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Preface

Regularity or singularity is a most important property of solutions to par-
tial differential equations. In the study of the theory of partial differen-
tial equations and its applications people often confront various problems,
which require to look for solutions. Besides the existence and uniqueness of
solutions to these problems it is also essentially significant to master or un-
derstand various properties of solutions including regularity and singularity,
periodicity, asymptotic behavior etc. Among these properties the regular-
ity or singularity of the solutions often plays a crucial role or occupies in
the core position due to the following reasons:

1. In the study of the modern theory of partial differential equations the
concept of distribution is extensively applied. Correspondingly, the proof
of the existence of solutions to various problems is often decomposed to two
steps. The first step is to prove the existence of a distribution solution in
a very weak sense, then the second step is to improve the regularity of the
given solution, so that the weak solution will also be a solution in strong
sense or even in classical sense. Obviously, the second step is nothing but
the study of regularity of solutions.

2. Regularity and singularity are merely two sides of one matters. In
many applications more attentions are often paid to the formation and
the distribution of singularities of solutions. For instance, in the mate-
rial sciences the singularity often corresponds to the crack of materials, in
chemical reaction the formation of singularity often corresponds to explo-
sion, and in gas dynamics the formation of singularity often corresponds
to the formation of shock. In the problems on wave propagation the sin-
gularity of solutions can describe the wave front, so that the propagation
of singularities can describe the physical phenomena of wave propagation
precisely.



vi Analysis of Singularities for Partial Differential Equations

3. The regularity of a solution gives us the information whether the
solution is continuous or smooth (having continuous derivatives). If the
solution is continuous, then one can use the value of the solution at a given
point to stand for its value in a neighborhood of this point. This gives us
great convenience to understand the solution quantitatively, as well as to
compute the solution numerically.

Further study also finds that the regularity of solutions is closely related
to the existence and uniqueness of solutions. When various methods of
functional analysis are applied in the study of partial differential equations
one usually has to fix a functional space, to which the expected solution
belongs. Such a space automatically implies a kind of regularity of the
solution. Besides, the regularity of solutions is often expressed by some
estimates, which are also helpful in the proof of existence and uniqueness
of solutions.

Many textbooks and monographs on partial differential equations con-
tain some discussions on regularity and singularity of solutions, but so far
there is not any book especially expounding such a topic. Our book is
named as Analysis of singularities for partial differential equations, because
the crucial points, as well as the main difficulties, in the study of partial
differential equations, are often companied by the formation, development
and propagation of singularities. In this book we are trying to emphasize
the importance of the study of this topic with offering a systematical re-
sults and methods on some typical problems. However, due to the rapid
development of the study in this area, we can only give a general survey on
the study of other problems. We hope both the detailed analysis on typical
problems and the survey on other problems are helpful for reader’s further
research.

The writing of the book is partially supported by National Natural
Science Foundation of China, the Key Grant of National Basic Research
Program of China and the Doctoral Foundation of National Educational
Ministry.

Shuzing CHEN
Fudan University, Shanghai, China
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Chapter 1

Introduction to problems on
singularity analysis

1.1 The classical singularity propagation theorem

In this section we first discuss the classical theorem of singularity prop-
agation. Let us start with some examples. Consider the linear partial
differential equation of first order in the space (z,y):

ofe ) G+ b 0) 50 = cla) (1)
where a, b, ¢ are C* function, and a?+b2 # 0. Equation (1.1) can be solved
by using the method of characteristics. The characteristics of Eq. (1.1) is

the solution of the following system:

dx dy
Suppose that there is a curve:
C:ox=£(t), y=n(t), u=_(), (1.3)

where £(t),1(t), () are continuously differentiable, and ¢2 + 72 # 0. The
problem to look for a function u(x, y) satisfying Eq. (1.1) and u(£(¢),n(t)) =
¢(t) is called Cauchy problem. To solve it one has to first solve the system
of ordinary differential equations (1.2) with the initial data

z(0) =&(t),  y(0) =n(). (1.4)
The solutions of the above initial boundary value problems are a family of
curves with one parameter ¢:

x=£E(s,t), y=mn(s,t). (1.5)
The family of integral curves covers a neighborhood 2 of z = £(t), y = n(t).
If O(z,y)/0(s,t) # 0 at any point in 2, then there is a homeomorphism from
(s,t) to (x,y). Integrating
du

E = C((E(Sﬂf), y(S,t)), u‘SZO = C(t)
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gives the function wu(s,t). Then by using the inverse transformation of
(1.5) we obtain the solution u(xz,y) of the problem (1.1), (1.2). Obviously,
since the functions a,b only depend on x,y, then the procedure of solving
the above two initial boundary value problems is equivalent to solve the
following problem
dr dy b du
ds " ds 7 ds
:E|S:0 = f(t), y|t:0 = 77(?5% u|s:0 = C(t)
The above argument is classical and can be found in [59].

Now let us analyze the singularity of the solution to the above problem.
Singularity is the antonym of regularity. In the category of “C°°”, any
point, where the solution is not C'*°, can be considered as singular point.
Therefore, even for a continuously differentiable function u(x,y) one can
also discuss the set of its “singular” points. Suppose that the solution
u(z,y) of Eq. (1.1) is C* at point (1, y1), then one can draw a C* curve £ :
x =& (t),y = ni(t) through (x1,y1), such that the tangential direction of ¢
is transversal to the vector field everywhere. Denote (1 (t) = u(&1(¢), m1(t)),
then the integral surface of Eq. (1.1) through (&1(¢), m1(¢), ¢1(¢)) is nothing
but v = u(z,y). Obviously, the functions z(s,t),y(s,t) obtained by using
above-mentioned procedure are C'*°. Moreover, the Jacobian

) — ani(0) - 1) # 0
implies that u(x,y) is C* at any point along all characteristics through
(z1,y1,u(z1,y1)). Conversely, if u(z,y) is not C*° at (z2,y2), then u(z,y)
is also not C*° along the whole characteristics through (z2,y2) due to the
uniqueness of the initial value problem of ordinary differential equations. In
one word, the C*° singularity of a differentiable solution propagates along
characteristics of the equation.

There are many different extension of the above conclusion. For in-

:C7

(1.6)

stance, the corresponding conclusion for the piecewise smooth solutions is:
if a piecewise smooth solution of FEq. (1.1) has weak discontinuity (discon-
tinuity of derivatives) on a curve, then the curve must be characteristics of
the equation.
Next let us consider the Cauchy problem of wave equation
Pu  ,0%u
o2 a2
satisfying the initial conditions

w(0,2) =0, u(0,z) = ¢(x), (1.8)

=0 (1.7)
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where

o) = {(x2 —1)2, |zl <1, 19)

0, |z > 1.
Then the solution of Cauchy problem (1.8), (1.9) is

[(z —at)? —1]2, if |z —at| <1, |v+at|>1;

[(z +at)? —1]2, if |z —at|>1, |[v+at| <1

[(x —at)? — 12 + L[(z + at)? — 1]?, (1.10)
if [x—at]|<1, |z+at| <1

0, otherwise.

N[ NI= D=

Obviously, the singularity of the solution w(¢, ) occurs on the characteris-
tics through (0, £1). That is, singularity propagates along characteristics.

Is the conclusion still valid for more general partial differential equa-
tions? To explain it let us consider a linear partial differential equation of
order m, which takes the form

0“u
A, ,Q a a1 a.an y " ydn). 111
E_ Aoy, "(x)aﬁll"'aﬁn" f(xl €z ) ( )
a1 +-tap=a, |a)<m

The weakly discontinuous solution is defined as

Definition 1.1. Assume that there is a C*° surface S in the domain €2,
where the function u(x1,--- ,x,) is defined. If u € C*°(Q2\ 5) is a solution
of Eq. (1.11), u € C™~1(Q) and the m-th derivatives of u has discontinuity
of first class on S, then u is called weakly discontinuous solution of
Eq. (1.11).

For the equation (1.11) the surface ¢(z1,--- ,x,) = 0 is called its char-
acteristic surface, if the equality

a¢ [e5] a¢ [e7%%
Lo — ol =— =0. 1.12
Y amen@ (5] (e (112)
ar+tap=a, |al=m
is satisfied at each point on ¢ = 0.
Theorem 1.1. If u(z1, -+ ,2,) is a weakly discontinuous solution of

Eq. (1.11), then the surface bearing the weak discontinuity of u must be
a characteristic surface.
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Proof. Let P be any point on the surface S. Denote the equation of
S near P by ¢(x1,- -+ ,2,) = 0, which satisfies Y ¢2 # 0. Without loss
of generality we assume that 1., # 0, then in the neighborhood of P the
transformation

y1 =1, ,Tn)s Y2 =T2, 0, Yo = Tp (1.13)
can be introduced. Obviously d(y1, -« ,yn)/d(x1, -+ ,2s) # 0. Hence the
transformation (1.13) is a homeomorphism. Under such a transformation
the function u(x) becomes U(y) = wu(z(y)), and the surface S becomes
y1 = 0. Correspondingly, Eq. (1.11) is transformed into

0N (ov T orU
3 aal,_..,an(x(y))(a—m) <8—a:n) Ayt

a1+t an=qa, |al=m

&
" > b () = (). (114)
Bt +Bu=0,|8|<m.Br1<m Oyy” -+ Oyn
According to the definition of weakly discontinuous solution all terms except
the first one on the right hand side of Eq. (1.14) are continuous in the
neighborhood of P. Taking the limit at the point P from both sides of S
and then making subtraction of them one obtains

> i a, (2(y) (g—i)al <%)an [%} =0, (1.15)

|1 +--+an|=m

where [ - | means the jump of the quantity inside the bracket on S. Since
derivatives of m-th order for u(z) has discontinuity on S, then [%:g } #0.
1

Therefore, in order to let Eq. (1.15) hold, the coefficient of the term must
be zero. This means that the surface ¢ = 0 satisfies the requirement of
being a characteristics. Hence S is characteristic surface. ]

Remark 1.1. The above theorem asserts that the discontinuity of m-th
derivatives of solutions to Eq. (1.11) is always distributed on the charac-
teristic surface. The fact is also valid for weaker singularities. That is, if
u(xy, -+ ,x,) is a C* solution of Eq. (1.11) with k& > m, and the (k + 1)-th
derivatives has discontinuity of first class on .S, then S must be character-
istics of Eq. (1.11).

The conclusion given in Theorem 1.1 also holds for nonlinear equation.
The general form of nonlinear partial differential equations of higher order

1S
oot tang,
F P T T —— I 1.16
<x1 e ) (1.16)
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where F' is a C*° function of its arguments 1, -+ ,Zn, U, * ,Pa .- ,a,, - FOT
a given solution u(x), a surface ¢ (x1, - - - ,x,) = 01is called the characteristic
surface, if the following equality
SO (g, S
Uy A
o T ODar - om o0z} Oxy
aw a1 aw QAn
x(=—) --.(=—) =o, 1.17

<8$1 ) (axn ( )

holds on ¢(x1, -+ ,x,) = 0. In accordance, we have the following theorem:

Theorem 1.2. If u(zy, -+ ,x,) is the CF solution of Eq. (1.16) with k >
m+1, and its derivatives of (k+1)-th order have discontinuity of first class
on S, then S must be the characteristic surface of Eq. (1.16).

The proof of Theorem 1.2 is similar to that of Theorem 1.1. We leave it to
readers.

Remark 1.2. In quasilinear or fully nonlinear case Since the characteristic
surface S depends on the solution u, then the precise information on the
singularity of solutions can only be obtained when the solution is obtained.
This is different from the case of linear or semilinear equations. In the
latter case the characteristics are independent of solutions.

Remark 1.3. For fully nonlinear partial differential equations (Eq. (1.16)),
to determine the characteristics of Eq. (1.17) the derivatives of the coeffi-
cients of the latter will be used. Therefore, the solution v has to be C™*1

smooth.

