rn), ρ > 1, u ∈ Hs(Rn), then

(1) [Ta, Jε]u ∈ Hs+1(Rn), and

‖[Ta, Jε]u‖s+1 ≤ C‖u‖s, (A.18)

‖[Ta, Jε]u‖s ≤ Cε‖u‖s, (A.19)

where C is independent of ε, s.

(2) [Ta, Jε]u→ 0 in Hs+1, as ε→ 0.

Assume that `(x, ξ) is a homogeneous function of degree m of ξ ∈ Rn ,

being C∞ for ξ 6= 0. As a function of x, the derivatives of ` with respect to x

belongs to Cρ (ρ > 0), then `(x, ξ) has a spherical harmonic decomposition

`(x, ξ) =
∑

aν(x)hν(ξ), (A.20)
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where aν(x) ∈ Cρ, hν(ξ) is a homogeneous function of degree m, which is

C∞ as ξ 6= 0.

Definition A.3. For the function `(x, ξ) given as above, we can define a

linear operator by using its spherical harmonic decomposition (A.20)

T`u =
∑

ν

Taνhν(D)s(D)u, (A.21)

where Taν is the paraproduct operator introduced by aν , and hν(D), s(D)

are pseudodifferential operators with symbols hν(ξ), s(ξ), the function

s(ξ) ∈ C∞ is equal to 0 in a neighborhood of the origin, and is equal to 1

for large |ξ|. The operator defined by Eq. (A.21) is called paradifferential

operator with symbol `(x, ξ).

The function `(x, ξ) in the above definition can be replaced by a sum

of homogeneous functions with different degrees. If the highest degree in

the sum is m in the sum, then one denotes ` ∈ Σmρ (Ω). In accordance, the

corresponding paradifferential operator L belongs to the class OpΣm
ρ (Ω).

The term with highest degree in the sum `(x, ξ) is called principal symbol.

Theorem A.18. The paradifferential operator defined by Eq. (A.21) is a

linear continuous map Hs → Hs−m or Cρ → Cρ−m. When the function

s(ξ) in Eq. (A.21) or κ, ψ(ξ),φ(ξ) are replaced by corresponding functions

with same property, the error caused by such a replacing is a (ρ−m)-regular

operator.

Theorem A.19. Assume that h(ξ) is a C∞ function, vanishes in a neigh-

borhood of the origin. It is a homogeneous function of degree m for large

|ξ|. Let a(x) ∈ Cρ with ρ > m, then

h(D)Tau =
∑

|α|≤[ρ]

1

α!
TDαah

(α)(D)u+Ru, (A.22)

where R is a (ρ−m)-regular operator.

Theorem A.20. Assume that `1(x, ξ),`2(x, ξ) satisfy the condition in Def-

inition A.3, they are homogeneous function of degree m1,m2 respectively.

Let

`(x, ξ) = (`1#`2)(x, ξ) =
∑

|α|≤[ρ]

1

α!
∂αξ `1D

α
x `2, (A.23)

then T`1T`2 = T` +R with R being a (ρ−m1 −m2)-regular operator.
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Theorem A.21. Assume that `(x, ξ) satisfies the conditions in Definition

A.3, let

`∗(x, ξ) =
∑

|α|≤[ρ]

1

α!
∂αξ D

α
x
¯̀(x, ξ), (A.24)

then the conjugate T ∗
` of T` is a linear continuous map Hs → Hs−m, and

T ∗
` − T`∗ is a linear continuous map Hs → Hs−m+ρ.

Theorem A.22. Assume L ∈ OpΣmρ (Ωx) with symbol `(x, ξ), ψ is a home-

omorphism from Ωx to Oy, then the operator defined by u 7→ (L(u◦ψ))◦ψ−1

belongs to OpΣmρ (Oy) with symbol
∑

α

′ 1

α!
`(α)(x, tψ′(x)η)Dα

x e
i<χ(x,z),η>

∣∣
z=x=ψ−1(y)

, (A.25)

where χ(x, z) = ψ(z)−ψ(x)−ψ′(x)(z−x), `(α)(x, ξ) means ∂
(α)
ξ `(x, ξ), and∑′

means the sum of all terms having the form of power of η with degree

no less than m− [ρ].

Theorem A.23. Assume that F (u1, · · · , uN) is a C∞ function of its ar-

guments. For 1 ≤ j ≤ N , uj(x) ∈ Cρ(Rnx) with ρ > 0 (uj(x) ∈ Hs(Rnx)

with s > n/2 resp.). Then

F (u1(x), · · · , uN(x)) =

N∑

j=1

T ∂F
∂uj

uj(x) +R(x), (A.26)

where R(x) ∈ C2ρ (R(x) ∈ H2s−n/2 resp.). Such an expression of a non-

linear function F is called paralinearization.

When F is only finitely regular with respect to its arguments, the corre-

sponding paralinearization still holds, while the regularity of the remainder

also depends on the regularity of F .

Theorem A.24. Assume that F (u1, · · · , uN) is a Cσ (σ > 1) function of

its arguments. For 1 ≤ j ≤ N , uj(x) ∈ Cρ+1(Rnx) with ρ > 0. Then

F (u1(x), · · · , uN(x)) =

N∑

j=1

T ∂F
∂uj

uj(x) +
∑

k≥0

Fk ◦ (Sku) +R(x), (A.27)

where Fk is the diadic decomposition of F in RN , Sk is the operator of

partial sum introduced in the diadic decomposition in Rn, R(x) ∈ Cρ+1+ε

with ε = min(σ − 1, ρ+ 1).