Theorems 1.1 and 1.2 indicate that the singularity of weakly singular
solutions must distribute on the characteristic surface. However, generally
singularity may not appear on everywhere of a given characteristic surface.
Then a question is how to give a more precise information on the distribu-
tion of singularities of solutions. Next we will discuss the problem for linear
partial differential equations. The discussion is also essentially available to
nonlinear equations.

Definition 1.2. Regarding Eq. (1.12) as a partial differential equation of
first order, its characteristics is called bicharacteristics of the equation
(1.11).
0 0
Denote Eq. (1.12) as H [ 21, -+ ,Tp, —¢, ,—¢ = 0, it is a non-
8x1 5xn
linear partial differential equation of the function ¢. Meanwhile, in the
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left hand side the function ¢ itself does not explicitly appear. For a given

solution ¢, the solution of the system of ordinary differential equations
—_— = 1.18

ds 8pi ( )

satisfying the initial condition x;(0) = x;o is called the characteristics of

Eq. (1.12). Denote p = 88
z;

dpl 0%¢ dx] Z
83:18333- ds 3x13x
Besides, differentiating Eq. (1.12) gives

0%¢
He, zj: Hy, Or;0x; b

(21, -, ) on the surface ¢ =0, we have

Hence p;(s) satisfies

dpi OH
=— z)- 1.1
= —G(@.2) (1.19)
Therefore, (z1(s), - ,n(s),p1(s), -+ ,pn(s)) satisfies the system
da:l oOH
d i .
ds 83:1'
where the arguments of H is x1,- - ,x, and p1,---,p,. The solution of

Eq. (1.20) is also called bicharacteristic strip of Eq. (1.11), while the by-
characteristics of Eq. (1.11) is nothing but the project of the bicharacteristic
strip.

Theorem 1.3. The singularity of weakly discontinuous solutions to
Eq. (1.11) on the characteristic surface ¢ = 0 propagates along bichar-
acteristics.

Proof. Similar to the proof of Theorem 1.1, we apply the transformation
(1.13) to obtain

dp & 96 0 0 9¢ 0 9
(8_@%@ T @) w(e(y)) + Ku(e(y))
— f(e(w), (1:21)

where K is a differential operator with order lower than m. Expanding the
polynomial H and noticing Eq. (1.12) satisfied by ¢ we have

- d¢ 9o\ 0 (0™ tu oty _
Zﬂpi <a_x1’ ’E) 8y1‘<8ym 1>+bay;”—1+ =f (1.22)

=2
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where all omitted terms may contain differential operators with respect to

y1 of order less than m — 2. Notice that v has weak discontinuity on S and
m

has jump on S, then by differentiating Eq. (1.22) with respect to y;

oy"
on both sides of S we have
2 0 (8’”u) omu
Hy — (2— ) +by=— 4= f, 1.23
Z; P oy \ oy ) T oy (23

where all omitted terms may contain differential operators with respect to
y1 of order less than m — 1. Therefore, denote by

(8mu) (8mu)
vw=|-—) —(=—
oyt ) oy ) _

81’!1
the jump of ( 7:) on S, then w satisfies
yy
- 0
> Hp—w+bw=0, (1.24)
=1 9y
or
dw
— +biw=0.
ds + 01w
Therefore,

w = W + €Xp (—/ blds) , (1.25)
S0

where wy is the value of w at s = sg. Equation (1.25) means that the weak
continuity propagates along bicharacteristics, i.e. if the jump of 9™wu is not
zero at a point on a bicharacteristics, then it will never vanish at any point
on this bicharacteristics. O

Example 1.1. Next we take the wave equation as an example to give more
explanation. The wave equation in three dimensional space is

_______ =0. (1.26)

It can be used to describe the motion of sound waves, electromagnetic waves
or optical waves. If ¢(t, z1,x2, x3) = 0 is its characteristic surface, then the
function ¢ should satisfy

o7 — 2 — 92, — 2, = 0. (1.27)
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When ¢; # 0, one can solve ¢(t, x1,x2,x3) = 0 to obtain ¢t = ¥(x1, xa, x3),
where v satisfies
m ot UL, HYl =1 (1.28)

If ¢(t, 21, 22,23) = 0 is a surface bearing the singularities of u, then for
any fixed ¢, the equation gives the location of the surface in (x1, %2, x3)
space at time ¢t. The characteristics of Eq. (1.28) can be obtained from the
projection of the integral curves

‘;”: = 2p;, Cg: =0 (1.29)
on the space (z1,z2,r3). Arbitrarily taking a point (x19, 20, 30, P10, P20,
Pp3o), satisfying > pZ = 1, then the solution of Eq. (1.29) with the initial
data

xZ(O) = Z;0, pZ(O) = Pio (Z = 1, 2, 3) (130)
is
x; = pio$ + Tio, Pi = Pio- (1.31)
It is a straight line with direction (p1o0, pao, pso). Since (3(z; — x4)?)/? =
s, and (p19, p20,P30) is the normal direction of the surface (1.28), then
Theorem 1.3 indicates that the weak singularity of the solution to Eq. (1.26)
propagates along the normal direction of the wave front 1 (x1, z2, x3) = t,
and the speed of propagation is a constant. Therefore, if the wave equation
is applied to describe optical waves, then the equation ¢ (x1,z9,z3) = t
gives the motion of the front of optical waves, and Eq. (1.31) indicates that
the ray of light propagates along straight line in homogeneous media.
Consider the motion of optical waves in inhomogeneous media. The
equation Eq. (1.26) becomes
0%u 1 (0%*u  0*u  O%u —0
o n? (8_33% 3 87%) -
where n = n(x1,x2,x3) is the index of refraction. Similar to the above
calculations we see that the function 1 satisfies

%1 + @[’22 + %/123 = n(w1, w2, x3)%. (1.33)

In accordance, its characteristics satisfies

(1.32)

dx; dp; 2

= 2p;, =(n?),. 1.34
o, o), (1:34)
Generally, p; is not constant because n(z1, 2, x3) is not constant. There-
fore, the characteristics are not straight lines any more. This means that

the light does not propagate along straight lines in inhomogeneous media.
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1.2 Towards to modern theory

Although the classical theory mentioned in Section 1.1 gives much informa-
tion on singularity propagation, it is still not precise enough. Particularly,
the theory could not give a satisfied answer to some questions. For instance,
consider the Cauchy problem in two dimensional space:

Pu Pu  u

92 T 022 T oy (1.35)
U(07$7y) = ¢($7y)7 Ut(07$7y) = 0.
When ¢(z,y) is taken as §(z,y), its solution is
10 1
2 iy<t
u(s(t’gy’y) = 2 atwth—mQ—yQ (136)

0, x2+1y?>t2
On the other hand, if ¢(x,y) is taken as a Heaviside function 6(z), then
the solution is
;x>
, —t<xz<t; (1.37)
, x<t.

up(t, z,y) =

O = =

From the expression of the solution we see that the singularity of us(t, z, y)
at the origin propagates in all directions, while the singularity of ug (¢, x,y)
only appear on two planes z = +t.

According to the conclusion of Theorem 1.3 singularity propagates along
bicharacteristics. Since the bicharacteristics of Eq. (1.35) issuing from
(0,0, yo) is

t=s, T =ps+x, Yy=qs+ Yo, (1.38)

where p, g are constants satisfying p? + ¢2 = 1. All thses bicharacteristics
form a characteristic cone (z — x¢)% + (y — y0)? = t* with (0,0,%0) as
its vertex. The set of singularities of us(t,x,y) coincides with this char-
acteristic cone. However, in the case ¢(x,y) = 0(x), the initial data are
discontinuous at every point on y-axis. Since the set of all bicharacteristics
issuing from any point on y-axis form a solid wedge with y-axis as its edge.
Then according to Theorem 1.3 every point in the solid wedge is possible
to carry singularity of ug(t,x,y). However, the actual singularities only
appear on the surface of the wedge. Why is it? We certainly want to know
the reason and hope to find a way to describe more precise informations on
the distribution of singularities.
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The answer to the above problem will be given in the next chapter of
our book. In history to understand such a phenomenon and give a conceiv-
able explanation many mathematicians did extensive study on the theory
of wave propagation, reflection, refraction etc. In the last century much
progress was made particularly by J.Hadamard, I.G.Petrovsky, L.Garding,
P.D.Lax etc. Their contributions greatly improved the understanding on
the properties of solutions to partial differential equations describing vari-
ous type of wave motion. Next we briefly introduce the idea in P.D.Lax’s
work [83], because the idea played important role for the development of
the study of singularity analysis passing from the classical theory to the
modern theory.

Given an initial boundary value problem of the partial differential equa-
tion

Pu= )" an(t,z)d010%2 - 95ru =0, (1.39)
lo|<m

u(0,2) = ¢(z). (1.40)
Since the propagation of singularities is essentially equivalent to the process
of wave propagation, one can consider the propagation of all waves with
high frequency rather than the propagation of one wave front. To this end
we may assume that the initial datum ¢(z) takes the form e%®)i(x), or

a series with the form

P(x) ~ e (w + % +- ) (1.41)

where £ is a large parameter. Then we consider the solution with the form
u(t, x) = ey (¢, 2, €), where v(t, z, £) also has an asymptotic expansion
of power series of £ with minus power exponent. That is

u(t, z) ~ €t (vo + 1)5_1 + - ) , (1.42)
Assume that the differential operator P can be written as
P:P7n+Pm—1+"' 5
where P; is a differential operator of order j and has p;(z, &) as its symbol.

Substituting u with the form (1.42) into Eq. (1.39) and rearranging all
terms according to the power exponent of £ we have

pm(tairaeta Uoﬁm ZP(J) t iCaeta‘gw)aijO

+pm71(t7$7€t7‘€w)v0 +pm(t7$7€tvéw)vl gmil +- ’ (]‘43)
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where p,(ﬂb) means the derivative of the polynomial p,, (¢, z, o, - , () with

respect to ;. Let the sum of all terms be zero, we see that £(¢,z) must
satisfies

Pt @, le, ly) = 0, (1.44)

which is called eikonal equation. Correspondingly, vy (t, s, ) should satisfy

D Pt b, £2) 00,00 + P (t 2, by, L )vg = 0,
j=0

Zp%)(tairaeta‘gw)awj +pm71(t,$,€taéw) Vk
7=0

—I—Fk(Uo,--- ,’kal):(). (1.45)

These equations are called transport equations, where F}, is C* function
of its arguments. We emphasize that the functions vg, -+ ,vx_1 in the ex-
pression of the equality to determine vy, are all given by previous equations,
and the initial data of £(¢,x) and vk (¢, z) can be determined by Eq. (1.41),
ie.

000,2) =(x), vi(0,2) =vg(z) (k=1,---,m,---). (1.46)

By solving the Cauchy problems (1.44), (1.45), (1.46) the value of vy (¢, x)
can be obtained successively. If one does not care the precise meaning of
the sum of the series (1.42), we have obtained the oscillatory solution of
(1.45), (1.46) with high frequency.

We notice that once the solution £(¢,z) of Eq. (1.44) obtained, then for
any constant ¢ the equation (t,z) = ¢ gives the characteristic surface of
Eq. (1.39), whose section on the initial plane is {(z) = c¢. On the other
hand in the equation of vy, the functions vy, - ,vx—1 can be regarded as
known. The differential operator of first order acting on each vy, is the same
for different k. The direction of the operator is

Opm Opm
(6—@’ , 8—@) . (1.47)

Obviously, the direction coincides with the direction of the bicharacteristics
of the operator P. Hence each equation in Eq. (1.45) is an equation with
differentiation along the bicharacteristics of P, so that they can be solved
by using the characteristics method successively. Moreover, if the support
of the initial datum ¢(z) locates in a neighborhood of the point @, then the
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support of all v (¢, x) will also locate in a neighborhood of the bicharac-
teristics v issuing from . The fact simply means that the oscillation with
high frequency propagates along bicharacteristics ~, like the propagation of
singularities mentioned in Section 1.1.

We emphasize that the perturbation of the solution to Eq. (1.39) at the
point @ will not propagate along all possible bicharacteristics issuing from
Q. Indeed, the bicharacteristics v propagating the perturbation depends on
the value of (¢4, 0y, ,- -+ ,€5,) ont =0, where ((g,, - ,{z,) ont =0 equals
(Yuy, -+ s, ), and the value of ¢; is determined by Eq. (1.44). Notice
that Eq. (1.44) is a homogeneous algebraic equation of degree n for the
variables (¢¢, {g,, - , £z, ), which has n roots. Particularly, when Eq. (1.39)
is hyperbolic with respect to t, these roots are all real. Therefore, we can
have n real bicharacteristics issuing from the point ). The oscillation with
high frequency only propagates along these n bicharacteristics.

The above discussion indicates two facts. First, for the solutions of
partial differential equations the oscillation with high frequency propagates
along bicharacteristics like singularity does. Second, the path of propaga-
tion of oscillation with high frequency depends not only on the location
where the oscillation occurs, but also on the direction of the oscillation.
The facts give us an enlightenment that the singularity of solutions should
be described by using location and direction as two basic elements, and
the path of propagation depend on both. Indeed, this is an important idea
for singularity analysis in modern theory of partial differential equations.
Based on this idea the question raised in Section 1.1 can also be perfectly
answered. In the next chapter we will indicate how to describe singularities
of a given function by using these two elements, as well as how do they
describe the propagation of singularities of solutions of partial differential
equations.



Chapter 2

Singularity analysis for linear
equations

2.1 Wave front set

As we indicated in the end of last section, location and direction are two
main elements to describe the singularity of solutions to partial differential
equations. These two elements can also offer more precise informations on
the characters of propagation of singularities. To explain it we first study
singularity of generalized functions in the sense of Schwartz’s distribution.
In the study of the theory of partial differential equations people also use the
concept of generalized functions in other sense, like hyperfunctions in Sato’s
sense or generalized functions in Columbo’s sense. Since those generalized
functions are not as popular as Schwartz distributions, they will not be
discussed in our book.

We notice that the singularity or regularity of a function is a local
property. It means that in order to discuss the regularity of a given function
one can consider its regularity in the neighborhood of each point in this
domain. If a function u is infinitely differentiable, then one says that it
is C'°° smooth. Otherwise, one says that it has singularity in C'*° sense,
or simply it has singularity. The point is called the singular point of
the function u. The closure of the set of all singular points of u is called
singular support and denoted by singsupp u. However, for the functions
with singularity at a same point, their property at this point can be quite
different. Like in the examples of Section 1.2, both the function d(z,y) and
0(x) have singularity at the origin, but the singularity of solution us(t, z,y)
propagates along all bicharacteristics issuing from the origin, while the
singularity of solution ug(¢, x, y) only propagates along the bicharacteristics
locating on x = +t.

How to clearly describe the difference of the singularity for §(z,y) and

13
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0(z) at the origin? A powerful tool is Fourier transformation, which con-
nects the regularity of a function with the decay rate at infinity of its
Fourier transformation. In the theory of Fourier transformation the Paley-
Winner theorem confirms: denote by @(§) the Fourier transformation of a
C§° function u(z), for any integer NV one can find a constant Cy such that

[a(§)] < Cn(14[¢))~N,  for any N, (2.1)
or
la(&)| =0(¢)™, when N — oo. (2.2)

Moreover, the inverse of this proposition is also true. Therefore, if u(z) is
C™ at some point, then one can find a sufficiently small neighborhood of
the point and a C§° function ¢(x) supported in this neighborhood, such
that the Fourier transformation @(f) satisfies Eq. (2.2). Conversely, if u
is not C'> smooth at some point z, then for any C§° function, which is
not zero at this point, the Fourier transformation &L(f ) could not have the
estimate Eq. (2.2).

An important fact is that Eq. (2.2) offers a possibility to give a more
precise description of the singularity of a function. When Eq. (2.2) does
not hold, it is still possible that @ () is rapidly decreasing in some direction
in ¢-space. For instance, consider the Fourier transformation of Heavi-
side function 6(x). By taking ¢(z,y) with the form 4 (z)w2(y), where
both 1 (x) and 2 (y) are C§° functions, then the Fourier transformation

of O(x)y (x)2(y) is
Flfuis] = / / e U (9 ()b () drdy

= 42 (n) / ey, () da. (2.3)

0
Consider the property of the above Fourier transformation as (£,7) —
oo. In the right-hand side of Eq. (2.3) v2(n) is rapidly decreasing as

|n| — oo, while the another factor / e84 (x)dx is dominated by
0

|11(x)|dx, so that is is a bounded quantity. Therefore, write (§,n) =
0
(€2 +n*)2(11, 12), we have (€2 +n2)'/2 < C|n| along the direction (1, 7s),
provided 72 # 0. Then in this case
Fl0gr1y2] = O(Jn|~N) = O((&* + %)), (2.4)

It turns out that the Fourier transformation is possibly not rapidly decreas-
ing only at the direction 7 = 0. Hence, if we call the directions, where the
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Fourier transformation is rapidly decreasing, as “good” directions, and call
other directions as “bad” directions, then all directions (71, 72) with 72 # 0
are good, and only the direction (1,0) is possibly bad (readers may prove
themselves that the direction (1,0) is actually bad.)

The situation is totally different for §(x,y). If $(0) # 0, then

Flgd](, 1) = (¢5, e &) = 6(0) # 0. (2.5)
Therefore, 55\5(5, 1) will never decrease at any direction as (£,7) — oo, i.e.
any direction in (£, ) space is bad direction.

Based on the above analysis we introduce the concept of wave front
set (denoted by WF'(u) or WFu) to describe the property of a function
at its singular point. Before giving the definition of wave front set let us
first give the concept of conical neighborhood. If V' € R is a set satisfying
the condition that £ € V and ¢ > 0 implies ¢tV € V, then the set is called
cone. If V' is an open set in R and § € V, then V is called conical
neighborhood of &.

Definition 2.1. For a given function v € 2'(Q), its wave front set
WF(u) is defined as the following subset in Q x R \ O, such that for
any (xo,&) € WF(u), there is a neighborhood w of z¢ and a conical neigh-
borhood V' of &, such that for any function ¢(z) € C§°(w) and any integer
N one can find a constant C'y such that the inequality

pu(©)| < Cn(1+ €)Y, veeV (2.6)
holds.

The next theorem gives the relation between the singular support and
the wave front set for a given function.

Theorem 2.1. Let xg € Q is any given point, if (xo,£) € WF(u) for any
&€ R"\ 0, then zg € singsupp u.

Proof. According to the definition of the wave front set, for any £ one
can find a neighborhood w¢ of zg and a conical neighborhood V¢ of &, such
that Eq. (2.6) holds for any C2°(we¢) function ¢¢(x). Since the unit sphere
in R? is a compact set, then one can find finite Vj, such that U;V; = R \ 0.
Let w = Njw;, and take ¢ € C°(w), then @(f) is rapidly decreasing on
any V; as |£| — oo. Hence for any integer N, there is C'y, such that
[pu(é)| < Cn(1+ €)Y, Ve R (2.7)

holds. Then the Paley-Winner theorem confirms ¢u € C§°(w). In view of
¢(zo) # 0 we know u is C™ at zo. O
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Theorem 2.2. Denote by I1,, the projection (z,£) — x, then
II, W F(u) = singsupp u. (2.8)

Proof. 1If xy ¢ singsuppu, then u is C* in a neighborhood w of xy. Then
for any ¢(x) € C°(w), ¢u is rapidly decreasing in any direction. This
means that for any £ the point (xg,&) & WF(u). Hence z¢ & IL, W F(u).O

These two theorems clearly indicate that the wave front set is a finer
description than singular support for a distribution.

The wave front set for some simple functions can be obtained by direct
computation. For instance

WF(5) ={(0,0,&,m); ¥ (&,m) € R?},

WE(6(x)) ={(0,y,,0)}.

For more general functions people have to use some operation rule to obtain
their wave front sets. For instance, if u and v are two functions defined on
same open set, then we obviously have WF(u + v) C WF(u) U WF(v).
However for product of functions the corresponding rule is not so simple.
In this case we have the following theorem.

Theorem 2.3. If u is a distribution defined on 2, a € C*(Q), then
WF(au) C WF(u). (2.9)

Proof. 1If (z9,&) ¢ WF(u), then according to Definition 2.1 one can find
a neighborhood w of xy and a conical neighborhood V of &y such that for
any ¢(x) € C§°(w) Eq. (2.6) holds. Next we assume that a is compactly
supported, otherwise a can be replaced by (a, where ¢ is a C§° function,
which equals 1 in w. From the formula of Fourier transformation of the
product of two functions we have

gau(e) = / a(€ — n)(Gu)(n)dn. (2.10)

Taking V4 be another conical neighborhood of &y, such that V; CC V (the
closure of V7 in R™ \ 0 is included in V). For £ € V, Eq. (2.10) can be
written as

gau(€) = /V a(E — m)(@u) (m)dn + /R a(E — ) (@) ().
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For the first term in the right hand side, since a is rapidly decreasing, @
is rapidly decreasing in V', then for any Ni, by taking N = Ny +n+ 1 we
have

(1+ leh™

/V&(ﬁ—n)@(n)dn
< / 1+ 1€ = )M (1 + )N a(e — )| - [duln)|dn
Vv

Sc/(1+|n|)*”*1dn < .
\%

For the second term, since Vi, CcC V, £ € Vi, n & V, then there is a
constant ¢ > 0, such that |£ — n| > ¢(|€| + |n|). Then for any N, by taking
N = max(Ny,n + 1), we have

(1+ leh™

/ a(& — n)pu(n)dy
Rr\V

< (1+gh™ / (14 Ll + ) ™™ @+ |nl)~|dn

RM\V
<cC 1+ o))" tdn < C".
RM\V
Therefore, for any & € Vp, (1 + |§|)*N1|M(§)| is bounded for any Nj.
Hence (zg,&0) € WF(au). O

Remark 2.1. From the proof of the above theorem we obtain an equivalent
definition of the wave front wet as follows.

Definition 2.2. For a given function v € 2'(Q), its wave front set
WF(u) is defined as the following subset in  x R \ O, such that for
any (xg,&) € WF(u) there is a neighborhood w of xg, a conical neigh-
borhood V of & and a function ¢(x) € C§°(w) satistying ¢(z¢) # 0, such
that for any integer N one can find a constant C, which let the following
inequality

[pu(@)l < Cn(L+ 1), WEeV (2.11)

hold.
Apparently, Definition 2.1 is more restrict than Definition 2.2, because
the estimate Eq. (2.6) should be valid for all ¢ € C§°(w), while the estimate

in Definition 2.2 is valid only for one C§°(w) function. However, these
two definitions are essentially equivalent. Indeed, if (z¢,&)) &€ WF(u) in
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the sense of Definition 2.2, then we can take another neighborhood w;
of xp, such that ¢(x) # 0 at every point of wy. Then for any function
(;51 (33) S C’g"(wl), let

$1(x)

) =)
we have ¢pru = ¢ - (¢pu). According to Theorem 2.3 the rapidly decreasing
of @ in some open conical set implies the rapid decreasing of @ in this
conical set. Hence (xg,&y) ¢ WF(u) in the sense of Definition 2.1 also
holds.

€ 5% (w1),

Theorem 2.4. If (WF(u)+ WF(v)) N Oy =0, then the product of v and
v is well-defined, and

WF(uv) C (WF(u) + WF(v))UWF(u) UWF(v), (2.12)
where W F(u) + W F(v) is the set

{(#,8); € = &1+ &, (2,61) € WF(u), (2, &) € WF(v)},
O is {(z,0);z € O}.