If F (u1, · · · , uN ) is an Hs (s > N/2+1) function of its arguments. For

1 ≤ j ≤ N , uj(x) ∈ Cr+1(Rnx) with r > n/2, then Eq. (A.27) still holds

with R(x) ∈ Hr+1+ε′ , ε′ = min(s−N/2− 1, r − n/2 + 1).
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By using the paralinearization of nonlinear functions, one can make

paralinearization of nonlinear partial differential equations. For a nonlinear

partial differential equation

F (x, u(x), · · · , ∂βu, · · · )|β|≤m = 0 (A.28)

in Rn, the following theorem holds

Theorem A.25. Assume that u ∈ Cρ+m, ρ > 0 ( or u ∈ Hs+m, s > n/2)

is a real solution of Eq. (A.28), then there is a paradifferential operator

P ∈ OpΣmρ with symbol

σ(P ) =
∑

|α|≤m

∂F

∂qα
(x, u, · · · , ∂βu, · · · )(iξ)α ∈ Σmρ , (A.29)

such that

Pu(x) =
∑

|α|≤m
T ∂F

∂qα
∂αu(x) ∈ C2ρ (or H2s−n/2). (A.30)

A.3 Paracomposition

Next we introduce the concept of paracomposition, which essentially is an

extension of the paralinearization of non-smooth functions. Let Ω1y,Ω2x

are two given domains, χ : Ω1 → Ω2 is a Cρ+1 invertible transformation,

ρ > 0. Let u ∈ E (Ω2), suppu ⊂ K, then the image of K under the transfor-

mation χ−1 is χ−1(K) ⊂ Ω1. Assume that {Cj}, {C̃j} are two sets of rings

introduced in the diadic decomposition of Ω2x,Ω1y respectively. u(x) has

a diadic decomposition

u(x) =

∞∑

j=−1

uj(x),

where uj(x) satisfies suppûj ⊂ Cj . Since the variables ξ and η obeys the

relation η = 〈tχ′(y), ξ〉, then one can choose a large number κ̃ > 1 and a

suitable neighborhood Ω′ ⊂⊂ Ω1 of χ−1(K), such that for any y ∈ Ω′
1, ξ ∈

Cj , there is η ∈ C̃j = {η; κ̃−12j ≤ |η| ≤ κ̃2j+1}.

Definition A.4. Assume that u and χ are given as above, ψ(y) ∈ C∞
0 (Ω1),

and equals 1 on a neighborhood of χ−1(K). Define

χ∗u =
∑

k

[ψ(uk ◦ χ)]k. (A.31)

The notation [ ]k means [v]k =
∑
j vj , where the index j in the summation

runs over the terms, whose spectral intersects with the diadic ring Ck. The

operator χ∗ is called paracomposition operator.
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Under the assumption χ ∈ Cρ+1 with ρ > 0, the paracomposition is

a linear continuous map from Cσ to Cσ (σ 6= 0), or from Hs to Hs. In

Definition A.4 the different choice of diadic decomposition only cause an

error of ρ regular operator.

Theorem A.26. Assume that χ : Ω1 → Ω2 is a Cρ+1 (Hr+1 resp.)

invertible transformation, ρ > 0 (r > n/2 resp.), u ∈ Cσ(Ω2), σ > 1

(u ∈ Hs(Ω2), s > n/2 + 1 resp.), u has a compact support in Ω2,

ψ ∈ C∞
0 (Ω1) equals 1 in a neighborhood of suppu, then

u ◦ χ = χ∗u+ Tu′◦χ(ψ(χ)) +R, (A.32)

where R ∈ Cρ+1+ε, ε = min(σ− 1, ρ+ 1) (R ∈ Hr+1+ε′ , ε′ = min(s− n/2−
1, r − n/2 + 1) resp.).

Theorem A.27. Assume that χ1 : Ω1 → Ω2, χ2 : Ω2 → Ω3 are two Cρ+1

invertible transformation, ρ > 0, u ∈ Cσ(Ω1), σ > 1 (u ∈ Hs(Ω1), s >

n/2 + 1 resp.), u has a compact support K in Ω2, ψ ∈ C∞
0 (Ω2) equals 1 in

a neighborhood of χ−1
2 (K), then

χ∗
1ψχ

∗
2u = (χ2χ1)

∗u+Ru, (A.33)

where R is a ρ regular operator.

Theorem A.28. Assume that χ1 : Ω1 → Ω2 is a Cρ+1 invertible trans-

formation, ρ > 0, u ∈ Cσ(Ω2), σ > 1 (u ∈ Hs(Ω2), s > n/2 + 1 resp.), u

has a compact support K in Ω2. Moreover, assume that the paradifferential

operator Ta has its symbol a(x, ξ) ∈ Σmα (Ω2), then there is an operator Tã,

such that

χ∗Tau = Tãχ
∗u+Ru, (A.34)

where ã(y, η) ∈∑m
ε (Ω1), ε = min(α, ρ), and R is a ρ−m regular operator.

Theorem A.29. Assume that χ1 : Ω1 → Ω2 is a Cρ+1 invertible transfor-

mation, ρ > 0 (Hr+1 resp. r > n/2), for 1 ≤ j ≤ N , uj(x) ∈ Cσ(Ω2), σ >

1 (u ∈ Hs(Ω2), s > n/2 + 1 resp.). Moreover, F (u1, · · · , uN ) is a C∞

function of its arguments on RN , then

χ∗F (u) = TF ′(u◦χ)χ
∗u+R, (A.35)

where R ∈ Cε, ε = min(2ρ2, ρ+σ, 2σ) ( R ∈ Hε, ε = min(2r−n/2+2, r+

s− n/2, 2s− n/2) resp.).
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