Proof. The main idea is to make the convolution of the Fourier transfor-
mation of v and v, and then define the product of u and v by the inverse
Fourier transformation of the convolution. Here the assumptions ensure
the existence of the convolution.

Let us proceed our discussion in a neighborhood of x € Q. For any
fixed s, take a conical neighborhood V; of WF(u) and a conical neigh-
borhood V5 of WF(v), then (WF(u) + WF(v)) N O, = (0 implies that
(WF(u) + WF(v)) is also a closed cone (except at the origin). Let V3 be
a conical neighborhood containing (W F(u) + W F(v)). For ¢« = 1,2,3, de-
fine V;/ be the neighborhood of V; and then consider the behavior of the
Fourier transformation of uv outside V{ U Vy U V4. Here we assume that
Vi, V! (i = 1,2, 3) are sufficiently close to WF (u), W F(v), WF (u)+ W F(v)
respectively, and V{ + V3 C V3 holds.

Now take ¢ is a C§° function, which does not vanish at x, which let @
is rapidly decreasing outside V; and @ is rapidly decreasing outside V5,
then for any £ ¢ UVj’ and any integer NNV,

1+ I P un)©)l = | [0+ 16DV aute - n)%(n)dn\ .

Next we estimate the value of the integral in the domains
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{If—n|>§, n%%},{lf—nbg, neVz}

respectively. Since ¢ is compactly supported, then there is Ny, such that

[Gu(¢ —m)| < CA+IE =)™, |do(m)] < C(L+ )™,
Let M be a sufficiently large number, then in {|§ —nl < g, n e Vg}
[Go(m] < Car(L+ )™ < Chy(1+ €)™,

|u(e —n)| < O+ [N (L + ).

By taking M large enough, we see that
- (1 -+ IV Gl - mav(n)dn
le—n|<lg, ngvs

is rapidly decreasing.

Consider the integral in the domain {|§ — 7| < @ n € Va}. In this

2 )
region £ —n & V1, because otherwise £ = £—n+n C Vi + V5 C V4 will lead to
contradiction. Besides, the fact that n € V5, & & V3 gives |—n| > c(|€]+n]).

In view of that &\L is rapidly decreasing outside V7, we have
|u(€ —n)l < Cu(L+ 1€ =)™ < Cy L+ €)M+ )™,
Hence
- [ (1 + 16D Gu(€ — mgo(n)dn
le—n|<IE neve
is rapidly decreasing, because M can be arbitrarily large. Similarly, the
integrals in the domains

are also bounded.
Summing up, we have proved that if £ ¢ V/ UVJ U VJ. then for any N,

F(¢*uv)(§) = O((L + [€)™™). (2.13)

Notice that V{, V3, V4 can be arbitrarily close to WF(u), WF(v), WF(u) +
W F(v), then Eq. (2.12) is established. O
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Assume that a homeomorphism y = ¢ (x) defined on the domain 2 C R?
transforms the domain to a domain G in Rj. Then a distribution u defined
on G corresponds to an induced distribution ¢*u defined on Q: (¢Y*u)(x) =
u(¢(x)). In this case the set of singular points of ¥*u is the inverse image
of the set of singular points of u. A natural question is that whether it
is possible to determine the wave front set of ¢¥*u by using WF(u)? The
following theorem gives an answer.

Theorem 2.5. Assume that 1 is the above C'°° homeomorphism, then
F(pru) = {(z,8); (W (@), (") 7€) € WF(u)}. (2.14)
Proof. Consider the property of the following integral as |£| — oo:

I= / @) (4 u)(2)p(x)da

= / T WO () (1) (0 () dy.

Denote ¢1(y) = ¢(¥ 1 (y)) (¥~ 1(y))’, and make a function ¢2(y) € C5°(G),
which is equal to 1 on the support of ¢1, then the above equality can be
written as

/ &= W€ (y) g (4) o)y

By using Fourier transformation we have

= o [T O g g)dydutnran (2.15)
™

Now if (z,&) satisfies (¢(x), (*¢')"1€) € WF(u), then from the definition
of the wave front set we can find a neighborhood w of the point ¥ (x) and a
conical neighborhood V' of the direction (‘1)")~1¢, such that for any y € w
and (*¢'(y)) =& € V! CcC V. Moreover, for any ((y) satisfying supp{ C w

[Cu(n)| < Cn(1+ )N, VneV. (2.16)
Obviously, the support of ¢(z), ¢1(y) and ¢2(y) can be chosen as sufficiently
small, then suppgs C w. Hence the inequality (2.16) still holds when ( is
replaced by ¢2(y).
Decompose the integral in Eq. (2.15) as the sum of the corresponding
integrals on V and Ry \ V. For the integral on V', we make an operator L,
as

tLl_ZZ| SN

7
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where the denominator does not vanish for £ # 0. L satisfies
tL e W) _ o T (@)8)

Now for any integer M, by taking N = M + n + 1 we have |<;72\u(77)| <
Cn(1+ |n)~N. Therefore,

/ / . ™ @O~ oy (y)dydu(n)dn

<c |

< / (1 + 16D (1 + [n)™ | Gu(n)|dn
\%
<Cc@a+gh™

It is then rapidly decreasing as || — oo.
Consider the integration on R} \ V. In view of

IVy (0 (). &) — (y.m))| = c(€] + [nl),

then we can define an operator

zayj (). €) — ()
Z| .6 —wmE

/n —i(p " (y), A LM (=1 ¢ (y))dy -|<;/52\u(77)|d77

which satisfies
tLoe~ (T = (ym) — o=il(¥ ™ ). —(ym)

Notice that 5271(77) is slowly increasing as |n| — oo, then there is a number
Ny, such that

|d2u(n)| < C(1 + [nf)~"
Hence by taking N = M 4+ Ng + n + 1 we have

/ / e WO (Ly)N gy (y)dyou(n)dn
n\V n

<c / (L4 1€] + )M No=n=1(1 4 ) Mody

1+ h—

which is also rapldly decreasmg as |¢| — oo. Summing up we know the
integral I is rapidly decreasing. Then the definition of the wave front set
implies

(z,8) € WE (), (2.17)
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which indicates

WE@* u) C {(z,€); (¥(x), ("¢')71€) € WF(u)}. (2.18)
Obviously, the inverse inclusion in Eq. (2.18) is also valid, because v is a
homeomorphism. Equation (2.14) is thus obtained. O

The above theorem indicates that in the process of coordinate transfor-
mation of variables the wave front set of a given function varies according
the rule of coordinate transformation on cotangent bundle. Therefore, for
a distribution defined on a differential manifold one can defined its wave
front set on the cotangent bundle of the manifold. When the manifold lo-
cally maps to an open set ) of a Euclid space, its wave front set maps to a
conical subset of T*(2).

In the study of the action of pseudodifferential operators on distributions
we have the following theorems:

Theorem 2.6. If A is a pseudodiferential operator with its symbol a €
F2(Q), u e &N(Q), then

WF(Au) CWF(u), WF(u) C WF(Au)U Char(A), (2.19)

where Char(A) stands for the characteristic set of A, i.e. the set of all
(z,€) satisfying a(z,§) = 0.

Theorem 2.7. Assume that u(t,x) € C*((a, 5), 8 (), A = a(z, Dy)
is a pseudodifferential operator defined on Q.. If (to,zo;70,&0) € WF(u),
then (th Zo; 7-0550) ¢ WF(AU)

The proof of these two theorem can be find in [40],[74].

The wave front set defined in Definition 2.1 describes the singularity of
a given function in C'°° category. In some cases one needs to describe the
singularity for a given function with finite order. For instance, for any given
real number s, one can say “a distribution u is H*® smooth”, which simply
means u € H®. Furthermore, one can also say that u has singularity in the
sense of H®, if u is not in H®. Corresponding wave front set W F,(u) of a
distribution u € 2’(Q) can also be well-defined.

Definition 2.3. For u € 2/(Q0), a point (z0,&) ¢ WFs(u) means that
there is a neighborhood w of xy and a conical neighborhood V' of &, such
that for any ¢ € C§°(w)

(1+ [¢2)*/2du € LA(V). (2.20)
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By using the concept of the wave front set W F'(u) one can also define the
microlocal Sobolev regularity for a distribution u. One says u € H*(xo,&p)
(oruwe Hf, ), if and only if (zo,§o) & WFs(u). Meanwhile, the property
of pseudodifferential operators indicates that if A is a pseudodifferential
operator of order m and u € H (510,50)7 then Au e H (S;()"go)

Obviously, the wave front set and the microlocal Sobolev regularity is
two different descriptions of a same object. Moreover, we can also introduce
a regularity function s, (x, £) to describe the regularity of a distribution (see
[72]):

Su(x, &) =sup{s; u € Hs(z,8)}. (2.21)
Obviously, the regularity function is a lower semi-continuous function. For
any fixed (z0,&p) and € > 0 there is a neighborhood w of zy and a conical
neighborhood V' of &y such that for any ¢(z) € C§°(w)

ou(&)(1 + |€) =92 € LA(V), (2.22)
where s = s(xg,&). In Chapter 3 we will discuss the regularity function
again and will apply it to treat problems on interaction of singularities.

2.2 Singularity propagation theorem for equations of prin-
cipal type

Based on the new understanding on the singularities of functions we study
the propagation of singularities of solutions to partial differential equations.
We first study the case for linear equations, because in this case the charac-
teristics is independent of solutions, so that the statement and the proof of
the corresponding theorems will be simpler. In this section we restrict our-
selves to the case, when the partial differential equation under consideration
only has simple characteristics.

It is a main success in the theory of microlocal analysis, that one can use
the wave front set to give a precise description of singularity propagation.
The next theorem and its proof is taken from [108]. In Chapter 5 we will
give a new proof on the theorem. Other proof can also be found in [71].

Denote D; = %aﬁ, D*=D{*---D3». Let P=p(x,D) = >  anD*

|| <m
be a given partial differential operator of m-th order with its principle
symbol p,,(z,&) = Z ao€” being real function. Then the vector field
loe|=m
0o {5pm ... Opm_Opm _5Pm}
P 8{1 ’ ’ 8&1 ’ 8331 ’ 833n

(2.23)
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is called Hamilton vector field of p,,, (z, £) (or operator P ). The integral
curve of the vector field is the solution of the following system

dzj _ Opm

ds ¢ TR

& _ _% (=1, ,n), (2.24)
ds Oz,

which is called bicharacteristic strip. The projection of the bichar-
acteristic strip on z space is called bicharacteristics. Obviously, if
pm (20, &) = 0, then p,,(x(s),£(s)) =0 due to

diipm(x(s),g(s)) = ; <%% - %%) =0. (2.25)
Such a bicharacteristic strip is called null bicharacteristic strip.

The set of all (z,§) satisfying p,,(z,£) = 0 is called characteristic
set. In this section we only study the operators satisfying the condition
Vepm(z, &) # 0 on its characteristic set. Such an operator is called opera-
tor of principal type (or operator of principal type in strict sense).
The hyperbolic operator is an example of the operators of principal type.
dl‘j

2
pi ) # 0 at any point on the bicharac-
s

From Eq. (2.24) we know that X <

2
Ao
teristics strip of any operator of principal type. Therefore, & <%) #0
s

also hold on the bicharacteristics as its projection on x space. Hence the
bicharacteristics could not degenerate to a point.

The partial differential equation Pu = f introduced by an operator of
principal type is called equation of principal type. The following is
the main theorem on singularity propagation of solutions to equations of
principal type.

Theorem 2.8. Assume that P is a linear partial differential operator of
principal type in strict sense defined in a domain 0 with C'*° coefficients,
u is a real solution of Pu = f with f € C*(Q), Ao = (x0,&0) € T*(Q)
satisfies pm(xo,&) = 0. Assume that v is a bicharacteristic strip of P
passing through Ag, then Ay € WF (u) implies v N W F(u) = ().

Proof. We only need to prove the conclusion locally. Because it is easy
to obtain a global conclusion by gluing all local results. The proof mainly
consists of two steps. The first step is to decompose the operator P, so that
to reduce the problem to the case for an operator of first order, while the
second step is to prove the theorem for the reduced operator of first order.
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Since Vepm(z,€) # 0, we may assume 9p,, /0, # 0. Hence we may
assume that p,,(x, &) takes the form
m—1
P, €) = &7 + D amk(w,&)EL. (2.26)
k=0
Since pp,(x,€) as a polynomial of &, only has simple roots at Ag(zo, &),
then p,,(x, &) can be factorized to

pm(wvf) = (gn - /\("Eagl))qul(‘%g% (227)

where A(z,¢’) is a homogeneous function of ¢ with degree 1, gm,—1(x,&)
is a homogeneous function of £ with degree m — 1, and ¢,,—1(z0,&0) # 0.
Next we will prove that P satisfies the factorization of operators as

P = (D,, —o(z,D,))Q + R, (2.28)

where R is a pseudodifferential operator, o and ) are operators of order
1 and order m — 1 respectively. Furthermore, the symbol of o(x, D,) is
Az, &), the asymptotic expansion of the symbol of R is zero, while @ is a
polynomial of D, .

In order to prove Eq. (2.28) we write the symbols of ¢ and @ as

q(ﬂf,g/,fn) ~Qm-1+qm-2+-,

oz, &) ~ Nz, &) +oo+0-1+--,

where g; is a homogeneous function of £ with degree j, and is a polynomial
of &,, o is a homogeneous function of & with degree 1. To determine
these symbols we use the asymptotic expansion of corresponding symbols
in Eq. (2.28). Comparing the homogeneous terms with degree m — 1 we
have
n—1
—00qm—1+ Dz, gm—1— Z(aﬁj )‘)ij Gm—1+(En—AN)gm-1 = pm-1. (2.29)
j=1

Let &, = A(z, &), in view of ¢,,—1 # 0 we have

n—1
1
70 = Dy, m-1 — E (O, M) Da; gm—1 = Pm—1 - (230)
m— j=1

En=X(z,&")

Substituting it into Eq. (2.29) and dividing out &, — A, we can determine
Gm—2- Successively doing in this way we can obtain the asymptotic expan-
sion of o(z,¢’) and g(z,£). In accordance, the symbols, which is the sum
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of these asymptotic expansions, and the corresponding pseudodifferential
operators o and () are also obtained.

By using the factorization Eq. (2.28) the singularity propagation of the
solution v to Pu € C° can be reduced to the singularity propagation
of the solution v satisfying (D,, — o(x,Dy))v € C*°. Indeed, the facts
WF(Qu) C WF(u) and Ay ¢ WF(u) imply Ay ¢ WF(Qu). On the other
hand, Eq. (2.28) indicates

(Dy, —o(x,Dy))Qu = Pu— Ru € C*. (2.31)

Since gm—1(z,&) # 0, then the vector field Hp,, is proportional to He,_x
as &, — A(x,&) = 0. It means that the bicharacteristics for p,,(z,&) and
&n — Mz, &) is the same. Therefore, if one can prove the theorem holds for
any first order operator, i.e. WF(Qu) does not meet the bicharacteristics
~ of the operator D, —o(z, D,), then the conclusion WF (u) Ny = @ also
holds.

Hence the problem has been reduced to the case for the solutions to
first order operators. The main idea in the next step is to construct a
pseudodifferential operator B of order zero with principal symbol by(z, €),
which does not vanish along «y, such that Bu € C*°. Since

PBu = BPu + [P, Blu, (2.32)

and Pu € C*°. Hence if we can choose the symbol b(z, &) = Zbﬂ (z,8)

of B, such that the symbol of the commutator [P, B] is zero, then the facts
[P, Blu € C* and Pu € C* will lead to PBu € C*° immediately.

The requirement letting the symbol of [P, B] vanish leads to a set of
equalities

Hy, by =0,

leb 1+ Hp0b0+ Z (9¢p1 - D2by — 9y - DSp1) = 0,

lo= 2

Since the direction of H), is transversal to the plane x,, = const., then all
above equations for b_; (j > 0) are solvable, provided the initial data are
given on a plane x,, = x,o. It turns out that the problem is reduced to
determine the initial data, so that Bu € C*° as «x is sufficiently near to xg.
Indeed, if this is true, then the property of hyperbolic equations implies Bu



Singularity analysis for linear equations 27

is C*°. Noticing that the principal symbol of B does not vanish on v we
have v N W F(u) = @, which is what we need.

The remains is to choose the initial data of b_;, such that the initial data
of Bu is C™ near x = xg. We notice that the condition (xg,&) € WF(u)
means that there is a neighborhood w of (zg,&y) such that wNWF (u) = .
Choose a pseudodifferential operator A of order zero, such that the symbol
a(z,&) of A is supported in w and is equal to 1 in a smaller neighborhood
w1 CC w. Then Theorem 2.6 indicates Au € C'°°. Now the initial datum
of by is chosen as a homogeneous function of degree 1, supported in w; and
is equal to 1 in a smaller neighborhood ws CC w;. Furthermore, the initial
data for b_; (j > 1) are chosen as zero. Obviously, such a choice let the
symbol of B(I — A) be zero as x is near to zg. Therefore,

Bu=B(I — A)u+ BAu € C*.
The proof of the theorem is thus complete. ([l

The theorem indicates that if Ay is a regular point of the solution w,
then all points on the bicharacteristic strip through Ay are regular. In
other words, the microlocal regularity (or singularity) of solutions to any
equation of principal type propagates along bicharacteristic strip.

One may also consider the propagation of singularities in the sense of
H?. In this case the C'*° regularity theorem of Cauchy problem for hy-
perbolic operator of first order used in the proof should be replaced by
corresponding H® regularity theorem. Since the energy inequality in H*
space holds for hyperbolic equation, then like Theorem 2.8 we may use
similar method to prove the following theorem.

Theorem 2.9. Assume that P is a linear partial differential operator of
principal type in strict sense defined in a domain Q with C* coefficients,
u is a real solution of Pu = f with f € H*T™1(Q), Ay = (20,&) € T*(Q)
satisfies pm(xo,&) = 0. Assume that v is a bicharacteristic strip of P
through Ag, then Ay & W Fy(u) implies vy N W Fs(u) = 0.

Remark 2.2. Denote by A the direction (0,---,0,&1,- - ,&,) of the oper-
ator Ej Q%. If H,, is not parallel to A, then P is called operator of
J

principal type in generalized sense. The theorem 2.8 on singularity
propagation can be extended to the case of the operators of principal type
in generalized sense. Since the theory of Fourier integral operators has to
be used to prove the corresponding theorem, we refer readers to references
[74].
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For Cauchy problems of partial differential equations one can also prove
the conclusion on propagation of singularities of the initial data. Since the
principal operators can be factorized by using the method given in Theorem
2.8, we first discuss the Cauchy problem for partial differential equations
of first order:

{(Drn —o(x, Dy))u = f, (2.33)

u(z’,0) = up(z),

where © = (2/,x,), o is a pseudodifferential operator depending on the
parameter z, with real principal symbol A(z, ).

Theorem 2.10. Assume that (z(,&)) ¢ WF(ug), f € C=([0,¢) x R,
Denote by v the null characteristic strip of the symbol &, — Xz, &) through
(26,0, &0, A(x(,0,&)), then

YOWE(u) =0, if 0<z,<e, (2.34)

Y(S) NWEF(ulg,=s) =0, if 0<s<e, (2.35)

Proof. We notice that the wave front set appearing in Eq. (2.35) is a
subset of R"' x R'g,_l depending on a parameter x,. It obviously have
different meaning from the wave front set in Eq. (2.34).

The proof of Theorem 2.10 is quite similar to the second part of the proof
of Theorem 2.8, so we only mention the main point of it. Make an operator
B(a', D,/) such that its symbol is supported in a neighborhood of v and does
not vanish on . Moreover, we may let the symbol of [D,,, —o(z, D,), B] is
zero and B(z',0, Dy )ug € C*. Acting B on the both sides of the equation
in (2.33) we obtain

(Dy, —o(x,Dy))Bu= f+[Dy, —o(z,Dy ), Blu.

Then the conclusion on initial boundary value problems of hyperbolic equa-
tion gives Bu € C'*°.

For any s € [0,¢), the symbol of the pseudodifferential operator
B(a',s,D,s) does not vanish on ~(s). Then from the property of wave
front set we know y(s) & WF(ulg,=s) as shown in Eq. (2.35).

In order to prove Eq. (2.34) we make the parametrix A(z’, z,, Dy/) of
B, which also C'*° smoothly depends on x,,. Then Theorem 2.7 implies

yNWF(ABu) = 0. (2.36)

Since ABu = u+ Ru , where Ru is a C* function of 2’ and x,,, then u also
satisfies Eq. (2.34). O
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Combining with the factorization of operators we can extend the conclu-
sion mentioned in Theorem 2.10 to the case for equations of higher order.
For hyperbolic equations we have

Theorem 2.11. Assume that P is a hyperbolic differential operator of m-th
order, its principal symbol p,,(x, &) as a polynomial of £, has m simple roots
Az, &), A, E). Assume also that u is the solution of the Cauchy
problem

{P“ =/ (2.37)

O |, —o = upo(z’) (k=1,---,m),

and (x},&h) € WF(ug), f € C=([0,€) x R%Y). If ~; is the null bicharac-
teristic strip corresponding to the real root \; issuing from (x(,0,&(, Nio),
where Ajo = A(z(,0,&)), then fori = 1,---.n Eq. (2.34) and Eq. (2.85)
still hold with v is replaced by ;.

As an application of the above theorem we can answer the problem
raised in Chapter 1. For the Cauchy problem Eq. (1.35), if ¢(z,y) is taken
as d(x,y), then WF(v) = (0,0;&,1n0), where (£o,70) is an arbitrary direc-
tion. Assume that (£p,70) has been normalized, i.e. €3 + 73 = 1, then the
bicharacteristics strip through (¢, z,y,7,&,1n) = (0,0,0,1,&0,70) is

$:§t7 y =nt, T=1, 62607 n = To, (238)
whose projection on the space (¢, z,y) is
=& y=nt with &+n>=1. (2.39)

Therefore, the singularity of the initial data at the origin propagates along
all characteristic rays to the domain ¢t > 0. Hence the singular set of solution
u is the characteristic cone with its vertex at the origin.

On the other hand, when ¢ (z,y) = 0(x), WF () = (0,y,&,0), where
¢ can be any real number (in fact it is enough to be +1 due to homo-
geneity). According to Theorem 2.11 the projections of all bicharacteristic
strip starting from the points in WF(¢) are {x = +t, —c0 < y < oo}.
They form the plane x = £t. These bicharacteristics do not enter inside
the wedge —t < = < t, then ug(¢,z,y) does not have singularity inside the
wedge. It turns out that the conclusion we obtained by using the general
theory of singularity propagation proved in this Chapter coincides with the
phenomena observed in Chapter 1.
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2.3 Reflection of singularity on boundary

In the last section we discussed the propagation of singularity of a solu-
tion to partial differential equations inside a domain, where the solution
is defined. In the study of the solutions in a domain with boundary, the
bicharacteristics may meet the boundary. In this case how does the dis-
tribution of singularities behave near the boundary? This is the problem
of reflection of singularity. In this case the distribution of singulari-
ties near the boundary is obviously related to the setting of the boundary
conditions, and is also related to the behavior of the intersection of the
bicharacteristics with the boundary. In this section we mainly consider the
case when the bicharacteristics transversally intersects with boundaries.

Suppose that the boundary is C'°*° smooth, then one can introduce a
C> homomorphism near the boundary to flatten the boundary. Since the
type of the partial differential equations are invariant under any homomor-
phism. The characteristics, the bicharacteristics and the wave front set are
transformed obeying the rule induced by the homomorphism, then we may
only consider the case when the boundary has been flatten without loss of
generality. In the sequel we always denote the domain, where the solution
is defined, by x,, > 0, and denote the boundary by z, = 0.

Next we consider the reflection of singularity for the system of partial
differential equations of first order, because any partial differential equation
of higher order can be easily reduced to the case of the system of equations
of first order.

Consider the system

(D, — A(z,D)))U = F, (2.40)

where 2’ = (21, ,2,), A is an N x N matrix of pseudodifferantial oper-
ators of first order, C°*° smoothly depending on z,,. The principal symbol
a(z,&) of A has real eigenvalues Aq,---, A\, different from each other. U
and F are vectors with N components, and F' are C*°. On the boundary
r, = 0, U satisfies

B(z',D.)U = h, (2.41)

where B is a k x N matrix of pseudodifferantial operators of order zero,
h is a C* vector function with & components. Next we can see that the
number k is closely related to the sign of eigenvalues A1, -, An.

In order to discuss the singularity of the solution to (2.40), (2.41) near
Z, = 0 we first reduce the system Eq. (2.40) to a diagonal-like form, then
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the result on Cauchy problem of single equation can be employed. To this
end we prove some lemmas.

Lemma 2.1. Assume that E, F are N1 X N1,No X No matrices respectively,
the eigenvalues of E and F are separated from each other, then ¢(T) =
TF — ET 1is an injective and surjective map.

Proof. 1In fact we only need to prove that ¢(T) = TF — ET is injective,
iie. TF — ET =0 implies T = 0.

Suppose that F has decomposed to the form diag(E1,--- , E,), where
each F; is a Jordan block of order v;:

Aj
1A
Ej = .J
1A
Denote the rows of T by T1,--- , T},
ATy
T+ MTo

Hence we have T F' = A\T;. Since A is not eigenvalue of F, then T7 = 0.
Next we can use similar method to know 75 = --- = T,, = 0. Continue in
this fashion we know every row of T is zero.

For general matrix F, we find a matrix L such that E = LEL ™! has
a Jordan standard form. Since TF = (L~'EL)T, then (LT)F = E(LT).
According to the previous proof we know LT = 0. This leads to T'= 0. O

Lemma 2.2. For the system of pseudodifferential equations
D, V=GV+HV, (2.42)

where G = diag(F, F') has a homogeneous symbol of degree 1 with respect
to ¢, E and F are N1 x N1 and Ny x Ny matrices of pseudodifferential
operators, whose symbols have eigenvalues different from each other, H
is a pseudodifferential operator of order 0, then there is a transformation
W = SV, such that W satisfies

Dy, W = GW + aW + RW, (2.43)

where a = diag(a1, ag) is a matriz of pseudodifferential operators of order
0, R is a matriz pseudodifferential operators of order —oo.
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Proof. Let W) = (I+K;)V, where K] is a matrix of pseudodifferential
operators of order —1, then
D, W = (I + K1)GV + (I + K1)HV + D, K,V

=(I+K)(G+HI+EK)'wh4...

=GWW 4 (K\G - GK, + H)WWM 4 ...
where “---” means the term obtained by acting a pseudodifferential oper-
ator of order —1 on W,

Next we are going to look for matrices A;, As and K7, such that
K1G - GKl + H = diag(Al, Ag) (244)

Hyy Hyp

holds. Denote H =
<H21 Hao

(0K12

), and take K; as a matrix with the form

Ky 0
and F' are different from each other, then according to Lemma 2.1 we can
find matrices K13, K21, such that

), then choose A; = Hy1, Ay = Hao. Since the eigenvalues of E

KioF — EK12 = —H12, KnE — FKy = —Ho, (2.45)
then WO satisfies
D, W =GaWW® 4 diag(A;, Ap)W® + BWO, (2.46)

where B is a matrix of pseudodifferential operators of order —1.
Let W® = (I + Ko)W® | where K, is a matrix of pseudodifferential
operators of order —2, then

D, W® = GW® 4 diag(A;, A)WP + (K2G — GKo + B)W® 4 ...

“ ”

where stands for a term obtained by acting a pseudodifferential op-
erators of order —2 on W . Like the above calculations, the matrices B

and K5 can be determined, such that
D,, W® = GW® 4 diag(A;, Ay)W® + diag(By, Bo)W®? + ...,

Going on in this way, the order of the remaining pseudodifferential operators
will be lower and lower. Then similar to the process of constructing a
pseudodifferential operator by using its asymptotic expansion of symbol we
can construct I + K by using an infinite product

o0

I+ K~ ]+ Ko).

(=1

Set W = (I + K)V, we obtain Eq. (2.43). O



Singularity analysis for linear equations 33

Lemma 2.3. For the system of pseudodifferential equations
(D, — A(z,D,/))U = F, (2.47)

where A is an N x N matriz of pseudodifferential operators C'°° smoothly
depending on x,, whose principal symbol a9x,&’) has real eigenvalues
Az, &), AN (x, £, different from each other, then there is a pseudod-
ifferential operator S(x, D,), such that W = SU satisfies

D, W = diag(oy, -+ ,on)W + RW + SF, (2.48)

where o; = o;(x, D)) has principal symbol \;(x,&'), R is a matric of pseu-
dodifferential operator of —oo.

Proof. According to the property of a(x, ") we can find a matrix e(x, £’),
homogeneous of degree 0 with respet to &', such that

e-a-e ' =a=diag(\, -, \n).
Then, let V = EU = e(x, D,/ )U , we have
D,V = A(z,D,))V + HV + EF, (2.49)

where H is a pseudodifferential operator of order 0. Applying Lemma 2.2
we can reduce Eq. (2.49) to the form Eq. (2.48) by virtue of W = S,V.
Then S = S1F leads to the required conclusion. O

Combining the above lemmas we can prove the following theorem on
regularity reflection of solutions to system of hyperbolic equations.

Theorem 2.12. For the problem (2.40), (2.41), assume that Aq,---, A\,
are N real eigenvalues of the symbol a(x,&") of the operator A, different
from each other. Denote by v; = (x(s),&;(s)) the null bicharacteristic
strip of the symbol &, — \j(x,&') through (z(,0;&), \;(x(,0,&))), S is the
matriz of operators introduced in Lemma 2.3, which transform the system
(2.40) into an almost diagonal form, which is different from a diagonal
matriz by an operator matriz of order —oo. Assume that on x, = T,o the
equality WE(U)N~; = 0 holds for j = ji,--- , jn,. Moreover, assume that
BS™! is elliptic with respect to Wi, , -« s Win_n, on xn =0, where

{ilﬂ"' 7iN*N1}:{17"' ﬂN}\{jlv"' ajN1}7

then WF(U) N ~y; =0 holds for any j.
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Proof. Since W = SU is an invertible transformation, then the conclu-
sion in the theorem is equivalent to that WF(U) N~; = 0 holds for any
j. By using Lemma 2.3 we can diagonalize the system (2.40), so that W
satisfies

D, W =diag(oy,- - ,on)W 4+ C* terms. (2.50)

Notice that the C*° terms do not influence the C'°°-singularity analysis,
then we can treat all components of W separately.

Since the operator D,, — o;(x,D,/) is elliptic on ~y; as ¢ # j, then
Eq. (2.50) means WE(W;) N~,; = 0 as i # j. Now by taking the plane
T, = Tno as the initial plane, we know from the classical result on sin-
gularity propagation for Cauchy problem of hyperbolic equation and the
assumptions of the theorem

Ny
(0,€0) & |J WF(W, |o=0)- (2.51)
s=1
In view of the ellipticity of BS™' with respect to Wi,,---, Wiy_,, , then
from BS~™'W = h € C™ we obtain
N—N;

(@0, &) ¢ |J wrmw;,

s=1

mn:O)- (252)

Now use the the value of W on z,, = 0 as initial value, and again use
Theorem 2.3 we can obtain WF (W, )Nv;, = @ holds for all 1 < s < N —Nj.

It means that W F(W) does not meet any ~s, hence WF(U) also does not
meet any 7s. U

Remark 2.3. The assumptions in Theorem 2.5 contains the requirement of
the transversal intersection of bicharacteristics with the boundary. Indeed,
~i is the integral curve of the Hamilton vector field of &, — \;(x,&’). Hence

dr, 0
dt 0,
then the projection of ~; on the base space is transversal to the boundary
T, = 0.

(n — )\i(xagl)) #0,

In the above theorem the operator in Eq. (2.40) is required to have N
real eigenvalues. It means that the system is hyperbolic with respect to
Zn, so that the problem (2.40), (2.41) is an initial problem in fact. The
requirement of having N real eigenvalues could not be satisfied even for
general boundary value problem of a hyperbolic system. For instance, for
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the wave equation defined in (0,7) x €, this condition on the boundary
(0, T) x 022 is not satisfied either. Next we will give a more general theorem
on singularity reflection without this requirement.

Consider the boundary value problem which still takes the form
Eq. (2.40), (2.41) but the matrix a(x,&’) is assumed to have Ny simple
real eigenvalues, m™* complex eigenvalues with positive imaginary part,
m~ complex eigenvalues with negative imaginary part in a domain w of
(%0, &) Like the discussion given above we first have to block-diagonalize
the system. Since Lemma 2.1 is also valid for the matrix with complex
eigenvalues, then we have the following lemma

Lemma 2.4. If U is a solution of Eq. (2.40), the eigenvalues of the symbol
a(x, &) of the matriz of pseudodifferential operators A(z, D) are given as
above, then there is a matriz S(x, Dy), such that W = SU satisfies

D, W = HW + RW, (2.53)

where
01 (33, Dr/)

O Ny ({E, D$/)
et(z, Dyr)
e (z,Dy)
The principal symbol of oj(x, Dyr) is Nj(z,&'), while et (x, Dy ), e (@, Dy )
have complex symbols of first order, R is a matriz of pseudodifferential
operators of order —oo.

Therefore, in order to derive a result on singularity reflection for gen-
eral cases we have to discuss the regularity of solutions to boundary value
problems for elliptic systems.

Theorem 2.13. Assume that W satisfies
D, W+ = EYW+ + F+,
" * (2.54)
W*(0) =nt,
where ET has its principal symbol e™(x,£') satisfying
Im(spec(e™)) > col€], o > 0. (2.55)

Assume more (z(,&)) € WF(ht) and (2,&)) € WF(F*t|;, =) for 0 < s <
€, then (x(,&)) € WE(W ™|, =s) for 0 < s <€ is also valid.



36 Analysis of Singularities for Partial Differential Equations

Proof. Let us first consider the case F'T = 0. We are going to prove that
there is a pseudodifferential operator B = b(x, D,) of order zero, so that
W can be written as the form b(z, D,/ )b, i.e. W+ = Bht.

Assume that the symbol of the operator b(x, D,s) has an asymptotic

—o0
expansion b ~ Z bj, such that each term b; is a homogeneous symbol of
order 7, and 851;13 is a homogeneous symbol of order j + k. To determine
b;, we substitute W = Bh" into the equation
D, Wt =et(z, Dy )WT.

The rule of the calculation for pseudodifferential operators gives:

D, by — ef'bg =0,

Dyboy —efby =Y 0%ef - D2bo + e bo,

la|=1

...... (2.56)

Taking the initial data for these symbols as by = 1,b_; =0 (j > 0), then
all b; with j > 0 can be determined. For instance,

bo = exp <z/ efda:n) .
0

It is easy to check that 8;’“” by is a symbol of order k. Similarly, 8;’“” bj is a
symbol of order k + j. This means that W™ can be written as b(z, Dy )hT.

Now let us consider the case F'* # 0. In this case W™ can be written
as

W+ = b(z, Dar)h* 4+ / "B, s, Da)hTFG 8)ds, (2.57)
0

where l;(x’ ,S, D) is the solution operator of the Cauchy problem

D, Wt =et(z,Dp)WT,
(2.58)
W, =s = FT (2, s).

It is also a pseudodifferential operator of order zero, C*° depending on x,,
and s. Hence the conclusion of the theorem also holds for F’ # 0. O

Remark 2.4. Inverse the direction x, in Theorem 2.13, one can obtain a
similar conclusion for another elliptic operator. For the problem

{Dan— =E W~ +F-,

O, (2.59)
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where E~ has its principal symbol e (x,¢’) satisfying
Im(spec(e™)) < c1lé], ¢ <O0. (2.60)

Moreover, if (z(,&)) € WFE(h™), and if (2(,&)) € WF(F~ |z,=s) for 0 <
s <€, then (2(,&)) € WF(W ™|y, =s) for 0 < s <e.

Combining the above discussion on the hyperbolic case and the elliptic
case we have the following more general conclusion.

Theorem 2.14. For the problem (2.40), (2.41), assume that in a neigh-
borhood w of (x(,&,) the symbol a(x,&’) of the operator A has Ny simple
real eigenvalues A1, ,An,, m* complex eigenvalues with positive imagi-
nary part, m~ complex eigenvalues with negative imaginary part. Denote by
v; = (x(8),&(s)) the null bicharacteristic strip of the symbol &, — \j(z,¢’)
through (xp,0;&), Aj(x0,0,&), S is the matriz of operators introduced in
Lemma 2.3, which transform the system (2.40) into the almost diagonal
form. Assume that on x, = xno (0 < xp0 < €) the equality WF(U)N~y; =0
holds for j = j1, -+ ,jn,. Moreover, assume that (z{,&)) € WF(h), BS™1
is elliptic with respect to Wiy, -+, Wiy . W is elliptic, where

{7;17"' 7iN07N1} = {]-a 7N}\{J17 7jN1}7
then WF(U) N ~y; =0 holds for any j < Np.

Proof. By using the transformation W = SU the system (2.40) is re-
duced to block-diagonal form. Since

Ny
WEU s, =r,0) () (U m) =0

on T = x,g, then we also have

Ny
WE(W e, =a0)[ ) (U ws) =0

Taking z,, = x,0 as initial plane, Theorem 2.12 on Cauchy problems of
hyperbolic system implies
N1

(xé)vgé) ¢ U WF(st)|xn:0)a

s=1

Then the remark behind Theorem 2.13 gives

Ny
(0, €0) & |J WE(W™)la,=0)-
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Hence W, (s = 1,---,j) and W~ on x, = 0 are microlocal regular at
(70,&)). According to the assumptions on the ellipticity of BS~! on x,, = 0
of this theorem we have

No—Ny
(25, 60) € WEW |z, ~0) | < U WF(Wis|$n—0)> -

Again consider the Cauchy problem with x,, = 0 as initial plane. It is easy
to see that Theorems 2.12 and 2.13 imply
No—N1

U v OWEW) =0.

s=1
Since S is elliptic at a neighborhood of (z{, &), then
No—N;

U wNWF@)=0.

s=1

The theorem is thus proved. O
Example 1 Next we take the wave equation
gt — (U + Uyy + Usz) =0 (2.61)

in the domain z > 0 as example to study the singularity reflection of its
solution near the boundary x = 0.

The symbol of the wave operator is 72 — ¢?(£2 + 1% + ¢?). Let A be
a pseudodifferential operator with the symbol A = (&2 +n? + ?)Y/2, U =
(Au, Dyu), then Eq. (2.61) can be reduced to a system of first order as

D,U = A(D,, D, D.)U, (2.62)

where

A 0 A
“\A YD} -D2-D?) 0)°

Its principal symbol is

" < 0 A )
- /\_1(6_27'2 _ 772 _ CQ) 0. :
Obviously, the eigenvalue of a is +(¢™2D} — D} — D?)1/2. For the point
(t,y,2,7,m,¢) on T*(R},.) we have:

If 7 < ¢(n?+¢2)Y/2, then for any &, the symbol 72 — ¢?(£2 402 +(?) # 0,
then u is microlocally regular at (7,£,7n,(). Hence u|,—s is microlocally
regular for any s > 0. By using the fact that the eigenvalue of a is imaginary
as 7 < c(n? + ¢2)'/2, then u|,— is also microlocally regular at (7,7, ().
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If 7 > ¢(n?+¢?)'/2, then a has two real eigenvalues 1 = +(72 —c2(n? +
C2))1/ 2, Correspondingly, one can draw two bicharacteristic strips y*,~v~.
If for sufficiently small z, WF(u) Nyt = @, then Theorem 2.14 implies
WF(u) Ny~ = and vice versa. In one words, if u has singularity on one
of the two bicharacteristic strips v&, then the singularity mast be reflected
to another bicharacteristic strip.

Making projection of the bicharacteristic strips on the base space
(t,z,y,z) we obtain the property of the reflection of ray of light on the
boundary x = 0. Indeed, if the incident line is

z=E&t y=nt+yo, z2=Ct+20; t <0,
then the reflect line is

=6t y=nt+yo, z=Ct+20; t>0.
Because £ = —£_, the vectors (£4,7,(), (§-,7,¢) and the normal (1,0,0)
locate on a same plane. Meanwhile, the angle between (1,7, () and (1,0,0)
are equal. The fact coincides the classical conclusion in the law of reflection
of light: the reflective ray locates on the plane formed by the incident ray
with the normal and is in the side different from the incident ray, the reflect
angle is equal to the incident angle.

Example 2 Consider the reflection and refraction of light on an in-
terface of two different media. Suppose that two different media are placed
on both sides of the plane z = 0. The speed of propagation of light in the
domains +x > 0 is ¢4, then the partial differential equation describing the
propagation of light is

gy — A (Ugg + Uyy +uz2) =0, x>0 (2.63)
Ut — € (Ugy + Uyy +uz2) =0, 2 <0. '
It is required that u and its derivatives are continuous on x = 0. Now if
u has singularity on a bicharacteristics in the “+” medium, which arrives
at the origin from the domain = > 0 for ¢ = 0, how does the singularity
propagate in future?
All bicharacteristics from the domain z > 0 arriving at the origin at
t = 0 forms a half of the characteristic cone c4t = —y/22 + y% + 22 (z > 0).
Assume that the projection of the bicharacteristic strip £ bearing singularity
on the space (x,y, z) is the straight line L, which locates on the plane z = 0
arrives at the origin and forms an angle 6 with y-axis. The equation of L
is y = —xtanf, z =0 in the space (z,y, 2z) or
cyt (c— tan @)t

r = — y=——— =0 2.64
V1 +tan?6 Y V1 +tan’6 ( )
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in the space (¢,x,y,z). In order to solve this problem we fold the whole
space (t,z,y, z) to the upper half space © > 0. Set

’I](t, r,Y, Z) = (ﬂ'lv 17'2) = t(u(t7 T, Y, Z), u(tv —,Y, Z)) (2'65)
for > 0, then u(t, z,y, z) satisfies

~ 9. ~ ~ .
Ulgx = CoL Ultt + Ulyy + U1z

~ —2. ~ ~
Uzy = C_"Ulet + Ulyy + Upzz-
While the consistency condition on the interface is reduced to

ﬂl(ta 07 Y, Z) = aQ(ta 07 Y, Z)

D$a1(t707yaz) = Dwa2(t707y72)'

Denote by A the pseudodifferential operator with the symbol A\ = (72 +
n% +¢?)Y/2, and denote

U= t(AﬂlﬁDwalaAaQMDwﬂQ)a

then
D,U = A(Dy, Dy, D,)U, (2.66)
where
0AO0O
NS
0 OE_0

Ey = A'(cz°D} — Dy — D?).

It is easy to compute that the eigenvalue of the symbol a of A is i(cj_t2 2_
2 _ r23\1/2
ne =)
The boundary condition of the problem with U as its unknown function
can be written as the form

BU =0, (2.67)

10-10
B—(Ol()l). (2.68)

where
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Now let us apply Theorem 2.12 and Theorem 2.14 to the problem. First,
we look for the matrix S~! and S, which can diagonalize the system (2.66).
The symbols of these two matrices of operators are

A A 0 0
(Aep)/2 =(Aey)? 0 0
0 0 A A ’
0 0 (Aer)/? —(Aey)'/?
I Ie)™2 0 0
%)\_1 _%()\eJr)_l/Q 1 ’ 11 0 /2 |
0 0 ¥A_ 51()\6_)_ /
0 0 §A_1 —§(A€_)_1/2,
where ex = A1 (c2*72 —n? — ¢2). Then the principal symbol of SAS™! is
diag(es, —ey,e_,—e_). (2.69)
On the bicharacteristic strip

Bomr, B_ge, Wiy Lo
where 7,&,7,( are constant, satisfying 72 — ¢2(£2 + 7% + (?) = 0. By the
homogeneity we may take 7 = 1 in the sequel. Hence on the bicharacteristic
strip £
cll cll tan 0
¢= _\/1—|—tan297 = _\/l—i—tan297 «=0.
For (£,1,¢) = (1,¢;" tan (V1 + tan?0)~1/2,0), the four eigenvalues of the

matrix a is

S i<c_2 2 tan? 0 )1/2
V1+tan2d’ - T 1+tan%6

When c2 > ¢ tan?0(1 + tan? 0)~1/2, these four eigenvalues are all real.
Then the projection of bicharacteristic strips through the origin on the
space (x,y, z) is

Ly: y=xtanb,

Ly : y= —xtan,

-1
¢, xtand
L3 Y= a )
\/0:2 + (c2? — c;?) tan?0
—1
—c, xztan6
L4 : +

Yy= )
\/0_2 + (cZ* — ¢;?) tan?0
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where Ly is the equation of the incident ray.
According to the notations in Theorem 2.14, we take i; = 1,is = 3,
then

The first column and the third column of the matrix forms a submatrix with
rank 2. Since L, L3 are rays issuing from the origin to y > 0, the solution
of Eq. (2.66) is regular on Ly and Ls. Then according to the conclusion
of Theorem 2.12 the solution must be regular on Ls. Conversely, if U has
singularity on Lo, it must propagate to Liand Ls. By using the inverse of
the folding transformation introduced above and going back to the original
equation (2.63), we see that L is the reflective ray of Lo, and the image

—1
—c, wtand

Ly:y=
\/ciz + (cZ* — c;?) tan?

of Lj is the refractive ray.
Denote by 1 the angle between L} and the x-axis, then

04__1 tan 6

\/0:2 +(c2? — ) tan?0

= tan 1,

which implies
¢ %cot? 0+ 2% — 012 = 012 cot? 1.

Hence we have

sinf ¢y
— = . 2.
siny  c_ (2.70)

This coincides the law of refraction of ray of light.

Remark 2.5. When ¢ < ¢;*tan? /(1 + tan? ), there are two complex
eigenvalues among the four eigenvalues of the matrix a. In this case the
singularity on the incident ray only propagates along the reflective ray and
no refractive ray appears. This corresponds to the phenomena of total
reflection in geometric optics.
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2.4 Further discussions

The problems discussed in the above sections are fundamental problems
in the theory of singularity analysis for linear partial differential equations.
The development of the theory raised many significant and important prob-
lems, which are usually more difficult, so that more careful calculations are
required. For instance, the following problems attracted many mathemati-
cians attention.

2.4.1 Generalized reflection of singularity on boundary

In the discussion of the singularity reflection in Section 2.3 we always as-
sume that the bicharacteristic ray bearing the singularities of solutions
intersects the boundary transversally. However, it is also possible that
the bicharacteristic ray is tangential to the boundary, when the ray meets
the boundary. For instance, if w is a convex domain in R™, and consider
the propagation of singularity of solution to wave equation in the domain
(R™\w) X (—00, ), then the bicharacteristics of solutions can be tangential
to the boundary. Such a case is called glancing. When glancing occurs,
the discussion in the above section does not work. For instance, the symbol
of the operator A of the system (2.40) does not have n bounded eigenvalues.
Therefore, the singularity analysis near the boundary in the glancing case
will be more complicated.

Assume that M is a manifold with boundary, consider the behavior of
the singularity of the solution to

{Pu € C=(M),

(2.71)
Bu € C*(0M).

Assume that P is an operator of principal type of second order, the bound-
ary OM is non-characteristic, Bu in the boundary condition takes the form

u or % + pPu, where v is the conormal direction. In order to describe the
behavigr of the singularity of solution, we introduce some notations. Next
we assume that a simplified coordinate system has been introduced in the
manifold, so that the boundary OM has been flattened to x = 0, so that
M is x > 0.

Introduce an equivalence relation “ ~ ” in T*M: in the case when
two points z1,2z0 € T*M, and at least one of them is in the set of inner
points of T*M, we say z1 ~ z3 if and only if z; = z5; while in the case
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21,20 € OT*M \ N*OM we say z; ~ z9 if and only if the projection on
T*(OM) \ 0 is the same.

Let DM = ((T*M \ 0) \ N*(0M))/ ~, then one can introduce a pro-
jection b : T*M — DM. Denote the image of the characteristic set
Y(P) = p;*(0) of the operator P of the projection on DM by %, can
be written as

SYUSUSIU---UDEe, (2.72)

where

S =Sy () T*(M) \ 0;

i = {p €%y, b~' contains two points};

Sy ={peSy\ (ZJUSy) Hl a=0forall j <k—1, HY #0}

n° = {p € 3\ (S) Uy); H),x =0 for all j}.
Denote E U E{), then G = 2(2) is the set of glancing points. On X7

j>k

the point with HZ%Q > 0 is called diffractive point and is denoted by El%*,
the points with HZ%Q > 0 is called gliding point, and is denoted by ZIQ)’L.

All points in Zgg) is called glancing points of higher order.

Next we indicate that at any glancing point the bicharacteristic strip is
tangential to the boundary. Indeed, assume that the operator P has been
reduced to the form with the principal symbol £2 + r(x,y,n), then Hyx =

2§,H§x = —2r,. Hence r, < 0 at diffractive point. The bicharactristic
strip of P is defined by
dx dy d€ dn
_— = 2 _— = — = Ty, = — .
ds & ds '™ ds "o s "y
Hence at any diffractive point
dx
— =26=0
s~ %=0
d’z d{
— = —2r; > 0.
ds? ds e >

It means that the bicharacteristic strip arrives at the boundary from the
inner part of the domain, and then come back to the inner part. For the
gliding point the bicharacteristic strip can only be tangential at the outside
of the domain. In other words, in the inner part of the domain there is no
gliding bicharacteristic strip tangential to the boundary. At any glancing
point of higher order the bicharacteristic strip is tangential to the boundary
in higher order.
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By using the classification of ¥, we can define generalized bicharacter-
istic strip as follows.

Definition 2.4. Generalized bicharacteristic strip is a map ~ from
I\ BtoTD C %y, where [ is an inteval in R', B is a set of isolate points.
The map satisfies

(1) If y(to) € DYURZ™, then v(2) = (z(t),y(t), £(t), n(t)) is differentiable
at to, and ' (to) = Hp(y(to));

(2) If y(to) € S2H US| then the projection ((z(t), y(t), n(t)) of y(t) is
differentiable at t = to, and 2’(tg) = 0, (y'(¢0), ' (to)) = Hro (y(to), n(to))-

(3) If t1 € B, then v(t) € XY as |t — to| > 0 small enough. Moreover,
~(t1 £ 0) exist, which are the different points on a same fiber based on a
given point of {z = 0}.

Based on the above preparations we can describe the singularity of u
on the manifold with boundary by using boundary wave front set W Fy,(u).
For any point, which is not on 0T*M, W Fy(u) is nothing but WF(u).
For the point on T*OM, W Fy(u) is the complimentary set of the points,
which are microlocally regular up to the boundary. Here a point (yo,n0) €
T*0M is “microlocally regular up to the boundary” means that there is a
pseudodifferential operator ¢ (y, Dy) defined in a neighborhood of (yo, 7o),
such that for some € > 0, ¥(y, Dy)u(z,y) is a C*°([0, €] x R™) function.

On the singularity of solutions of the problem (2.71) in the neighborhood
of any glancing point the following theorem holds.

Theorem 2.15. Under the assumptions on the operators P and B, if u
is the solution of the problem (2.71), p € WFy(u), then the generalized
bicharacteristic strip F,(s) through p belongs to W Fy(u).

Obviously, when p € %9, the above conclusion is nothing but the conclu-
sion of Theorem 2.8. When p € E;, the conclusion can be derived from The-
orem 2.14. When p € Ei_, R.Melrose and M.Taylor obtained the conclusion
of Theorem 2.15 (see [94], [131]). When p € 2t orp € Zgg), R.Melrose and
J.Sjostrand established the above conclusion (see [99]). Later, L.Hormander
gave a unified treatment and proof in [72].

When the order of the operator P is greater than 2, we can use fac-
torization of operators to reduce the problem to the case when the main
operator considered is a second order operator. Then the corresponding re-
sult can be established by applying Theorem 2.15. The details are omitted
here.
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The most recent works [100], [101], [136] also discussed the case when the
boundary itself has edge or vertex and a bicharacteristics bearing singularity
hits this edge or vertex.

2.4.2 The operators with multiple characteristics

So far we only discussed the singularity analysis for the operators of prin-
cipal type. The above discussion does not work if multiple characteristics
appear. It means that there is at least a point (z9,&p) € p;,}(0), such that
Va,ePm(20,80) = 0.

The operators with multiple characteristics can be further classified ac-
cording to the multiplicity of characteristics. If at any point (z,&)) €
Pyl (0) the multiplicity is constant, then the operator is called operator
with constant multiple characteristics. Otherwise, it is called oper-
ator with variable multiple characteristics. Generally, the study on
the operators with constant multiple characteristics is less difficulty than
the latter.

In the discussion of the singularity analysis for the operators with con-
stant multiple characteristics the operators have to satisfy the Levi con-
dition, which is a restriction on the lower order terms. For instance, if P
is an operator of second order with multiple characteristics, the symbol of
Pis

p($7 f) = CI(‘T, 6)2 +p1 (wv f)a
where ¢ and p; are the symbols of first order, then Levi condition means
that the symbol
1~ 9g 0
pP1— 7 Z % %
=1 93 98

is of order zero on ¢ = 0. Therefore, there is a symbol h of order zero and
a corresponding operator H, such that

In accordance
P = Q%+ HQ + operators of order 0.

Generally, if the principal symbol of P has decomposition in a neighborhood
of (20, o)

Pm =q)" 57, (2.73)
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where each ¢; is a symbol of an operator of principal type in strict sense,
then the Levi condition is

e P(ae’®) = O(t™™"7) (2.74)

holds for 1 < j <'s, where ¢ satisfies d¢(z¢) = &, and ¢;(z,d¢) =0 in a
neighborhood of (zg, &), a € C*°. Then we have the following theorems.

Theorem 2.16. If P is an operator with constant multiple characteristics
satisfying Levi condition, its symbol has the factorization (Eq. (2.73)), u is
the real solution of Pu = f, then WF (u)\WFE(f) € p,,}(0), and on qj_l(O)
WF(u) \ WF(f) is invariant under the Hamilton flow of H,,. Therefore,
if f e C®, (z0,%) &€ WF(u), gj(z0,%) = 0, 7 is a bicharacteristic strip
through (x0,&), then y N WF(u) = (.

The corresponding theorem on propagation of singularity of finite order
is:

Theorem 2.17. If P is an operator with constant multiple characteristics
satisfying Levi condition, its symbol has the factorization (2.62), u is the
real solution of Pu= f, then W Fy iy, (u) \WF(f) € p,*(0). Moreover,
WFoym—r;(u) \WF(f) on qj_l(O) is invariant under the Hamilton flow of
H

qj

The proof of the above two theorem can be found in [24]. Moreover,
we can also derive the results on singularity reflection for operators with
constant multiple characteristics [25].

For the operators with variable multiple characteristics the property
of the distribution of singularity is closely related to the manner of the
multiplicity of characteristics. Further classification on these operators is
necessary in order to give deeper study. Weakly hyperbolic operators form a
special class of the operators with variable multiple characteristics. Readers
can find more detailed discussions in [61], [63], [69], [111] and the references
therein.

As we mentioned in Chapter 1, P.D.Lax [83] indicated that the singu-
larity propagation is essentially related to propagation of waves with high
frequency. The authors of [79] continued the study and established many
finer results. Because of the limited space of the book we will not discuss
more on this topic and prefer to turn to the singularity analysis of nonlinear
partial differential equations starting from the next chapters.
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Chapter 3

Singularity analysis for semilinear
equations

Starting from this chapter we will mainly study singularity analysis for so-
lutions to nonlinear partial differential equations. The phenomena of singu-
larity propagation for nonlinear equations is much more plentiful than that
for linear equations. One reason is that the nonlinear functions appearing in
the equations often cause interaction of singularity of the solution, another
reason is that the characteristics (or bicharacteristics) bearing singularity
depends on the solution itself, so that the characteristics itself may also
have singularity. Different type of singularities and different type of non-
linearity of equations let the problems be quite many and varied. Like the
study on other problems in nonlinear partial differential equations, there is
not a unified method to deal with them. Next we will give detailed analysis
for some typical cases, and can only give a review or sketchy description
for more other cases.

According to the classification in partial differential equations, if the
coefficients of the derivatives of unknown functions with highest order in
the equation are independent of the unknown function, the equation is
called semilinear equation. If the coefficients of the derivatives of unknown
functions with highest order in the equation depend on the unknown func-
tion and its derivatives of lower order, while the equation is still linear with
respect to the derivatives of highest order, then the equation is called quasi-
linear equation. In more general case the equation is called fully nonlinear
equation. This chapter is first devoted to study the singularity analysis for
semilinear equation.

49
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3.1 Theorem of propagation of 2s weak singularity

In some cases the result established in Chapter 2 on singularity propaga-
tion for linear equations is also valid for semilinear equations with some
additional restrictions.

Consider the semilinear wave equation

Ou = f(u), (3.1)

where f(u) is a C* function of u. For the solutions to Eq. (3.1) we have
the following theorem

Theorem 3.1. Assume that u is an H?® solution to Eq. (3.1), s > n/2,
v is a bicharacteristic strip through (xo,&), s < r < 2s —n/2, then u €
H?(x0,&) implies u € H*(7).

The proof of the theorem is based on the following lemma.

Lemma 3.1. Let n be the dimension of the Euclid space R™, f(u) be a
C* function of u, n/2 <r < 2s—n/2, then u € H"(x9,&) N H® implies
f(u) € H" (w0, &)

Proof of Theorem 3.1. Assuming Lemma 3.1 be true we prove Theorem
3.1. According to the assumptions of the theorem, we can find r; > s,
such that w € H™ (). Then Lemma 3.1 implies f(u) € H™(v), provided
r1 < 2s—n/2. Take ro = min(r1 +1,r), by using the theorem on singularity
propagation of solutions to linear equations (Theorem 2.9) we obtain u €
H"2(~y)NH?. It means that we have improved the microlocal regularity of u
from H™ to H™. If ro < r, we can continue this process once again. Then
the bootstrap way leads to our conclusion. Theorem 3.1 is thus proved. U

The proof of Theorem 3.1 is not long, but is typical. Its main idea
is to decompose the proof on propagation of singularities of solutions to
nonlinear equations to two steps. One is the propagation of singularities for
linear equations, the other is the composition of singularities by a nonlinear
function. When these two steps are well prepared, the result of the theorem
on singularity propagation can be obtained immediately. Such a method
will frequently be employed later.

Turn to the proof of Lemma 3.1. The lemma means that under the
assumptions on the indices r and s the space H" (x¢, &) N H* is